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2.5.  The equation of the spring 
 
I mount a spring with a weight on it.  I tie the top of 
the spring to a stick projecting out the top end of a 
cupboard door, and fasten a ruler down the edge of 
the door, so that as the spring oscillates, the weight 
moves up and down the ruler. 
 
I set the weight oscillating and ask the class what 
they think I am going to have them do.  They do not 
seem pleased with the question, nor do they observe 
the wonderfully hypnotic motion of the spring with 
childlike delight.  Their answer is more like an accu-
sation:  You’re going to ask us to find a formula for 
the height of the weight at time t.   
 
No!  No I’m not, at least not the way you expect.  An 
analysis of the system, with lots of physics and New-
ton’s laws of motion and all makes for a fascinating 
journey (contrary to what you might think on a 
Wednesday morning with more than half the week to 
go) but it really belongs to university.  One needs to 
understand calculus to do it.  What we will do instead 
is work with an analogy. 
 
I take up the bicycle wheel that we have used before, 
set it spinning at constant speed, and using the over-
head projector, I project the shadow of the stick onto 
the wall.  I ask them to ignore the wheel, and just 
watch the shadow of the stick going up and down.  
Then I ask them to switch their attention back and 
forth between the spring and the wheel.    
 
The effect is remarkable and has to be seen to be 
believed.  The motions of the two shadows are iden-
tical and the students stare at them mesmerized.  The 
shadow of the stick on the wheel really looks like it 
might be on a spring.   
 
Well!  We already have a formula for the stick on the 
wheel.  And what they have just seen is designed to 
convince them that the same type of formula applies 
to the spring.  And it does––the height y of the 
weight on the end of the spring is given by an equa-
tion of the form: 

y  =  A sin ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
p
tπ2 . 

where A is the amplitude of the oscillation and p is 
the period.   

 

If every high school should have an old 
car tire, then it should also have a bunch 
of springs.  My spring is some 2 cm in 
diameter, fairly loose, with a period of 
around 2 seconds, and will easily oscil-
late with an amplitude of 20-30 cm.   

This is experiment is well worth doing 
as the effect is quite striking.  Get the 
kids to come up with a spring and set the  
 



undamped spring 8/16/2007 2

Supplying values for A and p.  
 
The formula for the spring is the same as the formula for 
the wheel! 
 
I end this pronouncement with a flourish, almost expecting 
applause at this unexpected beneficence of the universe, that a 
spring behaves the same way as a wheel.  But I am met in-
stead with blank or confused stares.  How can a sine function 
describe the spring?  There’s no angle.  Where's the angle? 
 
That’s a remarkable comment, and one I hadn’t expected.  
There is indeed no angle, and there is really no reason at all to 
expect that the sine function is what works for general oscilla-
tory behaviour: springs, guitar strings, tides, etc.  [Though 
maybe tides are different because they are generated by the 
circular rotation of the moon about the earth.]   
 
The applicability of the sine function in all these cases is 
really a remarkable abstraction.  The key property of this 
function which makes it so widespread in the description of 
oscillations isn’t about angles at all, it’s about rates of change 
and it comes from calculus.  
 
So this observation, that the sine function describes the spring, 
deserves enormous respect.   
 
Just to have some numbers, we start the spring oscillating and 
make measurements.  We pull the weight down 30 cm from its 
equilibrium position, and let it go.  We then time 10 cycles at 
21 s for a period of p=2.1 seconds per cycle.  We get:  

y  =  30 sin ⎟
⎠
⎞

⎜
⎝
⎛

1.2
2 tπ . 

Note that this formula gives us y=0 at t=0, that is, it makes the 
assumption that the weight is at its equilibrium position at t=0.  
Well this is a convenient place to take the time origin, because 
it keeps the equation simple––we can use a sin function with 
no phase shift.   
 
But a student at the back has a hand in the air.  Doesn’t the 
amplitude decrease?  Shouldn’t it become less than 30?  In 
fact won’t the spring eventually stop.   
 
Indeed.  

Explaining the sine 
Where does the sin function come 
from?  A nice question––and 
here’s the causal chain available to 
someone who understands calcu-
lus.   
 
