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Alligator egg with calculus 
We have a large alligator egg just out of the fridge (10°) 
which we need to heat to 90°.  Now there are two acceptable 
methods for heating alligator eggs, one is to immerse them in  
boiling water (at a constant temperature of 100°), and the 
other is to microwave them at a LOW power.  By coincidence, 
it turns out that the heating time is the same for both methods–
–exactly 20 minutes.  Of course we can use either one but 
suppose we can also use a combination of the two––one 
method for a certain time and then the other.  Here’s the prob-
lem––can I lower my cooking time by switching?  And if so 
how much?  Of course we assume the switch is instantaneous 
with no loss of temperature.   
 
 
The graph at the right provides the T-t (temperature-time) tra-
jectories for both methods over the interval 0 ≤ t ≤ 20.  The 
difference between the graphs come from the different ways 
in which heat is transferred to the egg.  In the microwave 
oven, heat is absorbed by the egg at a constant rate, and as a 
consequence, its temperature increases at a constant rate.  
However, in the boiling water, the egg absorbs heat more 
quickly at the beginning when it is cool than later when it is 
close to the temperature of the water.   
 
(a)  (graphical) Find a construction on a copy of the graph 
which provides a solution to the problem of how to shift be-
tween the two methods in order to minimize the total cooking 
time.   
 
Now there are different types of argument for an optimization 
problem like this.  Some are local and attempt to argue that 
your find your minimum simply by arranging to do the best 
you can at every moment.  Others are global and work by con-
structing and comparing entire trajectories.  Regardless of the 
type of argument you produce, make sure that at the end you 
draw on the original set of axes the temperature-time trajec-
tory of the egg if it is heated in the optimal (shortest time) 
manner.  Show clearly how your graph gives us the resulting 
minimum cooking time.   
 
(b)  (algebraic and numerical).  The mathematical form of the 
boiling water curve follows from Newton’s Law which states 
that the difference D in temperature between the water and the 
egg is an equation of exponential decay.  Use this to find an 
equation for the boiling water graph B(t).  Use this equation to 
obtain a rough numerical check of your results obtained 
graphically, in (a).   
 
(c)  (calculus).  Use the tools of calculus to find the exact op-
timal switch point and thereby check your answers to (a) and 
(b).  
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Solution. 
This is a good problem because there are different ways to 
make the argument, graphical, numerical and analytic, and 
both local and global.  With luck, some students will use one 
approach and some the other, and when these are put together 
at the end, some important understanding will be gained.   
 
(a) The local argument.  In its simplest form, the local argu-
ment asserts that we always want the rate of increase of tem-
perature to be as big as possible, and that’s given by the slope, 
so we always want to be on the graph that has the biggest 
slope.  
 
Now if you look at the two graphs, the microwave graph al-
ways has slope 4, but the boiling-water graph starts with a 
high slope, greater than 4, and ends with a low slope, less than 
4.  So that tells us to start with the high slope of the boiling 
water graph, and stick with it until the slope has dropped to 4, 
and at that point switch to the microwave.   
 
 
 
So the switch point will be the point on the boiling-water 
graph with slope 4.  That means that the tangent at that point 
is parallel to the microwave graph.  And that seems to happen 
at around t=8.  Maybe a tiny bit above.  Say 8.2.  That’s when 
we transfer it from the water to the microwave. 
 
So what is the resulting minimum cooking time?  Let’s work it 
out.  We start with 8.2 minutes in the water, and that brings it 
to a temperature of about 64° (read from the graph), so it has 
26° to go to get to 90, and at 4°/min that’ll take 6.5 minutes.  
So the total is  

8.2+6.5 = 14.7. 

We get an overall cooking time of about 14.7 minutes.  That’s 
a saving of more than 5 minutes from the two “pure” strate-
gies.   
 
 
 
 
 
 
 
 
A global argument.  A few students seem more naturally to go 
right away for a global argument.  For this we need to find a 
method that actually looks at and compares the entire tempera-
ture-time trajectory for different strategies.   
 

What made this exceedingly simple argument work was the fact that we could switch ovens at 
any time at no cost in terms of either lost time or temperature loss.  So there’s no reason not to 
expect to be always in the mode that has the highest rate of temperature increase for the cur-
rent temperature.   



4.1 alligator egg  page 3

0
10
20
30
40
50
60
70
80
90

100

0 2 4 6 8 10 12 14 16 18 20

0
10
20
30
40
50
60
70
80
90

100

0 2 4 6 8 10 12 14 16 18 20

0
10
20
30
40
50
60
70
80
90

100

0 2 4 6 8 10 12 14 16 18 20

Here’s an example of such an argument.  Suppose that we 
start in the boiling water, keep the egg there for x minutes, and 
then switch the egg to the microwave and keep it there until 
it’s done.  What does the resulting temperature-time trajectory 
look like?  That is, draw the graph of the actual temperature of 
the egg against time.   
 
