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"They're encyclopedias, Timmy. . . they're an early
form of Google.”
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"I'M STUCK. CHECK IT OUT ON GOOGLE."
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“YOU'VE STUMPED ME WITH THAT QUESTION,
| THINK THAT'S SOMETHING YOU NEED T0 GOOGLE, "




HJUST &0 To
www. critical thinking.com
AND clicK ON




From: gomath.com/geometry/ellipse.php
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Metric mishap causes loss of Mars orbiter

Sept. 30. 1999

= il 4

CHM MASA 105t @ 125 million Mars orbiter because a Lockheed Martin engineering tearm used English
units of measurermnent while the agencys team used the mare conventional metric system for a key
spacecraft operation, according to a review finding released Thursday,

The units mismatch prevented navigation information from transferring between the Mars Climate
Orhiter spacecraft team in at Lockheed Martin in Denver and the flight team at NASAS Jet Propulsion
Laboratory in Pasadena, California.

Lockheed Martin helped build, develop and operate the spacecraft for MASA. 5 engineers provided
havigation commands for Climate Orbiters thrusters in English units although NASA has been using
the metric system predominantly since at least 1990,
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‘The limitations of Google!

.. TVE GPeNT MY
ENTIRE LIFE SEARCHING
R MEANING ... £ :

o
ON GoO6LE, YU
PROBABLY WN'T
FIND IT..

Mi MH‘J‘ %.r‘ —_—

© 200D Tritwsns Blesky Tarez S8l
A0 mighmy mawread




'The web at a olance

PageRank Algorithm

crawl the
web

Query-independent




“The web is a directed oraph

= The nodes or vertices are the web pages.

= The edges are the links coming into the page
and going out of the page.

This graph has more than
10 billion vertices and it is et S A4
growing every second! A R SR BT




‘ The PageRank Algorithm

= PageRank Axiom:
A webpage is
important if it is
pointed to by other
important pages.

= The algorithm was
P atented in 2001. Sergey Brin and Larry Page




‘ Example

= Chas a higher

rank than E,
even though
there are fewer
links to C since
the one link to C
comes from an
“important”

page.




PageRank

Cartoon illustrating basic principle of
HageFank
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Mathematical formulation

Let r(J) be the “rank”
of page J.

Then r(K) satisfies
the equation r(K)=

]—»K r(J)/ deg*(]), A
where deg(]) is the

outdegree of J.

deg'{A) = 2

deg (A) =1
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The web and Markov chains

Let p,, be the
probability of reaching
node u from node v.

For example, p,g=1/2
and p,~=1/3 and

Pae=0.
A B C D E
Notice the columns add up to 1. / 0 % % 1 0 \
Thus, (11111)P=(11111). p=| 1 0 3 0 3
Pt has eigenvalue 1 0 % 0 0 1
0o 0 o o I
P is called the transition matrix. \ 0 0 % 0 0 /

HOQW



‘ Markov process

If a web user is on page C, where will she be
after one click? After 2 clicks? ... After n clicks?

p(Xo = A4)
i p(Xo = B)

p(Xo = D)

p(Xo = E)
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After n steps, Prp.




Figenvalues and eigenvectors of P

Apt(/\) = det().f — Pt) = det(}\f — P)t = dE‘t(}\I — P) = AP(/\),

Therefore, P and PPt have the same
eigenvalues.

In particular, P also has an eigenvalue equal
to 1.



‘ Theorem of Frobenius

= All the eigenvalues of the
transition matrix P have
absolute value < 1.

= Moreover, there exists an
eigenvector corresponding to
the eigenvalue 1, having all
non-negative entries.

3'1:':3..'.-_._-:,! ﬂlnﬂ.ﬁ- -
Georg Frobenius (1849-1917)

SIAM REVIEW () 2006 Soclety for Industrial and Applied Mathematics
Vol. 48, No. 3. pp. 569-581

The $25,000,000,000 Eigenvector:
The Linear Algebra behind Google*

Kurt Bryan®
Tanya Leiset



Perron’s theorem

Theorem (Perron): Let
A be a square matrix
with strictly positive
entries. Let A* = max{
|A|: ANis an ei§envalue
of A}. Then A*is an
eigenvalue of A of
multiplicity 1 and there
1S an eigenvector with O. Perron (1880-1975)
all its entries strictly

ositive. Moreover,

A | <A* for any other

eigenvalue.




Frobenius’s refinement

Call a matrix A irreducible if A" has strictly
positive entries for some n.

Theorem (Frobenius): If A is an irreducible
square matrix with non-negative entries, then
A* is again an eigenvalue of A with
multiplicity 1. Moreover, there is a
corresponding eigenvector with all entries
strictly positive.



Why are these theorems important?

We assume the following concerning the matrix P:
(a) P has exactly one eigenvalue with absolute value
1 (which is necessarily =1);

(b) The corresponding eigenspace has dimension 1;

(c) P isdiagonalizable; that is, its eigenvectors form
a basis.

Under these hypothesis, there is a unique

other elgenvalues have absolute Value strlctly less
than 1.



Computing Pnpo.

Letv,, v,, ..., v be a basis of eigenvectors of P, with
v, corresponding to the eigenvalue 1.

Write p’ =a,v, + a,v, + ... + a_v..

It is not hard to show that a,=1.

Indeed, p’=a,v, + a,v, + ... + a;v.

Let J=(1,1,1,1,1).

Then1=]Jp’=a,Jv, +a,Jv, + ... +a;Jv;
Now Jv,=1, by construction.

For i22, J(Pv,) = (JP)v, =]Jv.. But Pv, = A.v..
Hence A, Jv,=]Jv.. Since A\, #1, we get Jv, =0.
Therefore a,=1.
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Computing P?p’ continued

n+ 0= Pn n n
Prp®= P, + a,Pv, + ... + a P,
—_ n n
vit AN avot L F AT agve.
Since the eigenvalues A,, ..., A; have absolute

value strictly less than 1, we see that P"p’-v,
as n tends to infinity.

Moral: It doesn’t matter what p' is, the
stationary vector for the Markov process is
V3.



Returning to our example ...

The vector (12, 16, 9, 1, 3)
is an eigenvector of P
with eigenvalue 1.

We can normalize it by
dividing by 41 so that

the sum of the ;
components is 1. P- ( ;

But this suffices to give
the ranking of the
nodes:B, A, C, E, D.
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How to compute the eigenvector

We can apply the power method: Compute
Prpl for very large n to get an approximation
for v;.

This is called the power method and there
are efficient algorithms for this large matrix
computation.

It seems usually 50 iterations (i.e. n=50) are
sufficient to get a good approximation of v;.



Improved PageRank

If a user visits F, then she is
caught in a loop and it is not
surprising that the stationary
vector for the Markov process is

(0,0,0,0,0, 72, 72 )t.

To get around this difficulty, the
authors of the PageRank
algorithm suggest adding to P a
stochastic matrix Q that
represents the “taste” of the surfer
so that the final transition matrix
is P’ =xP + (1-x)Q for some 0<x<I.

Note that P’ is again stochastic.

One can take Q=J/N where N is
the number of vertices and J is the
matrix consisting of all 1’s.

Brin and Page suggested x=.85 is
optimal.
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‘ Mathematical genealogy

e

P.L.Chebychev
(1821-1894) A.A.Markov J.D.Tamarkin
(1905-1991)
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H.M.Stark

(1939-



‘ Thank you for your attention.

O Have d GJOJJUJUJUJS[@ daY'

andy Glas
glasbergen.com

GLASBERGEN

“I looked up your symptoms on Google.
If you want a second opinion, I can check Yahoo.”
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