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1.6 Sunflower 
 
In 1919 a pair of scientists in the United States grew a sunflower.  Over 
a 12-week period they made careful weekly measurements of its height, 
and attempted to fit their data to a simple model.  Then they published 
their results in the Proceedings of the National Academy of Sciences.  
That’s just about as prestigious a scientific journal as you can get. 
 
Their article created quite a stir, and it was cited and reproduced many 
times over the next decades.  So why all the fuss over a sunflower?  
Because it provided a lovely answer to the crucial question  

What comes after exponential growth? 
 
Here’s what they did.  First they tabulated and plotted the height z 
against time t.   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Now they wanted a model, a “law of growth,” which might describe 
this curve.  It’s certainly not exponential, because exponential growth 
curves are concave up, and this curve turns around after about 40 days 
and “bends down.”  But then of course it couldn’t be exponential, at 
least not for long.  Nothing can grow exponentially forever without 
exhausting all the resources in the universe.  Sooner or later such 
growth must come up against resource limitations and slow to a halt.  
The question is, how can we most elegantly describe this natural proc-
ess of “bowing to the finitude of nature”? 
 
Well, this is biological growth, which means that what grows is what’s 
there already, and that means that the natural thing to look at is not the 
growth itself, but the ratio of growth to size, or the percentage growth.  
And the way we have been working with that is with the multiplier m.   
[Recall that m is what you multiply z by to get nextz.  For example, a 
25% growth rate per time step would give us an m of 1.25.]   
 
Here’s your task.  Find a simple straight-line relationship between the 
multiplier m and size z.  [Warning: you might decide to discard a cou-
ple of points at the beginning.]  Use this relationship to find a recursive 
formula for each z in terms of the previous z and iterate this formula 
using technology to find a model which gives a good fit to the sun-
flower data.  [A recursion needs a starting point to “get going.”  You 
might also want to play around a bit to find the right place to start your 
recursion.] 
 

time 
(days) 

size 
(cm) 

7 17.93 
14 36.36 
21 67.76 
28 98.10 
35 131.00 
42 169.50 
49 205.50 
56 228.30 
63 247.10 
70 250.50 
77 253.80 
84 254.50 
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Here we are going beyond 
exponential growth but it is 
important to do that.  Real 
understanding of a concept 
is usually only achieved by 
being able to “look down” 
on it from a slightly higher 
vantage point.   
 
Besides, any real-world 
modeling we do inevitably 
comes up against the even-
tual breakdown of exponen-
tial growth.  The sunflower 
model provides the funda-
mental repair kit for this 
breakdown.   
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Solution. 
Recall that the defining feature of exponential growth is that m 
is constant.  The two scientists knew that they did not have 
exponential growth here, so they knew that m was not con-
stant.  So they asked how does m change?   
 
Now there’s two ways to ask that question, because there are 
two things changing here as the sunflower grows, time t and 
size z.  So we could ask how does m change with t? and we 
could ask, how does m change with z?  Well, how does the 
causal relationship work––which factor does most to shape m–
–time or size?  And the answer would seem to be, size.  The 
multiplier decreases because the sunflower gets large––as big 
as it “ought” to be.   
 
So the question they asked was how does m change with z? 
And to start to find an answer, they plotted the graph of m = 

z
znext   against z.  And here’s what they found. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Is m constant?  Do the points lie in a horizontal line?  Cer-
tainly not––and that repeats what we already knew, that the 
growth is not exponential.  The multiplier is clearly decreasing 
with size.   
 
What we are interested in of course is exactly how m is de-
creasing, and the picture gives us good look at that.  Do we 
have a straight line there?  [As you’ve noticed, we are always 
looking for straight lines.]  Well, it’s pretty close to straight.  
In fact, if we ignore the two points at the beginning the rest of 
the points are wonderfully straight.  And as we’ve seen some-
times the points at the beginning or the end “dare to be differ-
ent” anyway.  
 
That in a nut shell is what those two scientists found––a 
straight line.  And they thereby gave us some evidence for 
what is probably the simplest mathematical way to soften the 
unrealistic expectations of exponential growth.  If m has to 
decrease, what’s the simplest way in which it can do that?  
The answer is that it should follow a straight line. 
 

t z m 
7 17.93 2.028 

14 36.36 1.864 
21 67.76 1.448 
28 98.10 1.335 
35 131.00 1.294 
42 169.50 1.212 
49 205.50 1.111 
56 228.30 1.082 
63 247.10 1.014 
70 250.50 1.013 
77 253.80 1.003 
84 254.50  

0.0

0.5

1.0

1.5

2.0

2.5

0 50 100 150 200 250 300

size z

m
ul

tip
lie

r m

The defining feature of exponen-
tial growth is that the multiplier 

m = 
z

znext  

is constant.  If you plotted m 
against size z, you’d get a hori-
zontal line! 
 
But as most things grow, they run 
up against resource limitations 
and percentage growth decreases.  
That means the multiplier de-
creases.  And the question to ask 
is how does it decrease?  How 
does larger size translate into 
smaller percentage growth rate? 
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The task that remains is to use this straight line to construct a 
model for the sunflower growth and compare it with the data.  
First let’s find the best straight line, and to do that we’ll ignore 
the first two points (as they don’t fit and we have lots of rea-
son to expect life to be very different for a sunflower at the 
very beginning of its life), and we fit a trend line to the re-
maining seven points. 
 
The line we are given has equation.   

m = 1.5887 – 0.0023z. 

and this is plotted at the right.   To get from this the recursion  
equation for z we write m as nextz/z.  

z
znext  =  1.5887 – 0.0023z. 

which gives us the recursion: 

nextz  =  z(1.5887 – 0.0023z). 

