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Abstract. In this article, we extend two identities proved by Ramanujan
involving the Riemann zeta function and the Dirichlet L-function
associated to the non-trivial Dirichlet character modulo 4. More precisely,
given two power series

o0 o0
ZanT” and anT”

n=0 n=0

which are both rational functions with certain property, we then explicitly

show that
o0
Z anb, T"

n=0
is again a rational function with the same property. We use this to explain
Ramanujan’s identities and also analyse Rankin-Selberg convolutions of
automorphic L-functions.

2010 Mathematics Subject Classification: 11M06, 11F66.

1. Introduction

For a complex number s € C with R(s) > 1, define the Riemann

function by
1
{(s) = -
n
n>1

zeta
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and the Dirichlet L-function associated to the Dirichlet character y modulo a
natural number g > 1 by

L(s, y) = Z X(”)‘

n>1

In 1916, Ramanujan (see page 83 of [8]) proved the following identities

(G =06 = b —a=b) _ 5 )

{(2s —a—b) = ns M
and 16 =@ —bns —a—b) _ D x4(n)aa(n)ap(n)
(1 =272+4b)c(2s —a —b) 4= ns '
Here

or(n) = > d*

d>1,
dln

is the divisor function and

n(s) = L(s, xa),

where y4 is the non-trivial Dirichlet character modulo 4. Since oy (n) and
x4(n) are multiplicative functions, the Dirichlet series, in each of the cases,
can be expressed as an Euler product. For instance, in the first case, we have

Hzﬂa(P Yop(p™)

P m=0

and in the second case,

Oa (pm)ﬂb(pm)m(p )
1

Each of these cases suggests the following general question; if the two power

series
o0 o0
> a,T" and > b,T" 2)
n=0 n=0

are both rational functions, then is the power series

00
Z anb, T" 3)
n=0

also a rational function?
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Indeed, in each of the two examples, the power series

D 0PI and D xa(p)"oa(p")T"

m=0 m=0

are both rational functions. The Euler factors in the above product are then
seen to be simple rational functions of p~*, which then allows us to deduce
Ramanujan’s identities.

These questions have a colourful history. The expression (3) is often
referred to as the Hadamard product of the two power series in (2).

The question of rationality of this function seems to have been answered in
the positive by Emile Borel (see [3], Theorem 7).

The more general question of the algebraicity of (3) if the series in (2) are
both algebraic also seems to have received considerable attention in automata
theory (see [7]). Analogous questions can be asked for polynomials in several
variables and we refer the reader to [9] for further details and history.

Here, our goal is more modest. If the two series in (2) are both rational with
certain property, we show that (3) is also rational with the same property and
can be given explicitly. Such an explicit description is often useful in analytic
number theory especially in the study of the Rankin-Selberg convolution of
two automorphic L-functions (see [1] for details) as well as section 4 below.
In fact, it was the application to sign change questions about coefficients
of Dirichlet series attached to automorphic representations that motivated
this work (see [4]). To be precise, in [5], we investigate the sign changes of
Dirichlet coefficients (a;, say) of L-series attached to a self-dual automorphic
representation 7, in which case the a,, are real. In such a study, it is essential
to know the precise properties of the series

x a%
n=1 n’
such as the location of the poles, their orders and the Laurent coefficients.
In particular, we need to know its precise relationship to the Rankin-Selberg
L-series L(s,® x m) (see section 4 below for elaboration). Ramanujan’s
identities (1) are then seen to be special cases of this more general result.

In this regard, what one finds in the literature are imprecise results. For
instance, as the referee points out, Hadamard [2], using complex analysis,
had identified the singularities of (3) in terms of the singularities of the
functions in (2). Borel’s work is discussed in [3]. But what is important for
our applications is the shape of the numerator of the Hadamard product of the
two series. We also refer the reader to the survey [6] in which there is a very
special case of our result below here and this is discussed in the context of
prime number theory and Ramanujan’s work.
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2. The case of simple roots
In this section, we prove the following generalisation of the Ramanujan

identities (1).