Okay.  The graph will depend on the value of the switch point 
x.  To have a particular example, take x = 4.  That means we 
follow the water graph till time t = 4.  But then what?  Well 
then we switch to the microwave where the temperature in-
creases at a constant rate of 4º per minute.  Thus, from t=4 on, 
the graph is a straight line of slope 4.  This last piece of the 
graph is a line parallel to the microwave graph, taking off 
from the t=4 point on the water graph.   
 
Where does this line end?  The egg is cooked when it attains 
90º and thus the end point of this line is found where it has 
height 90.  This seems to be close to time t = 16.  Thus the 
total cooking time is 16 minutes.   
 
That was a particular example, but it illustrates the general 
form.  For any switch point x, the last part of the graph is al-
ways a line of slope 4 taking off from the switch point.  And 
the graph ends when the line gets to height 90.   
 
Now let’s consider the optimization problem.  We want the 
shortest cooking time, and that means we want that final piece 
of straight line to attain height 90 as far to the left as possible.  
It should be clear that this will happen when the line is as high 
as possible so what we want is the highest possible line of 
slope 4 which intersects the water graph.  One way to find 
that is to take the microwave line and keep raising it until it no 
longer intersects the water graph.  It should be clear that at 
this final point it will be tangent to the water graph.  Thus the 
optimal switch point is the point where the graph has slope 4.   
 
This gives us the same point t ≈ 8.2 that we found with the 
local analysis.  Our optimal trajectory follows the boiling-
water curve to the tangent point and then moves up along the 
tangent.   
 
What is the total cooking time for this switch point?––it’s 
where the line hits T = 90 and that’s seen to be between t = 14 
and t = 15, somewhat closer to 15.  That’s also in line with our 
estimate of 14.7 from the local argument.   
 
It’s important to notice that the same essential construction 
appears in both the local and the global arguments.  But the 
“story” is quite different in the two cases.   
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(b)  We are given that the difference D in temperature be-
tween the boiling water (100º) and the egg B(t) is an equation 
of exponential decay of the form 

D(t)  =  100–B(t)  = tAr  
where r < 1.   
 
To evaluate the constants, use the two endpoints of the graph, 
t=0 and t=20:  

D(0) = 100 – B(0)  =  100 – 10 = 90   
D(20)  = 100 – B(20) = 100 – 90 = 10 

This gives us the equations: 
900 =Ar  
1020 =Ar  

Solving: 

A  =  90 

1090 20 =r  

9/120 =r  

896.0)9/1( 20/1 ==r  
Hence: 

D(t) = ttAr )896.0(90=  

and the boiling water temperature equation is: 

B(t)  =  100 – D(t) =  100 – 90(0.896)t. 

 

Students tend to prefer to work with decimals, as above, but 
my own preference is often for a more exact form and that’s 
the case here (partly because the numbers work out).  I would 
write: 

20/1)9/1(=r  

( ) 20/20/1 )9/1()9/1( tttr ==  

20/

9
190100100)(

t
tArtB ⎟

⎠
⎞

⎜
⎝
⎛−=−=  

In fact, I can’t resist a simplification: 

10/

3
190100)(

t
tB ⎟

⎠
⎞

⎜
⎝
⎛−=  

This displays, not the 1-minute multiplier, but the “10-minute” 
multiplier.  Over any 10 minute period, the temperature differ-
ence between the water and the egg is multiplied by 1/3.   

An exponential equation always has a 
constant multiplier.  Here the multiplier is 
0.896.  The temperature difference D is 
cut by 10.4% every minute.   
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Finally, since we have an equation for the B-graph, we can use 
this to check our graphical answer for the switch point.  This 
is the point at which the slope of the B-graph is the same as 
the microwave slope: 4°/minute.  Calculus will give us the 
tools of the derivative to do this (part (c)) but even without 
calculus we can get a good idea from the slopes of short se-
cants (which are average rates of change).   
 
 
 
In part (a) we estimated the slope-4 point to be close to t = 8.2.  
At the right, we tabulate the values of B(t) between t=8 and 
t=9.  On an interval of length 0.1, we want to look for an in-
crease of 0.4°.  We get exactly that (to 3 decimal places) on 
the interval [8.2, 8.3].  That tells us that the switch point will 
be somewhere in this interval.  [Actually a small argument is 
needed for this.  Can you find it?]  We see that on the previous 
interval [8.1, 8.2] the change is a bit more than 0.4°, and on 
the following interval [8.3, 8.4] the change is a bit less than 
0.4°.  That fits with the concave-down form of the graph.  
 
