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2.  Trigonometric Functions 
 
2.1 Radians 
 
Definition 
A radian is a measure of angle size.  It is defined by the dia-
gram at the right, that is, 1 radian is the angle which subtends 
an arc of length 1 in a circle of radius 1.   
 
Example 1.How big is a radian in degrees?   
 
Solution.  Here’s a nice argument that it’s just less than 60°.  
If we were to spread the two radii just enough to straighten 
out that piece of arc of length 1, the angle between them 
would then be a bit greater than 1 radian.   But then we would 
have a triangle with all sides of length 1, hence all angles 
would be 60°.  Thus the original radian must be somewhat less 
than 60°.  
 
But there is a good argument that establishes an exact answer.  
If 1 radian subtends an arc of 1, then 2 radians (in the same 
circle) should subtend an arc of 2, and 3 radians should sub-
tend an arc of 3, etc.  Quite generally, θ  radians should sub-
tend an arc of length θ. This "proportionality" observation 
relies on the radial symmetry of the circle.  Thus, in a circle of 
radius 1, the angle in radians and the arc length are the same. 
 
Now there is one arc whose length we know, and that's the 
whole circumference of the circle, and it has length  

C  =  2πr  =  2π1  =  2π. 

It follows that a whole revolution (360°) must be 2π radians.  
Thus: 

2π radians  =  360 degrees 

1 radian  =  
π2

360
 degrees   

=  57.3°  (approximately) 
 
By taking a few special fractions of 360°, we get the follow-
ing useful correspondences. 
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A number of students have trou-
ble with the notion that the above 
diagram could serve as a defini-
tion of a radian.  To solve Exam-
ple 2 below, they want to know 
exactly how big a radian is (say 
in degrees?)  
 
No.  The diagram is the defini-
tion.  And an elegant definition it 
is too.  It convinces us that the 
radian must be a natural measure 
of angle. 
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360 degrees  =  2π radians   
180 degrees  =  π radians   
90 degrees  =  π/2 radians   
45 degrees  =  π/4 radians   
60 degrees  =  π/3 radians   
30 degrees  =  π/6 radians   
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Arc length 
 
Example 2.  What size of arc is subtended by an angle of 2 
radians in a circle of radius 3?  That is, what is x? 
 
This is a good problem in that there are two changes between 
the first picture (the definition) and this one--the size of the 
angle and the radius of the circle, and each of these has an 
effect on the arc length.  In fact what one ought to do is take 
the problem apart and analyze these effects one at a time.  And 
we can take them in either order too.  In fact the elegant dia-
gram below nicely summarizes both routes. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
If we generalize this argument, we get a formula for any angle 
in any circle.  The arc subtended by an angle of θ  radians in a 
circle of radius r  is a = rθ . 
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The two arrows going up to 
the right use the fact that if 
you blow up a picture by a 
factor of 3, all lengths are 
multiplied by 3. 
 
The two arrows going down 
to the right use the fact that 
in a circle of fixed size, arc 
length is proportional to 
angle––double the angle 
and you double the arc.   
 
The argument that con-
cludes that x=6 can run ei-
ther along the top route or 
the bottom. 
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Arc-length formula: 

a = rθ 

Here, the angle θ has to be 
in radians.  The argument is 
given at the right.  The up-
arrows use the fact that if 
you blow up a picture all 
lengths change by the same 
factor, and the down-arrows 
use the fact that in a circle 
of fixed size, arc length is 
proportional to angle.   
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Area of sector 
 
Example 3.  What is the area A of the sector formed by an 
angle of θ  radians in a circle of radius r?   
 
Solution.  Again we use a proportionality argument.  The ra-
dial symmetry of the circle tells us that in a fixed circle, the 
area of the sector will be proportional to the central angle.   
 
Again, there is one area which we know, and that's the whole 
circle, and it has area πr2 .  This corresponds to an entire revo-
lution which has angle 2π radians.  Thus: 

2π radians gives area πr2 

1 radian gives area 
π

π
2

2r  = 
2

2r  

θ  radians gives area  A  =  
2

2θr  

 
 
 
 
 
 
 
 
 
Example 4.  Find the area A of the sector formed by an angle 
of 80° in a circle of radius 5.  
 