Theorem 1. Fori = 1,2, let P;{(T), Q;(T) be non-zero polynomials over
C such that degree of P; is strictly less than the degree of Q;. Also let

1(T) = —aT) and Qx(T):=[](1—-p;T),
i=1 j=l1

where a;'s are distinct for 1 < i < r and /)’j/s are distinct for 1 < j < t.
Suppose that

P (T P (T
>ar =0 = 20
] 01(7) < 0:(T)
where a,, b, € C for all n. Then
R(T)
apb, T" = ,
2. T, -

where R(T) € C[T]. Now ifag = 1 = by, then R(0) = 1. Further, if we have
P{(0) = 0 = P;(0), then R'(0) = 0. Here P’ denotes the derivative of P(T)
with respect to T.

Proof. Using partial fractions, one can write

. P &
2l = 5 = 2 gt

n>0 i=1

. P & e
St = G = S
= QT) < 1-4T

where ¢;, e j/ s are suitable absolute constants. Then

an = cio} and b, = > e;p}. 4)
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Hence we have

F(T) := ZanbnT”

n>0

t
= Z(th ) Zej,lf;-’ T", by equation (4)
j=1

n>0

_chejZa BiT"

n>0

_ cle]

Z 1 —a; ,Bj

_ R(T)
L0 —wBi Ty

where R(T) € C[T]. Now if ag = 1 = by, then apbg = 1 = R(0). Further
ap = 1 = bg implies that

r t
Zc,-:l:Zej. S
i=1 j=1

Using (5) and the assumption that the coefficient of 7" in P; and P; are zero,
we get

r r t t
S] I=Zai=ZCiai and S2 = Zﬂj=Z€jﬂj. (6)
i=1 i=1 j=1 j=1

Write
D(T) =[] —aip;T).
iJ
Then R'(0) = (D(T)F(T))|r= = D'(0)F(0) + F’(0)D(0). Now by
equation (5), we have

D) =1=> ciej = F(0).
ij
Also by equation (6), we get
D'(0) == aifj=—-518, F(0)=> ciaie;j=S15.
i,j i,j

Hence the theorem. O
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3. The case of multiple roots

Related results in the case that the denominators Q(7') and Q»(T) of our
rational functions have multiple roots can be derived. These will take various
forms. We begin with:

Theorem 2. For i = 1,2, let Pi(T), Q;(T) € C[T] be non-zero
polynomials such that degree of P; is strictly less than the degree of Q;. Also
let

01(7) =[] =a )" and Qx(T) = [J(1 - ;)™
i=1

j=1

where a;'s are distinct for 1 < i < r and ,Bj’s are distinct for 1 < j < t.
Suppose that

2 Pi(T) a_ P(T)
2ol =5 o nzzob"T T 0T)

n>0

where a,, b, € C for all n. Then

n R*(T)
ZanbnT = ti+m;—1"
I (= D™

where R*(T) € C[T). If ap = 1 = by, then R*(0) = 1. We also have

0

R(T
Db T = D
0 Hi,j(l—aiﬂjT)’ J

If ag = bg = 1, then R(0) = 1. Further suppose that P{(0) = 0 = P;(0).
Then R'(0) = 0. Here P’ denotes the derivative of P(T) with respect to T.

Remark 3. It is the second formulation of the power series that should be
viewed as the analogue of our Theorem 1 in the case of multiple roots. As will
be evident from the application to the Rankin-Selberg convolution discussed
in section 4, it is this version that is applicable in a wide context.

Proof. Using partial fractions, we can write

WP S
2 anT" = Qi1(T) ;uzzo (I —a;T)i—u

n>0

n_ P (T) €jv
ad 2 b =7y Z Z T BT

n>0
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where ¢; ,'s and ¢; ,’s are suitable absolute constants. If D = d/dT is the
derivative operator, we have

L7 ey (1
A—yTF  *k-D! 1—y7)

Then it is evident from the above that

a, = > Ui(na} (7)
i=1

t
and b, = > V;(n)p,

j=1

where U; and V; are polynomials of degree £; — 1 and m; — 1 respectively.
Hence we can write by equation (7),

F(T) = anb,T"

n>0
= > > Uim)Vma!piT".
n>0 1i,j
It is convenient to introduce the Pochammer symbol (n) to designate

nn—1)---(n—k+1)

fork>1land 1ifk =0.If D = d/dT is the derivative operator, then

pt(——) = i(n)ky"T”‘k
1—yT =~ '

With this notation, we may write the polynomial R;; (n) := U;(n)V;(n) which
is a polynomial of degree £; +m; — 2 as

Zcijk(n)k
k
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so that our expression above becomes

F(T) := Z anb, T"

n>0

= Zzzcuk(")ka ﬂ T".

n>0 i,j
Citmj—2

X 1
_ZZ]: Z cl]kTD (l—aﬁj )

_ Z[% o K@p)t
—~ = (1 —0; B;T)k+!
Taking common denominators, we see that we can write
R*(T)
[1;,;(0—ap;T)fitmi~!

