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Abstract Little is known about the transcendence of certain values of the Gamma
function, I"(z). In this article, we study values of I"(z) when QQ(z) is an imaginary
quadratic field. We also study special values of the digamma function, 1 (z), and the
polygamma functions, v (z). As part of our analysis we will see that certain infinite
products
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can be evaluated explicitly and are transcendental for A(z) € Q[z] with degree ¢ and
roots from an imaginary quadratic field. Special cases of these products were studied
by Ramanujan. Additionally, we explore the implications that some conjectures of
Gel’fond and Schneider have on these values and products.
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1 Introduction

The Gamma function defined for N(z) > 0 as
o
I'(z):= / e ar
0

is well-studied, though much is unknown about the transcendence of I'(z). It is
known that I"(1/2) = /7 is transcendental since 7 is transcendental. In 1984, Chud-
novsky [2] showed that I"(1/3), I"(2/3), I"'(1/4), "' (3/4), "' (1/6), and I"(5/6) are
transcendental, along with any integer translate of these fractions, by showing that
firstly, 7 and I"(1/3) are algebraically independent, and secondly, = and I"(1/4) are
algebraically independent. One gets the transcendence of 17(1/6) by relating it to
I"(1/3) via the duplication formula

I (z+1/2) =272y (22).

For z = 1/6, one can show that I"(1/6) = 2_1/3«/3/71F2(1/3). The remaining values
I'(2/3),I"'(3/4), and I"(5/6) are seen to be transcendental by the reflection formula

Fart=-o9=qay

It is unknown whether or not 1"(1/5) is algebraic or transcendental, though it is con-
jectured to be transcendental. In 1941, Schneider [10] proved that the beta function

I'(a)I"(b)

Bla.b)y:= 107

is transcendental whenever a,b,a + b € Q \ Z. By choosing a = b, we see that
Schneider’s theorem implies that I"(a) or I"(2a) is transcendental for any a, 2a €
Q\ Z. In particular, I"(1/5) or I"(2/5) is transcendental.

More recently, Nesterenko [7] proved the following result which will be useful for
our purposes.

Theorem (Nesterenko) For any imaginary quadratic field with discriminant — D and
character ¢, the numbers

D—1
7, &P, [ r/Dy@

a=1

are algebraically independent.

Here the character ¢(n) = (_n—D) is the Kronecker—Jacobi symbol. This shows

that in general, 7 and e” VD are algebraically independent. Additionally, if we have

D = 3, then we obtain the algebraic independence of 7, ™ 3. ra /3),andif D =4,
we see that T, ¢, I'(1/4) are algebraically independent.

@ Springer



Special values of the Gamma function at CM points

In this article, we explore properties of the Gamma function at certain CM points
(that is, z € C such that Q(z) is an imaginary quadratic field). We show that all values
I'(x) and I' (@ + 1/2) are transcendental for o ¢ Q of the form k + iax/ﬁ/q €
Q(+/—D) for integers k, a, g. In particular, we will evaluate |I"(ia )k explicitly
fora,q € Z and (a, q) = 1. Applying Nesterenko’s theorem allows us to deduce that
I’ (ia/q) is always transcendental.

The digamma function v (z) is the logarithmic derivative of I'(z) while the
polygamma functions v, (z) are defined as the ¢th derivatives of 1 (z) with ¥(z) =
¥ (z). Transcendence of these values at rational values has been studied by Bund-
schuh [1], the first author with Saradha [4, 5], the second author [13], among others.
Here we focus on values of ¥, (z) at irrational values.

As a result of the analysis of I"(z), we also obtain a method for evaluating certain
infinite products

o

I A(n) W

nt

n=1

for A(z) € Q[z] monic with degree . We are able to relate these products to values
of I'(z) and derive results from there by specifying the roots of A(z).