Solution.  We have a general formula sitting up there which 
we could use if we converted our angle to radian measure.  
Alternatively we could develop a formula valid for degree 
measure.  But formulas can be dead weight.   
 
The best route is to simply use the proportionality idea di-
rectly.   

360° gives area πr2 = 25π 

1° gives area 
360

1 25π 

80° gives area  A  =  
360
80 25π =  17.45.   

 
 

A
θ

r

r

Area of sector 

A  =  
2

2θr  

Again the angle θ has to 
be in radians.  
 
This is not a formula to 
be memorized.   The 
argument at the right is 
important enough and 
simple enough that it 
should always be re-
peated.  

A
80

5

A sector is a region of a 
circle bounded by two 
radii and the arc be-
tween them. 
 
A segment is a region of 
a circle bounded by a 
chord and the arc it 
subtends.  For example, 
the region B in Example 
5 below is a segment. 
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Example 5.  Find the area B of the segment shown in the dia-
gram at the right.  
 
Solution.  In Example 4 we have calculated the area A of the 
whole sector.  We can get the area of the segment by subtract-
ing from A the area T of the triangle.   
 
Now the triangle is isosceles, so it's nice to rotate it and make 
the chord the base.  To find its area we erect an altitude which 
bisects the 80° angle.  The semibase is then 5sin40 and the 
altitude is 5cos40.  The area of each sub-triangle will be half 
the product of these two and so the area of the whole triangle 
will be the whole product:  

T  =  (5sin40)(5cos40)  =  12.31 

The segment area is then: 

B  =  A – T  =  
360
80 25π –  25sin40cos40  =  17.45 – 12.31  = 5.14 

 
 
 
Problems 
 
1.  Find exact expressions for the following.  Use radian meas-
ure for the trig functions. 
(a)  sin(π/2) 
(b)  sin(π/3) 
(c)  sin(4π/3) 
(d)  sin(π) 
(e)  cos(π) 
(f)  sin(5π/4) 
(g)  cos(3π/4) 
 
2.  What angle has the property that its size in degrees exceeds 
its size in radians by 100?   
 
3.  What length of arc is subtended by an angle of 0.5 radians 
in a circle of radius 5? 
 
4.  What length of arc is subtended by an angle of 25 degrees 
in a circle of radius 2? 
 
5.  What length of chord is subtended by an angle of 25 de-
grees in a circle of radius 2? 
 
6.  What angle will subtend an arc of length 3 in a circle of 
radius 4? 
 
7.  What is the area A of the sector formed by an angle of 1.5 
radians in a circle of radius 6?   
 
8.  Find the area A of the sector formed by an angle of 20° in a 
circle of radius 20.  
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9.  In a circle of radius 5, a chord has length 6.  What is the 
area of the segment defined by the chord?   
 
10.  Two stakes are put in the ground 8 m apart and two 
equally ferocious goats are tethered, one on each stake, on 
ropes of length 5 m.  How much grass does each goat get, 
assuming they each get an equal share of the common ground?  
Assume the grass has density 1 kg/m2. 
 
11.(a)  Find the length of the arc cut off the circle  x2 + y2  =  
25  by the line  y = 10 – 2x.   
(b) Find the area of the segment cut off the circle  x2 + y2  =  
25  by the line  y = 10 – 2x.   
 
12.  If I draw two intersecting circles of radius 1, I form three 
closed regions.  If they all have the same area, how far apart 
are the centres of the two circles?   
 
 
13.  Define the functions  

f(x) = sinx where x is measured in radians 
g(x) = sinx where x is measured in degrees.   

On the same set of axes, draw the graphs of both f(x) and g(x) 
for 0≤x≤20.  Indicate on your graph the smallest positive solu-
tion to the equation  

f(x) = g(x) 

and estimate the numerical value of this x.   

Of course this is an amusing 
value of x.  It has the property 
that if you ask me for its sine, 
I don’t have to ask you 
whether to put my calculator 
in radian or degree mode.  
The answer’s the same! 
 
This reminds me of the Centi-
grade and Fahrenheit tem-
perature scales.  If you tell 
me “it’s 40 below” I don’t 
have to ask you whether you 
mean C or F.   