If agp = bg = 1, we see immediately that R*(0) = 1.
To deduce the final assertion of the theorem, we write

F(T) =

00
R(T

E anbnTnZ ( ) Tms

=0 H,‘,j(l - aiﬁjT) S

so that
R(T) = R*(T) H(l — aiﬁjT)(fi_l)(mj_l)'
i,j
As before, R(0) = 1 if ag = by = 1. Moreover, from the fact that

R(T) = (Z anbnT”)H(l —a; ;1) ™
n=0 i,j

we see that R'(0) = aiby — (3, é’,-ai)(zj m;fj) =0, since

_(PDY N
= (QI(T)) I7=0 = Q1(0)—Zi:€lal

and

PT) Y /
by = (sz(T)) l7=0 = — 04(0) = ;mjﬁj-

This completes the proof.
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Now that we have dealt with the multiple root case, we can safely derive
the following result.

Corollary 4. For ay, b, € C, consider the power series

P\(T) Py(T)
n "= d bn "= P
2" = iy % T om

n>0

where P;, Q; € C[T] fori = 1,2 are non-zero polynomials satisfying the
assumptions of Theorem 2. Then for any natural number k, € > 1, we have

n>0 n Hil,m,ik;jl,m,j(’(l — Gy - 'aik:le o 'ﬂjfT)

where R(T) € C[T]. Further if ay = 1 = by and the coefficient of T in Py
and P, are zero, then R(0) = 1 and R'(0) = 0.

Proof. The result follows by applying Theorem 2 and an easy induction
argument. O

Remark 5. Corollary 4 is true if we replace C by any field K of
characteristic zero.

4. Applications to automorphic L-functions

We indicate here briefly how the results of the previous section can be applied
to the theory of automorphic L-functions. For the background and technical
preparation, we refer the reader to [1].

Theorem 6. Let L(s, 1) and L(s, ) be two automorphic L-functions
whose associated Dirichlet series can be written as

o0
dp by
—  and E —,
ns ns
n=1

respectively. Suppose that w\ and 7> satisfy Ramanujan’s conjecture. Then
the series

o]

n=1

o dnb
D E = L(s, m x m)g(s),
n
n=1
where g(s) is a Dirichlet series absolutely convergent for i(s) > 1/2 and

L(s, w1 x mp) denotes the Rankin-Selberg L-series attached to m and m.
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Proof. By the standard theory of automorphic L-functions, we know that

0 r
DapT" =[]0 —ap;T)"!
n=0 j=1

and

00 rn
Dby T =] =85, D7,
n=0 j=1

for certain natural numbers r; and r». Notice that the numerator for each of
the rational functions here is 1 and thus satisfies the condition in our theorems.
Thus, by our theorem, the associated R(7") is a polynomial such that R(0) = 1
and R’(0) = 0. A routine calculation shows that R(T) is a polynomial of
degree less than r;r, whose coefficients are bounded (the bound depending
only on r; and r;). In this way, we easily identify the local factors of the
Rankin-Selberg series attached to 71 x 75. The function g(s) can be shown to
converge for Re(s) > 1/2 since

g&)=JRG™.
p
Od

The applications of our theorem of course are not limited to the automorphic
context. They are applicable whenever we have Dirichlet series, associated
to a multiplicative function, whose associated p-Euler factor is a rational
function in p~—*, for all but finitely many primes p. For instance, in Ramanujan’s
case, the functions o,(n) are not (in general) coefficients of automorphic
L-series, except in cases where a is a positive odd integer, in which case the
coefficient is coming from the classical Eisenstein series or the quasi-modular
form E3. In this way, we can deduce analytic properties of series of the form

00

Z anoq(n)
ns

n=1

For instance, it is easy to check that

o0

1 a+lT2
Zo-a(pn)Tn = +p a ’
2 A —T)(1— pT)

so that this power series is in the form required of our main theorem.
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