We point out that some of these results on infinite products of rational functions
were known to Ramanujan [8] 100 years ago. At the time, many values which ap-
peared in his calculations were not known to be transcendental. Some of the results
in [8] are now implied by a more general method shown here with the addition of
showing transcendence of these products. Indeed, in [8], we find some elegant for-
mulas of the following kind:

ﬁ(l N ( 20 >3) _ I'(1+a)*sinh(rav/3)
a+n ' +3a)ra3

n=1

and

- (1 (2a - 1)3> _ I+ )’ cosh(m (3 + a)v/3)
1_[ + a+n o ' +30)r ’

n=1
If we put o = 0 in the second formula, we deduce the strikingly beautiful evaluation

[e.e]

1 h(z/3/2
1—[<1+n_3)=cos (7/3/ ) @

n=1 T
which is transcendental by Nesterenko’s theorem. One would expect these products
to be transcendental for every rational «, but this deduction can only be made (at
present) for a limited number of rational values of « like « = 1/3,1/4 or 1/6.
Analogous products appear in Ramanujan’s notebooks (see in particular Chaps. 13
and 14) and one finds formulas like (see [9])

s x 0\’ T ()2
H<1 * <a+n> >= I (a+ix)?

n=1

These formulas will be special cases of our results.
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M.R. Murty, C. Weatherby

In the final section, we explore implications of conjectures of Schneider and
Gel’fond on the algebraic independence of certain algebraic powers of algebraic num-
bers. In some cases, we are able to prove conditional results on the transcendence of

values of I"(z), ¥, (z) as well as infinite products (1).

2 Transcendental values of I' (z) and infinite products

The Gamma function can be written as an infinite product
1 = Z

—— =e"z (1 + —)ez/”,
I'(z) }:[1 n

where y is Euler’s constant. The sine function has infinite product

sin(rz) 22
=TI(1-)-
184 n

n=1

Putting (3) and (4) together gives the reflection formula

rorad-z=

sin(rrz)’
Also recall the functional equation

I'z+1)=zI'(2),
which can be extended for a positive integer n to

I'(z)
(z—n)n’

F'(z4+n) =), (z) and I'(z—n)=

where we use the rising factorial or Pochhammer symbol

D=2+ (z+n—-1).

3

“

(&)

(6)

N

From these elementary observations, we are able characterize certain special values

of the Gamma function.

Theorem 1 Let ¢ =k + % € (Z + Q/—D) \ Z for a positive integer D. For

k>0,

2

2wl —a)x— 1
T ()] = —snma ™ ’F<a+§>

while for k <0,
2

_n(G—a)x
 cos(ma)

|F |2 — ; d r + l
@ = sin(re) @it T2

All 0f|F(oz)|2, [T (¢ + %)|2, I'(@),and I (o + %) are transcendental.

@ Springer
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Special values of the Gamma function at CM points

Proof Note that it is easily seen that I'(Z) = I'(z) for any z € C. Additionally, we
shift values as in Eq. (7) so that for any non-integral algebraic number z, I"(£n + )
is a nonzero algebraic multiple of I"(z). Using these two observations as well as the
reflection formula (5), for k positive we have that

(1 — o)1

M@ =F@r@=1-au Il (—o)==——
sin(wa)

_ 1 1 1 _JT(%—O()zk
= (3-9), (e 2)r(1- (o4 2)) ="

If k = —m is non-positive, then
') (1 -
ref=reor@="20-a____ 7
(@)2m+1 sin(wa) (@) 2m+1
and
1\|? 1 1\ Ta+Hra-—@+41
O R
2 2 2 (j + O‘)Zm
. T
cos(na)(% —l—&)z,n.
Writing
em’ke—na«/ﬁ/q +e—7rikeﬂa\/5/q
cos(ma) = >
and
em'ke—na\/ﬁ/q _ e—ﬂikeﬂa\/ﬁ/q
sin(ra) =

2i ’

we see that |I"(a)|?> and |I"(« 4 1/2)|? are in n@(e”‘/ﬁ/q) \ {0} and are therefore
transcendental by Nesterenko’s Theorem. Thus, " («) and I"(« + 1/2) are transcen-
dental as well. O

Theorem 1 shows that many values of I"(z) are transcendental, including I"(ia/q)
and I"(ia~/D/q) and I' (@) when « is an algebraic integer of an imaginary quadratic
field. Note that for k € Z, the argument above can be used to prove that I"(k + 1/2)
is transcendental. We unfortunately do not get a fully characterizing result for any o
from an imaginary quadratic field, however, from the reflection formula (5) we see
that for any o € QW—D) \ Q at least one of I'(«) and I'(—«) is transcendental
since the product is transcendental by Nesterenko’s Theorem.

