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2.4  Bicycle Wheel 
 
The graph 
We mount a bicycle wheel so that it is free to rotate in a verti-
cal plane.  In fact, what works easily is to put an extension on 
one of the axles, and get a student to stand on one side and 
hold the wheel steady while another student stands on the 
other side and rotates the wheel at leisurely pace.  I tie a small 
stick cross-wise at some point on the circumference and orient 
the wheel so the class sees it as a vertical axis, and sees the 
small stick as a horizontal bar that oscillates up and down.  
 
I ask the student to rotate the wheel at a constant rate (using a 
finger inserted at a spoke hear the axle).  I ask the class to 
focus only on the stick, and forget everything else.  The objec-
tive is to describe the height of the stick as a function of time.   
 
I ask them to draw the graph.  Let y be the height of the stick, 
and t be time, so we want the graph of y against t.  To specify 
the starting conditions we take y=0 to be the midpoint of the 
oscillation (when the stick is level with the axle) and suppose 
the stick starts here at t=0.  And also suppose the stick begins 
by moving upwards.  Most students draw a graph like that at 
the right. 
 
Now we need to put a scale on the graph and that means tak-
ing measurements.  First the y-scale.  We measure the radius 
of the wheel to be 30 cm, so that the oscillation is between 
y=30 and y=–30.   
 
Now the t-scale.  We need to know the time for a complete 
revolution of the wheel.  How are we to measure that?  The 
obvious suggestion is to time one revolution, but a better idea, 
to reduce error, is to time a number of these and divide.  We 
find that 10 revolutions take 16 seconds, giving us 1.6 seconds 
per revolution.  The graph with scale inserted is drawn at the 
right.   Time t is measured in seconds. 
 
The motion of the stick is completely specified by its trajec-
tory over a complete revolution, because this is simply re-
peated again and again.  We say that the vertical motion of the 
stick is periodic, with period 1.6 seconds, and amplitude 30 
cm.   
 

 

Graph of height y (cm) above the axle 
against time t (s) over a 6-second interval. 
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Isn't this just the sin graph?  Didn’t we 
just cover that?  Well you're right, except 
the variable is t instead of θ.  So we have 
to cope with that. 
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The search for an equation 
Now that we have a graph, I ask the class to find an equation 
for it.  Find a formula which will give us y at any value of t.   
 
I give them a few moments to absorb the question, but no-one 
moves.  They seem perplexed.  
 
There's a crucial structural idea to get hold of here, and that is 
that the formula we are after is really a cascade of two func-
tional relationships (composition of functions).  I draw on the 
board the diagram at the right and ask "why does y change?"  
Because θ changes!  That's right––y depends on t because y 
depends on the angle θ and in rotating the wheel we are mak-
ing θ  depend on t.  That is: 

y is a function of θ 
θ is a function of t.. 

The strategy suggested by this decomposition is that we find 
expressions for each of these functions and then put them to-
gether to obtain an expression for y in terms of t. 
 
Finding y 
One at a time.  Let’s first try to find y in terms of θ.  This is a 
simple matter of using the trigonometry of the triangle: 

30
y  =  sinθ 

y  =  30sinθ . 

Check that this does what we want it to do.  As θ  increases, 
sinθ  oscillates between +1 and –1, and so y will oscillate be-
tween +30 and –30.  As required.   
 
Now we want θ in terms of t.  Interestingly enough, the class 
has much more trouble with this one––trouble understanding 
exactly what we mean by saying “θ is a function of t.”  [Yes, 
there’s a bit of jargon in that.  It’s not how you’d say it "on the 
street" is it.]   
 
What we mean is this.  When we start at an agreed point––
θ=0 at t=0––and then rotate the wheel at a fixed speed, we are 
making θ  change with time, so that at different times we have 
different values of θ, and that makes θ into a function of t.   
 
Can we find an expression for this function? 
 

θ
y30

A student calls me over.  She is con-
fused.  We have y=0 at θ=0 and y=30 at 
θ=π/2, so shouldn’t we have y=15 at θ= 
π/4?  But when she plugs θ= π/4 into the 
formula, she gets  

y = 30 sin(π/4)  =  21.2 

and that’s certainly not 15.  What went 
wrong?   
 
It’s an excellent question though it dis-
mayed me at first.  She is making the 
assumption that sinθ  is proportional to 
θ.   But it ain’t.   
 
I ask her to study the graph of y = 30sinθ 
on [0, π/2].  What would it have to look 
like for her reasoning to be correct?  
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Finding θ 
I get them to tabulate some simple (t,θ) values.  Now what's the for-
mula that would give this table?   I am met with silence.  So I ask them 
to find the value of θ  which belongs to t=0.1.  And in a bit, most of 
them report it as one quarter of π/2 which is θ = π/4.   
 