(c)  Our problem is to find the switch point x which minimizes 
the total cooking time.  Let’s give this a name: we’ll call it  

Total cooking time: τ = τ(x).   

Now we need to find an expression for τ(x).  Well it’s the sum 
of the times the egg spends in each phase.  The boiling water 
is easy enough––x minutes.  The microwave requires a bit 
more thought.  The first phase brought the temperature of the 
egg up to B(x).  To finish cooking, we need an extra 90 – B(x) 
degrees, and at 4°/minute this will take (90 – B(x))/4 minutes.  
The total time is then 

4
)(90)( xBxx −

+=τ  

The calculus approach is to say that at an interior minimum 
the derivative of τ must vanish: 

0
4

)(1)( =
′

−=′ xBxτ  

This solves as 

405.0)896.0(

4)896.0(88.9
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To solve this for x we take the natural log of both sides: 

237.8
896.0ln
405.0ln

)405.0ln()896.0ln(

==

=

x

x
 

We should switch to the microwave after 8.24 minutes.  This 
confirms our graphical analysis.     

time 
t 

temperature 
B(t) 

8 62.628 
8.1 63.036 
8.2 63.440 
8.3 63.840 
8.4 64.235 
8.5 64.626 
8.6 65.012 
8.7 65.394 
8.8 65.772 
8.9 66.146 
9 66.516 

 
 

The derivative of B 
From our calculations above: 

xxB )896.0(90100)( −=  

x

xxB

)896.0(88.9

)896.0ln()896.0(90)(

=

−=′
 

The derivative condition will 
always find an interior mini-
mum, but this must be checked 
against the end-points, x=0 and 
x=20, but we already know that 
these can’t be optimal as they 
both give cooking times of 20 
minutes (see Problem 1).   
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Problems 
 
1.  Use the fact that B(10) = 70 to argue immediately that the “end-point solutions,” x=0 and x=20, can’t be 
optimal.   
 
2.  Recent advances in cooking have shown that alligator eggs can safely be heated in a microwave at a 
slightly higher setting, giving a temperature increase of 5°/min, thus requiring only a 16-minute cooking 
time.  Supposing that the boiling water method is still available, follow the various approaches of the ex-
ample to find the optimal point to switch from the boiling water to the microwave.  Illustrate your steps on 
a copy of the graph, as is done in the Example, and estimate the total cooking time.  Full explanations 
should be given.   
 
 
3.  It has been determined that the delicate flavour of an alligator egg will be bruised if the rate of change 
of temperature of the egg ever exceeds 8°/minute.  Use a graphical approach to find the cooking program 
which minimizes the total time, but does not allow the rate of temperature increase to exceed 8°/minute.  
As usual you can assume that switches between methods happen instantaneously with no temperature loss.   
 
 
4.  I have a portable heating coil which I can plug in (say in a motel room) and put into a large mug of wa-
ter and heat it up to make tea.  If I pop a super tea cozy over the mug while I’m doing this, then there is no 
heat loss to the room, and the water temperature increases at a constant rate, going from 20° to 100° in 5 
minutes.   
(a)  Draw the graph of the water temperature against time. 
(b)  Now suppose that I’ve got the water to 100°, but instead of making the tea, I get waylaid by a desire to 
perform an experiment and I simply leave the mug standing in the room without the cozy.  Draw what you 
think is a reasonable graph of the temperature of the water over a 4-minute period.  Here are a couple of 
points you can mark on your graph––during the first two minutes, the temperature drops from 100° to 70°, 
and during the second two minutes it drops to 50°.  
(c)  Now, with the water temperature at 50°, I put the heating coil back in the mug and attempt to heat it 
back up to 100° but without the cozy.  Do I succeed?  No!  I find that after a long time the temperature of 
the water stabilizes at a level somewhat short of boiling.  Show that an analysis of your two graphs will 
allow you to predict the temperature at which my mug of water will stabilize. 
 
 
5.  I have a hole in my tire which makes it lose pressure at the 
constant percentage rate of 4% every half minute.  Starting at 
400 kPa, the graph at the right shows the pressure trajectory 
over a 20 minute period.  Suppose that, in spite of the hole, I 
try to keep the tire inflated by pumping air in at a slow con-
stant rate.  What I know is that without the hole, the pump will 
inflate the tire from 0 to 400 kPa in 20 minutes.  But if I use 
the same pump on the tire with the hole, starting at 0 kPa, it 
never reaches 400 kPa but approaches a constant pressure.  
Draw a rough graph of the pressure against time for this case, 
explaining how you have determined the limiting pressure.  
Then use the tools of calculus to calculate this limiting pres-
sure exactly.   
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Working copy of alligator egg graph. 
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Working copy of tire pressure graph (problem 5). 
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