@ Springer



M.R. Murty, C. Weatherby

The simple observations made above can be used to analyze infinite products of
rational functions (1). In some cases, we are able to relate the product to values of the
Gamma function. In particular, this can be done for any depressed polynomial A(z) €
Clz] with any roots which are not natural numbers. By a depressed polynomial

ap?" + -+ a1z +ao
we mean a polynomial in which a@,_; = 0. This is equivalent to the sum of the roots

of the polynomial being 0. In order to see the relation between these products and
values of I", we list the roots «y, ..., «; € C\ N and write the product

00 A(n) 0ot o
[177 =HIHI<1‘7’)-
n= n=1j=

For depressed A(z), since Z;z 1o =0, we can insert exponentials into the product
yielding

eV( o= ar)HH( > ocj/n
n=1j=1

Each product ]2, (1 — oj/n)e% /™ converges, so we can interchange the order of
multiplication

eV (1= —a) 1_[ H( ) ;/" (8)

j=ln=1

and (3) implies that

ﬁAm) (=D (a1 - a)”!
n' I(—ay) - T'(—a)

&)

n=1

When A(z) is not depressed, [],—, A(n)/n" diverges, however, when the real part
of the sum of the roots of A(z) is zero, then the product A(z) A(z) is depressed with
degree 2t. By (9), we have

|—2
(10)

ﬁA(n)A(n) oy |72 oy
14 |C(—ap)2 - [T (=) 2

The left side of (10) arises naturally as the product of the convergent products

p= nA(’” " and = HA(’“ s/,

where, and from now on, we write s = o + - - - + «; to be the sum of the roots of
A(z). We use the relationship (10) to study the case when A(z) has roots similar to

@ Springer



Special values of the Gamma function at CM points

the values « and o + 1/2 which were studied in Theorem 1. To simplify the notation
we define the set

Si:=(Z+Qv—D)U <Z + % +Q«/—D>.

Theorem 2 Let A(z) € Q[z] be monic with roots «y, ..., o satisfying R(s) =
9%(2;:1 a;)=0.Ifay,...,a; € S; \ N with at least one not an integer, then

o -

An)A A

|P|2:H#t(n) and therefore P = 1_[ (n) s/
n

n=1 n=1

are transcendental. If D =3 or 4 with ay, ..., 0, € S| U (Z £ %) \ N with at least
one not an integer, then | P|?* and therefore P are transcendental.

Proof We keep track of contributions to the finite product in (10). For any negative
integer a; = —m, I'(—aj) = (m — 1)!. For each non-integer root «; € S, Theo-
rem | implies that |I"'(—« j)|2 contributes 7w multiplied by some nonzero number
from Q(e™VP/45) for some positive integer g ;- By Nesterenko’s Theorem, |P|? is
transcendental and therefore P is transcendental as well, which proves the first asser-
tion.

Now suppose that D =3 or D =4. For any oj € Z £ 1/D, by (7) I'(—~«;) =
5.,'1“(%) or I'(—aj) = &F(%) for some algebraic number &;. Note that by (5)

(%57) = srs
I =
D sin(/D)I"' ()

so that in either case, |I"(—« j)|2 contributes an algebraic number multiplied by ei-
ther I"'2(1/D) or w?/I">(1/D) which are both algebraically independent from 7 and

VD by Nesterenko’s Theorem. With each type of contributing value of the Gamma
function, the product (10) will be non-zero of the form

| |2 ;

s Is2(1/D)
for some integers s; > 0, s7 € Z, with (s, s2) 7 (0,0) and some T € @(e”‘/ﬁ/q). By
Nesterenko’s Theorem, | P|? and therefore P are transcendental. O

For the final assertion we restrict D to be 3 or 4, but in fact, the explicit value of the
product works for a general value of D. Without having an algebraic independence
result as we do in the cases D = 3 or 4, we cannot conclude transcendence of the
product as stated in Theorem 2. However, if we restrict the polynomial A(z) to have
roots which are either negative integers or of the form «; = k; + 1/6, then we can
conclude transcendence since I'(1/6) is transcendental. Similarly, if all roots are
negative integers or of the form a; = k + 5/6, then the product is transcendental
since I"(5/6) is transcendental.