Now what have they done to get this result?––they have assumed that θ 
increases in proportion to t.  If θ increases by π/2 over 0.4 seconds, 

then over 0.1 seconds it will increase by 
4.0
1.0

2
π  and in any time t it will 

increase by: 

θ  =  
4.02

tπ  

Actually, we’d like to write this a bit differently.  The number that has 
particular significance is not 0.4 but 1.6 as that is the period of the mo-
tion, so we want that in the formula.  So we write instead:   

θ  =  2π
6.1

t . 

And that’s our formula.   
 
Okay, let’s put the two formulas together. 

y a function of θ:  y  =  30sinθ  

θ  a function of t:  θ  =  2π
6.1

t  

y a function of t:  y  =  30 sin ⎟
⎠
⎞

⎜
⎝
⎛

6.1
2 tπ . 

 
Analysis of the formula 
It’s worth doing a little "analysis" of this algebraic form.  
Every number has a meaning.   
 
Amplitude 
The 30, which is the radius of the wheel, is the amplitude of 
the motion.  That’s where the word “amplifier” and “amp” 
come from.  Because if this were a sound wave instead of a 
rotating wheel, the magnitude of the oscillation would deter-
mine the loudness of the sound.  Turning up the amplifier 
means increasing the amplitude of the waves.  
 
Period 
The 1.6 is the time it takes the wheel to make one revolution 
and is the period of the oscillation.  When t increases by 1.6, 
the expression in the round brackets will increase by 2π, and 
that will make the sin function return to where it was.   
 
What would the formulas be for other wheels turning at other 
constant rates?  If we let A be the radius of the wheel, and p be 
the period, then, 

y  =  A sin ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
p
tπ2 . 

t θ 
0 0 
  

0.4 π/2 
  

0.8 π 
  

1.6 2π 
  

3.2 4π 

Is this right?  Does θ in fact 
increase in proportion to t?   
 
Yes it does?  Why?––
because the wheel rotates at 
a constant rate.   
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Problems 
 
1.  The height y (cm) of a stick attached to the rim of a rotating wheel at any time t (s) is given by the for-

mula:  y = 25 sin ⎟
⎠
⎞

⎜
⎝
⎛

5.0
2 tπ  where the angle is measured in radians.   

(a)  What is the period and amplitude of the motion? 
(b)  Draw the graph of y against t showing two full periods.  Be sure to include a scale on both axes. 
(c)  Calculate y at t=0.1 s? 
(d)  How high is the stick after exactly 1 minute? 
(e) Using the sin–1 button on your calculator, find the first two times at which the stick has height 20 cm.  
Beside each time, state whether the stick is moving up or down.  Illustrate these on your graph. 
(f)  Find the first time at which the stick has height –10 cm and is moving up.   
(g)  How many times does the stick find itself at height 20 cm in the first 30 seconds?  Illustrate these on 
your graph and calculate them exactly using the sin–1 button on your calculator. 
 
2.  The height y (cm) of a stick attached to the rim of a rotating wheel at any time t (s) is given by the for-
mula:  y = 25sin(4t)  where the angle is measured in radians.   
(a)  What is the period and amplitude of the motion? 
(b)  Calculate y at t=20 s? 
(c) Using the sin–1 button on your calculator, find the first time at which the stick has height –10 cm and is 
moving up.   
 
3.  The height y (cm) of a stick attached to the rim of a rotating wheel at any time t (seconds) is given by 
the formula:  y = –25 sin(πt) where the angle is measured in radians.   
(a)  What is the period and amplitude of the motion? 
(b)  Draw the graph of y against t showing two full periods.  Be sure to include a scale on both axes. 
(c)  Calculate y at t=0.1 s? 
(d)  Using the sin–1 button on your calculator, find the first time at which y=+10.   
 
4.(a)  Suppose the bicycle wheel of this section was of radius 20cm, and turning at π/3 radians per second.  
What then would be the formula for y in terms of t?  Again we start with y=0 at t=0, and suppose the stick 
begins by moving upwards.   
(b)  Same wheel as in (a) but with a different starting configuration.  Start with y=0 at t=0, but suppose the 
stick begins by moving downwards.  Start with a rough sketch of the graph, and then find the formula. 
 
 
5.  A stick is attached to the rim of a wheel rotating at a constant rate, and at t=0 it has height y=0 above the 
axle of the wheel and is moving upwards.  The first two times that y takes the value 100 are at t=4 and at 
t=8.  Find the amplitude and period of the motion.  Draw a picture!  [This is a lovely little problem.] 
 