 
Now, what are we to do with this?  Let’s take a moment to 
recall that if this were exponential growth, the recursion would 
read 

nextz  =  mz 

with a multiplier m which was constant.  In this case, the 
equation could be easily solved.  If we let the starting value be 
a, then z is multiplied by m in each time step, and after t time 
steps, we would have 

z = amt   

which is a general formula for z.   
 
But such formulae are much harder to find when m is not con-
stant, as is the case here with the sunflower equation.  Even 
with the simple form of the sunflower equation (m a linear 
function of z) no algebraic formula for z can be found. 
 
However, the recursion can be numerically iterated to give us 
a z-t curve and a spread sheet is the perfect tool to do this.  .  
We need to specify a starting value of z (at t=7), and then 
given that, the recursion will generate successive values.   
 
But what shall we choose for our starting value of z?  In fact, 
the fun thing to do is to program the recursion into the spread 
sheet using any starting value, say the “real” value z=17.93, 
and then generate the theoretical z-values and plot them as a 
curve “passing through” the data points.  The graph we get is 
presented at the right.  As expected (since the first two points 
were off the regression line) the curve does not give a good fit. 
 

y = -0.0023x + 1.5887
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The recursion  

nextz  =  mz 

can usually not be solved when 
m depends on z.  Even the spe-
cial case here, when m depends 
linearly on z, has no analytic 
solution. 
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But now we can go back to the first value and put in alterna-
tives, and the curve will update automatically before our eyes.  
[The wonders of the modern spreadsheet.]  So we try various 
higher starting values, until we get a curve that seems to give 
us the best fit.  Something close to a starting value of z=33 
seems to do the trick.  This is plotted at the right.  The fit we 
finally get is impressive to say the least.    
 
 
Observe that the curve seems to flatten out just above z=250.  
That’s a feature of this type of growth.  The limiting value 
(which is the size after “enough” time has passed) is called the 
asymptotic size.  Can you see how to calculate it from the 
model?   
 
 
This is simple enough.  Look at the equation for nextz: 

nextz  =  z(1.5887 – 0.0023z). 

The sunflower will have stopped growing when nextz = z, and 
that will happen when  

1.5887 – 0.0023z  =  1 

And we can solve this to get  
z∞  =  256. 

We have called this z∞ because it is the size of the sunflower 
after an “infinite” time has passed.   Notice the graphical in-
terpretation of this value.  Return to the graph of m against z.  
It is the z-value at  which the regression line intersects the line 
m=1.   
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The impressiveness of this fit was what 
got that 1919 paper into the Proceedings 
of the National Academy of Sciences.  It 
was the first verification of a plant fol-
lowing this simple mathematical law of 
growth.   

y = -0.0023x + 1.5887
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The type of growth exhibited by our sunflower is called logistic.  There are 
many ways to think about what it is, but my favorite is in terms of the mul-
tiplier m.  Ask the question: how does the multiplier change with size?––
how does m depend on z?   
 
For exponential growth the answer is that m is constant, it takes the same 
value at all sizes.   
 
For logistic growth the answer is that m decreases linearly as size increases.  
The graph of m against size z is a straight line with negative slope.  
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Problems 
 
1.  From 1968 on, the elk population in Yellowstone National Park 
grew in an approximately logistic manner.  At the right is tabulated the 
estimated size of the population each year over a 7-year period.   
(a)  Plot the population size z against t. 
(b)  Calculate and plot the multiplier m against the size z, find a best-fit  
line, either by eye or using technology, and find an equation for nextz 
in terms of z.  Use this to estimate the carrying capacity of the park for 
this population.   
(c)  Plot the solution to the recursion (obtained numerically) that begins 
with the given population size in 1968.   
(d)  Can you find an alternative starting value that gives you a better fit 
to the data as a whole?  Technology is particularly useful for this.  
 
 
 
2.  At the right is tabulated the size of a population of fruit flies grow-
ing under controlled experimental conditions. Does this population 
exhibit logistic growth?  Perform the same analysis that we followed 
for the sunflower data, and write up a clear description of what you are 
doing. 
 
 
3.  The equation we have discussed here is called the “discrete” logistic 
equation: 

nextz  =  z(a – bz) 

and as I said, it cannot be analytically solved, that is, you can’t find an 
explicit function z = f(t) which satisfies that equation.  However, there 
is a very closely related “continuous-time” form of the equation which 
can be solved using the methods of calculus.  The solution to this equa-
tion (in which t is a continuous variable) has the algebraic form: 

tkc
Bz
+

=
1

 

for certain parameters B, k and c, all positive, and c less than 1.   
 
(a)  In terms of the parameters, find the starting size (t=0) and the as-
ymptotic size (t=∞) of the population.  What can you say about the 
physical significance of c?  For example, what would be the difference 
between a population that had c=0.9 and c=0.5? 
 
(b)  Check that this equation really does produce a multiplier that ap-
pears to be linearly decreasing.  Take the parameter values B=100, 
k=30 and c=0.6, and tabulate and plot the values of z for integral t-
values from 0 to 10.  Now take this as “data” and perform the sun-
flower analysis of the main text.   
 
 

time 
(days) 

pop size 
 

0 2 
6 8 

12 25 
18 70 
24 160 
30 265 
36 320 
42 340 
48 350 

 

time 
t 

Pop size 
z 

1968 3172 
1969 4305 
1970 5543 
1971 7281 
1972 8215 
1973 9981 
1974 10529 

 