@ Springer



M.R. Murty, C. Weatherby

In some cases, we can remove the condition that the polynomial A(z) is depressed,
or partially depressed (fi(s) = 0), and also allow for any complex roots from an
imaginary quadratic field. Doing so prevents us from relating the product (1) to values
of the Gamma function, however, by examining a particular product we can show that
(at least) half of the following products are transcendental.

Theorem 3 Let A(z) € @[z] be monic with roots ay,...,a; € Q(v/—D) \ Z and
write s = Z[jzl ;. The product

l°_°[ A A(—n) T,y sin(ra;)
n2  (=m)'A(0)

n=1

is transcendental and therefore at least one of

o0 o
A A(—
l_[ ,E:l) e or H (ntn) e/

n=1 n=1

is transcendental.

Proof The product A(z)A(—z) is depressed, so by collecting factors in the natural

) -2 2)

n=1

By Eq. (4), the product equals

]_[tj:l sin(mwa;) ]_[[j:1 sin(raj)
mlay-ap (—1)'A0)

since for any monic polynomial P(z) of degree ¢, the product of all of its roots is
(=1)" P(0). Similar to the conclusion of Theorem 1, this final expression can be re-
written as 77 ! times a nonzero number from Q(e” VD/q ) for some positive integer g .
By Nesterenko’s Theorem, this product is transcendental and the final assertion fol-
lows immediately. g

A natural corollary to Theorem 3 comes from studying the case that A(—n) =
A(n). When A(z) is an even polynomial we have s = 0 and we obtain transcendence
of the product [T A(n)/n' immediately by examining (] A(n)/n’)? as in Theorem 3.
We state the result and leave the details to the reader.

Corollary 4 Let A(z) € @[z] be monic and even with roots *ay,...,+a; €

Q(V—D) \ Z. The product

A() ! 1n(na)
H = [[——L

n=1 j=1

is transcendental.
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Special values of the Gamma function at CM points

3 Transcendental values of ¥, (z)

Methods which were developed in the previous section can be applied to gain insight
into values of the digamma and polygamma functions. We recall some facts about the
digamma function which follow from logarithmically differentiating various identi-
ties involving the Gamma function. From (3) we see that

1
Y@=y +- +Z<n+z—;>, (11)

which shows that, similar to the Gamma function, we have an identity for complex
conjugation of values of ¥ (z). Namely, ¥ (z) = ¥ (z). From (5) we have a reflection
formula

Y(z) — (1 —z)=—mcot(rz) (12)

and from (6) we obtain the functional equation

1
¢(1+1)=1/f(z)+2, (13)

which is extended for a positive integer n to

n—1

1
w(z+n)—w(z)+ZTj and w(z—n)—w(z)—f-Z—z. (14)

j=l1

Similarly, for > 1 we have

Vi) = (— 1)'+1r'2 (15)

( + Z)H—l ’

which shows ¥;(Z) = ¥;(z). Additionally, differentiating each of (12) and (13) ¢
times gives

t
i@+ =Dy (1 -2) = dz (7w cot(rrz)) (16)
and
(=D'z!
Vit D=V + = (17)

respectively, while the latter extends for positive integers n to

n—1

Vi(z+n) =9 () + (= 1) f'Z (18a)

( _|_J)t+l

and

wz(z—n)—llfz(z)—i-t'zﬁ (18b)
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Using these identities, we are able to partially characterize values of ¢ and v, at
certain numbers from an imaginary quadratic field. In the case of I"(z) in the previous
section, we were able to use identities involving the product I" ()" (@) in order to
characterize the transcendence of values at imaginary quadratic numbers. Here, we
have additive identities for ¥ and v, and we isolate either the real or imaginary parts
of these numbers.

