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1 Introduction

Let ¢ be a prime integer such that 2 is primitive modulo g. The class of binary sequences known
as (-sequences can be described in five ways [2]. An (-sequence is the output sequence from a
maximal period feedback with carry shift register (FCSR) with connection number ¢. It is a
single codeword in the Barrows-Mandelbaum arithmetic code. It is the 2-adic expansions of a
rational number r/q, where ged(r,q) = 1. It is the reverse of the binary expansion of the same
rational number r/q. And it is the sequence a; = (A2 "mod ¢)mod 2, where gcd(A4,q) = 1. (By
(x mod ¢)mod 2 we mean first reduce x modulo ¢ to a number between 0 and ¢ — 1, then reduce
the result modulo 2.) The period of such an (-sequence is ¢ — 1.

These sequences are known to have several good statistical properties similar to those of
m-sequences. They form families with remarkable arithmetic crosscorrelations. The arithmetic
cross-correlation C'(a, b)(7) (with shift 7) of a = ag,ay,--- and b = by, by, - - - is the number of
ones minus the number of zeroes in one period of (the periodic part of) the sequence ¢ = ¢, ¢y, - - -
formed by adding a to b with carry [3]. This sequence ¢ may also be described as the coefficient
sequence of the 2-adic number o + [ where

o= ZaiQi and [, = ZbHTT.
i=0 i=0

A pair of sequences has ideal arithmetic correlations if Cpp(7) = 0 for every 7.

Theorem 1.1 (/3]) Every pair of cyclically distinct sequences in S has ideal arithmetic corre-
lations.
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Recall that the d-decimation of the sequence a = ag, ay, - - - is the sequence a = ag, aq, aoq - - - -

On the basis of extensive experimental evidence (covering all primes less than 50, 000), we made
the following conjecture.

Conjecture 1.2 [fq > 13 and a is an (-sequence based on a prime q, then every (distinct) pair
of decimations a%, a® of a is cyclically distinct, provided d and e are relatively prime to ¢ — 1.

The conjecture implies that the set of decimations of a is a family of ¢(q — 1) sequences with
period ¢ — 1 and ideal arithmetic correlations. This result would be in stark contrast to the
case of ordinary correlations, where there are well known upper bounds on the size of a family
of sequences with bounded correlations. In this paper we report on progress toward proving
Conjecture 1.2. We do not have a complete proof, but in many cases can show that decimations
are distinct.

2 Distinct Decimations

First note that a? is cyclically distinct from a® if and only if a% ' is cyclically distinct from a
(where e™! is computed modulo ¢ —1). In this paper we show that for various d, the decimation

a? is cyclically distinct from a. Throughout we assume q > 13.

2.1 The case d = —1

Theorem 2.1 The decimation a=' (reversal) is cyclically distinct from a.

Proof sketch: This is proved using a previous result [2] which characterizes the numbers of
occurrences of bit patterns of lengths ¢t and ¢ + 1 in a, where ¢ = log,(¢ + 1). If a equals a
shift of its reversal, then the number of occurrences of a bit pattern in a equals the number of
occurrences of the reversal of the bit pattern. By considering a series of such bit patterns we
derive enough constraints on ¢ to obtain a contradiction. O

2.2 The case of small d

By the fifth characterization of an /-sequence, a? is a cyclic permutation of a if and only if there

exists A € Z/(q) such that (427*mod ¢)mod 2 = (27"mod ¢)mod 2 for every i. By assumption,
2 is primitive modulo ¢, so this holds if and only if (Az%mod ¢)mod 2 = (rmod ¢)mod 2 for
every x. That is, the map = — Axz? permutes the set E of even elements modulo gq.

Using this point of view and deep results from analytic number theory [1] we obtain the
following results.

d

Theorem 2.2 For g sufficiently large, the decimation a® is cyclically distinct from a whenever

< q .
~ 28(1 4+ log.(q))*




Proof sketch: We define
1 fzeF

0 otherwise.

fete) |

We proceed using Fourier analysis of fg. Let ( be a primitive complex gth root of 1 and let

1q1

ZfE )¢

be the cth Fourier coefficient of fr. Thus by Fourier inversion,

ZfE )¢

Suppose as above that z — Az? permutes E. Then

S fe(Aat) = 3 fuld) 30 O

zeE b=0 zeFE

The left hand side equals |E| = (¢ + 1)/2. Let
bAz? Rl bA2dzd
Sp=> =3

zeFE =0

If b= 0, then f(b) = (¢+1)/(2¢) and S, = |E| = (¢+1)/2. Thus

|ZfE )¢ < Z|fE m33<|5b|.

Lemma 2.3 We have

qg—1
1 -3
Z\fE \<1+§ln( 5 ).
Thus )
g —1 1. g—3
< _
10 _(1+21n( ))Iiljg(|sb|‘ (1)

Sums of the form S, have been estimated by Davenport and Heilbronn [1]. Their results can be
improved to show

Lemma 2.4 Forb+# 0 and d > 1 we have
S, < AV,

Combining this with equation (1) proves the theorem. O



2.3 The case d=(¢+1)/2

Now suppose d = (¢ + 1)/2. Then Az? = Armod ¢ if x is a square, and Ax —Azmod ¢
otherwise. Suppose that x — Az?mod ¢ permutes the even elements {0,2,---,¢— 1} and define
o(x) =1if z is even and o(z) = —1 if z is odd.

d —

Lemma 2.5 For allx € {0,1,2,---,q— 1} we have
o(x) = J(z,q)o(Ax)

and

o(x) = J(A ) (A%),
where J(x,q) is the Jacobi symbol of x over q.

This puts sufficiently many constraints on A to derive a contradiction.

Theorem 2.6 Suppose that (q+1)/2 is odd. Then the decimation a'%*V/2 is cyclically distinct
from a.

3 Conclusions

We have shown that many decimations of an ¢-sequence a are cyclically distinct from a. There
is experimental evidence that all such decimations are cyclically distinct. This remains an open
problem.
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