Theorem 5 Let o =k + # € (Z + Qv —D) \ Z for a positive square-free inte-
ger D. Fork > 0,

k—1

2
~ _ 7 cot(mar) i/2
W) =TTy
2k—1 .

1 7 tan(mwor) i/2
(o) B
( 2 2i ]g()j—a+%

while for k = —m <0,
7 cot(ma) 2m i/2
M) =-—; +Zj+a’
j=0
2m .
1 7 tan(wr o) i/2
s(v(osy)) =50 e
( 2 2i jzlj—l—a—i

Both 3(Y (o)) and I (Y (o + %)) are transcendental.

Proof For k > 1 we have
2i3(Y (@) =y (@) -y @ =) -y (1l —a+2k—1),

which, after shifting via Eq. (14), is equal to

2k—2 2k—2

1 1
W(Ol) — W(l —Ol) — Z m = —ﬂCOt(T[Ol) — Z m
Jj=0 j=0
Similarly,
23 1)) = : 1 D) o
S(v(erg)) =rlera) v (o))
2k—1 1
=mtan(ro) — -
jzo %—Dl"‘j
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Similarly, for k = —m <0 we have

2m+1 1
2i3(Y(a)) = —mcot(mrar) — _—
(¥ (@) (ra) ;Ha_l
and
1 2m 1
2ii‘s<1/f(a+—>> =mtan(ro) — _—
2 ,z_; jHa=s
In all cases, transcendence is asserted by Nesterenko’s Theorem. O

Analogously, following a similar shifting technique employed in the proof of The-
orem 5, we obtain explicit values for (part of) the polygamma functions at certain
CM points.

Theorem 6 Let o =k + @ € (Z 4+ Q«/—D) \ Z for a positive square-free inte-
ger D. For k > 0,

d’ 2k—1 1
Vi@) + (DT @ = = (weotmo) |, — 11 ) =
j=1

Ol)t+1’
v at ) + (=D y gL
! 2 ! 2

dt 2k—1 |
= —(mtan(rz))| _ —1! —_,
dzt( )|z_a = G+ % — )il

while for k = —m <0,

' 2m 1
oyt d” i+l -
Vi) + (DT @ = = (o) | oy + (=D t!,;(w

a)t+1’
v atr +(—1)’+‘¢(a+ 1)
' 2 2

d el 1
= ——(rtan(ra))| _, + (D>

t
dz’ = (j—%—}—a)fﬂ'
For t even, I(Y; () and I(Y; (o + %)) are transcendental and for t odd, R (Y («))
and R(Y; (o + %)) are transcendental.

Proof By (18a)—(18b) and (16) we can compute the explicit values of each sum. We
leave the calculation to the reader and note that the sums and differences here are
all transcendental by Nesterenko’s Theorem. For the final assertions, if ¢ is even,

Y (2) — ¥ (2) =2iI(Y;(2)) and for ¢ odd, ¥ (z) + ¥ (2) = 2R (Y (2)). 0
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4 Implications of conjectures of Schneider and Gel’fond

We now explore implications of conjectures of Schneider and Gel’fond involving
algebraic powers of algebraic numbers. Note that throughout we define log as the
principal value of the logarithm with argument in (—, 7] and define o as e#198(®),
After the solution to Hilbert’s seventh problem, solved by Gel’fond and Schneider
independently, the two were led to formulate some conjectures about the algebraic
independence of various algebraic powers of algebraic numbers. For more details
surrounding these conjectures, we refer the reader to [11, 12] and we point out that
in [11], the following conjecture is credited to Schneider alone.

Conjecture 7 (Gel’fond—Schneider) If o # 0, 1 is algebraic and if B is algebraic of
degree d > 2, then the d — 1 numbers

are algebraically independent.

In previous work, in particular [6], we referred to the previous conjecture
as “Schneider’s conjecture”; however, the conjecture should be credited to both
Gel’fond and Schneider. In this paper, we will refer to Conjecture 7 as the “Gel’fond—
Schneider conjecture”.

In 1949, Gel’fond [3] proved that the Gel’fond—Schneider conjecture is true for the
cases when d = 2 or 3. Gel’fond also conjectured that logo and ' are algebraically
independent. Putting this together with Conjecture 7, we have the conjecture that the
numbers

logc, aﬂ, ozﬁd_l

are algebraically independent. Following [11], in [6] we called this the “Gel’fond—
Schneider conjecture”, but here we will refer it as the “second Gel’fond—Schneider
conjecture”. For our purposes, @ will be a root of unity and we use a modified version
of the conjecture that

are algebraically independent. In some cases, we need much less, and we state our
special version of the second Gel’fond—Schneider conjecture here.

Conjecture 8 Ifa #0, 1 is algebraic and if B is irrational algebraic, then
logae and of

are algebraically independent. For a a root of unity, this implies that = and o are
algebraically independent.

We now state conditional results extending Theorems 1, 5, and 6. Note that the
calculations involved in finding explicit values in the proofs of those theorems re-
quired that & and « + 1/2 along with their complex conjugates satisfy a symmetry
condition @« = —a + n for some integer n. This symmetry is needed here as well.
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Definition Let
— 1
S:= {oz eQ: N e EZ}

so that § is the collection of all algebraic numbers o which satisfy the symmetry
o = —a + n for some integer n. In particular, this set contains all algebraic numbers
which are purely imaginary.

Additionally, we recall Lemma 9 from [6] in which the derivatives of the cotangent
function are studied.

Lemma (Lemma 9 of [6]) Fork > 2,
dk—l

dzh=1

(7w cot(r2)) = (2711')]‘(L NI L)

22miz _ | T (e2miz 1k
where each A; j € Z with Ay 1, Ag x # 0.

A similar lemma can be shown for the tangent function and we leave the details to
the reader.

Theorem 9 Let o € S\ Z. If Conjecture 8 is true, then I' (), (Y, («)) for ¢ even,
and R (Y (o)) for ¢ odd, are transcendental.

Proof Using the symmetry of o with @, the explicit values for |I"(«)|> and each
case of () can be found in Theorems 1, 5, and 6. For |F(oz)|2 and () the
result is clear by rewriting each trigonometric function in terms of exponentials and
noting that Conjecture 8 implies that 77 and (¢™/)® are algebraically independent.
Since |I"()|? is transcendental, I" (o) must be transcendental as well. For ¢ > 1,
Lemma 9 of [6] stated above shows the result for v (c). O

Analogous to Theorem 1, Theorem 9 gives an infinite set of (conditionally) tran-
scendental numbers. In particular, if 7 € Q VR \ {0}, then Conjecture 8 implies that
I’ (i7) is transcendental. As we saw earlier, for example, t € Q, the result is uncon-
ditional in some cases. Additionally, for any irrational « € S, we have the following
unconditional result. We need only recall the theorem of Gel’fond in which o is
transcendental for « # 0, 1 and B is irrational algebraic.

Corollary 10 If « € S \ Q, then |I’ (ot)lz/rr is transcendental and therefore
I'(a)//7 is transcendental.

By examining values I"(c) (or more precisely |I"(a)|?) individually, we need a
special case of the second Gel’fond—Schneider conjecture in order to conclude tran-
scendence. If we assume the weaker Gel’fond—Schneider conjecture, we get almost
the same result, up to integer translations and complex conjugation.
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Theorem 11 For o,y € S\ Z so that ay # Fay (mod Z), if the Gel fond-
Schneider conjecture is true, then

I'(ay)

I"(2) #e

Moreover, the set {|I"(@)|? : « € (S \ Z)/7Z} contains at most one algebraic number.

Proof Since SNQ\Z={k+ % : k € Z}, we deduce that at least one of o1, ap must
be irrational. Without loss of generality, a1 ¢ Q. Suppose |I"(a1)|?/| " (a2)|> = 6y is
algebraic. Applying the method described in the proof of Theorem 1, we replace our
quotient with values of the sine function and have

iy _ p—mion

eniotl _ e—nial

for some 6 € Q. By the primitive element theorem, there is an algebraic 8 of degree
d > 2 such that Q(8) = Q(«ay, @z) and we can write each

K=
=27 2 na B
a=0

for some integers M,n, ;. Let @ = e™i/M and define x, = af' = emiFIM for g =
1,...,d — 1 so that

mozj _ nemnajﬁ /M _ .x"l j xdd 11 _]’

where y; = emino.j/M

then

is a root of unity. If the Gel’fond—Schneider conjecture is true,

X1y ooy Xd—1

are algebraically independent and the equation

ny2 nda—1,2 —l _”12 —nd—1,2
- 2xy Xy TV X
- nyo na-11 -1 —"11“_ —Nd-1,1
ViXy Xy "1 Xd—1

implies that the function

ni2 nd—1,2 —1yv—N1,2 —Nd—1,2
'}/ZXI .”del _y X .”del

ni1 ng—1,1 —Nd—1,1
nXy X = X Xl

F(X1,...,Xq-1) =

—ni1

is constant. We show that F' is not constant by examining F at some special points.
Let y be a new indeterminate and for some e = (eq,...,e4—1) € 74-1 to be specified
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later, let X; = y®. Writing n; = (ny_j,...,n4—1,;) we have that

e yz—ly—ﬁi

“’yedfl) 2y

G(y) = F(yel ni-e —ny-
Yy =y ly

NI

To ensure that G(y) is not constant, and that we are not dividing by 0, we require that
(nitnz)-e#0,
ny-e#0.

To prove the existence of such an e, examine the box Bp = (0, D141, for positive
integer D, which contains a total of D?~! lattice points. We wish to avoid points
which satisfy the equations

Note that these equations are not satisfied trivially because o # oy (mod Z) and
a1 ¢ Q. Since there are at most D4~ lattice points in Bp which satisfy each equa-
tion, for D large enough we choose e from at least

D4l _3pi-2-

remaining lattice points. With such an e chosen, it is clear that G(y) is not constant
which implies that the quotient |I" (¢ DI?/IT (a2))? is not algebraic. The final asser-
tion follows immediately. g

The Gel’fond—Schneider conjecture is known to be true for d =2 or 3, and we
immediately have the following unconditional result.

Corollary 12 For aj,az € S\ Z with a # fay (modZ) and [Q(ay, ap) : Q] is 2
or 3,

I'(ay)
I (a2)
so that at most one of I' («1), I' (a2) is algebraic.

¢Q

Similar to Theorem 9, if we assume the second Gel’fond—Schneider conjecture to
be true, then we can extend Theorems 2, 3, and 4.

Theorem 13 Ler A(z) € @[z] be monic with roots ay,...,0; € S\ N with N(s) =
SR(Z;:I a;) = 0. If the second Gel fond—Schneider conjecture is true, then the prod-
ucts

o -
An)A A
P> = | | 7(,1)2, ") and therefore P = | | (n) es/n
n
n=1 n=1

are transcendental.
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Proof From (10) we have,

|72

| |2: |a1|*2---|a,
|T (=) |2 [T (=) |?

Suppose that A(z) has no irrational roots. If all roots are in Q\ Z, then since QNS \ Z
contains only half-integers, the product is unconditionally transcendental due to the
transcendence of . If there are any (negative) integer roots which contribute integer
factorial values to the product, then there must also be positive roots from Q \ Z since
E}T(Z;zl a;) = 0. Again the product is unconditionally transcendental in this case.

Now suppose there is at least one irrational root. Due to the symmetry between
a; and @, and following the method demonstrated in the proof of Theorem 1, each
value |I" (o) |> can be replaced with an algebraic multiple of 77/ sin( o ). Thus, for
some non-zero £ € Q, the product is equal to

t
Eﬂ'—[ H(e”iaj—e_niaj). (19)

j=1

By the primitive element theorem, there is an algebraic 8 of degree d > 2 such that
QB) =Q(ay, ..., o). Thus, we can write each

1 d—1
oj= M Z”a,jﬁa
a=0

for some integers M, n, ;. Let o = ¢™'/M and define x, = af = emiBIM for q =
1,...,d — 1 so that

d—1
o ing i % nij nd-1,j
e — l_[emnwﬁ /M _ yix, J cexyt I
a=0

wing,j/M

where y; = e is a root of unity. The second Gel’fond—Schneider conjecture

implies that
T, X1y vvvy Xd—1
are algebraically independent and our non-zero product rewritten in terms of the x,’s

t
2 —t nij nd-1,j —1_—n1,j —ng-1,j
|PI"=ém ||(ij1 j"'xd—lj_yj Xy heex, ])

Jj=1

is transcendental, thus P is transcendental as well. O

We now extend Theorem 3 and note that the explicit form calculated there is true
for any A(z) € C[z] with non-integer roots.
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Theorem 14 Let A(z) € Q[z] be monic with roots ay, . .., a; € Q\ Z. The product

l"_"[A(n)A( n)  ITj_isin(ra;)
11 T A0

and if the second Gel fond—Schneider conjecture is true, the product is transcendental
and therefore, at least one of

[e%9)

HM@V/” A( n) —s/n
nt

n=1 n=1

is transcendental.

Proof With the explicit value given in terms of the sine function, we note that if all
roots are rational, & forces the product to be unconditionally transcendental. If there
is at least one irrational root, then the proof is exactly the same as that of Theorem 13
beginning from Eq. (19). O

Corollary 15 Let A(z) € Q[z] be monic and even with roots +ai, ..., +a, € Q \ Z.
The product

1—[ A(n) . [li[ sin(maf)
n?

n=1 j= %j

and is transcendental if the second Gel’fond—Schneider conjecture is true.

Note that in Theorems 13, 14 and Corollary 15, we can multiply each product by
an appropriate power of 7w and be left with a finite expression containing no n. In
this setting, if we require that A(z) has at least one irrational root, then we can still
conclude transcendence by assuming the weaker Gel’fond—Schneider conjecture. We
leave the details to the reader.

5 Concluding remarks

In some of the above results on infinite products (1), we rely on assuming that A(z)
has no roots in N, however, these cases can be handled with only a slight variation. For
simplicity, assume that A(z) is depressed with degree ¢, having roots ny,...,n; € N
and oy, ...,a,—; € C\ N. We have

ﬁ A(n) ﬁ[f{( )ﬁ(l—o;—/)]

n=1 j=1
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where [’ represent the products avoiding any roots of A(z). Similar to (8), we insert
exponential factors,

t—I

{1102 fiC-5)]

n=1Li=1 j=1
and interchange the order of multiplication to obtain

(s Ao

j=1n=1

By inserting the obvious missing factors from each infinite product, we can write the

product as
(- A2

n#n;

where
1 1

-1 -1
n; Otj
P = 1—— d A= - — .
& '7| | ( nj) an i ||< ni)
J=1j# i

Since A(z) is depressed, we multiply by one final exponential factor equal to 1 to
obtain

ol i -9

Note that I"(z) has a simple pole at each negative integer —n with residue (—1)"/n!
and we have

n; ez/ni

Z
lim eY? 1+ _)e_z/n = lim —— _1 D +1
im e [ ( p A e mre ¢ TV

so that

ﬁ A(n) (=1 []_L 1 (= 1)”’&111'][]_[] 1)» a; "
e I'—ay)---I'(—o;—p) .

With the product evaluated explicitly, we see that the numerator is algebraic and
so the characterization of these products relies on understanding the nature of the
Gamma function at the non-integral roots of A(z). As a concluding example illustrat-
ing the above technique, we evaluate a product similar to (2). One can check that the
technique described above gives,

o0

/ 1\ 5 1 1 _ cosh(+/3/2)
[ (1 - ﬁ) _g(l - E) 3M(=p)T(=pY) 31

n=1
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forp=e

mif3 — _Tl + %5, and the product is transcendental by Nesterenko’s theo-

rem.
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