Let y denote the displacement of 
the weight from its equilibrium 
position.  Then Hooke’s Law tells 
us that the restoring force exerted 
by the spring on the weight is pro-
portional (and opposite in sign) to 
y.  Now since the force on the 
weight is proportional to its accel-
eration (Newton) that means the 
acceleration of the weight is pro-
portional to minus y.  Now if you 
know calculus, that means that the 
second derivative of y is propor-
tional to minus y, and that’s a basic 
property of the sin function.  [It’s 
true of the cosine as well, and we 
could also have used that.] 
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The effect of friction  
 
What’s friction all about?  It’s the tendency of things that are 
in motion and running into one another to heat up.  And that 
heat energy is stolen away from the energy of motion (kinetic 
energy KE).  As the spring coils and uncoils, it heats up, and 
the amplitude of the motion decreases.  This loss of KE is 
known as damping, and our work so far has ignored that.  The 
formula we’ve developed so far is known as the equation of 
the undamped spring.  That’s how the spring would behave in 
the ideal world of no friction––the amplitude would stay at 30 
indefinitely. 
 
Does not the same thing happen to the bicycle wheel if we 
don’t keep turning it at a constant speed?  Does it not also 
slow down?  Yes it does, and for the same reason. 
 
Let’s look more closely at these two effects of friction, on the 
wheel and on the spring.  How does friction affect each oscil-
lation? 
 
I let the class watch each of the wheel and spring for a few 
moments and then I ask them to draw graphs of the motion of 
each object, the stick and the weight, which take account of 
the loss in KE.  It’s an interesting exercise because friction 
affects the motion of each in two different ways. 
 
The wheel. For the wheel, the amplitude is unchanged but as 
the wheel slows down the period p increases.  We get a graph 
where the distance between successive crossings of the axis 
increases until the motion stops altogether.   
 
 
 
 
 
The spring.  This time it’s the amplitude of the oscillation that 
decreases over time, each max is a bit lower than the previous 
one.    
 
But some questions arise.  How exactly does the max decrease 
over time.  The graph at the right supposes a linear decrease, 
but other students drew a curvelinear decrease.  What is the 
real situation?   
 
And what about the period?  Does it stay the same, or does it 
increase, like that of the wheel?  Or does it decrease?  The 
graph at the right supposes that it stays constant––the spacing 
between successive crossings of the axis is always the same.  
 
So these are interesting questions––exactly how does friction 
affect the amplitude and the period of the spring? 
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The effect of damping on the period. 
 
The effect of friction is to decrease the amplitude, so what we 
really want to determine here is the effect of amplitude on 
period.  If the oscillations are small, is the period any different 
(shorter or longer?) than if the oscillations are large?   
 
We collect some data, timing 10 oscillations for a range of 
starting amplitudes.  The data show quite convincingly that 
the period is always the same.  There’s some small variation 
around 2.1 seconds/cycle, but there’s no “trend” in this varia-
tion––that is, there’s no up- or down-pattern––and so there’s 
no reason to suppose the period changes with the amplitude.  
In fact, a theoretical argument will show that the period of a 
spring is independent of the amplitude.  As the motion of the 
spring “decays” the period remains constant.   
 
So the above graph, that shows a constant period as the ampli-
tude decreases, seems to be correct.   
 
Thus the wheel and the spring exhibit an interesting pair of 
“opposite” behaviours in response to friction, summarized in 
the table at the right.  
 
Here p(t) is the period of the wheel and A(t) is the amplitude 
of the spring and they both depend on time t––the period in-
creases and the amplitude decreases.  But the precise form of 
these functions is unknown. 
 
Our next task will be to try to get hold of the precise nature of 
the function A(t).  This turns out to be an interesting question.  
 
 
Problems 
 
1.  A speck of paint is on the outside of my bike tire.  Let y be the height of the speck above the road.  Sup-
pose I start at rest on my bike and accelerate to some maximum speed which I hold constant.  Draw a graph 
of y against t which illustrates this acceleration, assuming that at the beginning (t=0) the speck is in contact 
with the ground.   
 
2.  You push your baby sister on a swing making her go higher and higher with each oscillation until she is 
high enough and your pushing simply sustains her at a constant amplitude.   
(a)  Draw a graph of the angle the swing rope makes with the vertical against time t..  By the way, it turns 
out that the period of a swing is pretty close to being independent of the amplitude, at least for baby-sister 
type oscillations.   
(b)  On the same set of axes draw the graph of the vertical distance between the swing seat and the ground.   
 
3.  I am pumping up my bike tire.  My motion is periodic, each cycle being a sequence of two strokes, up 
and down, however the up-stroke is different from the down-stroke.  Draw a graph of the height of my 
hand against time, showing three cycles. 
 
 

starting 
ampli-
tude 

time for 10 
cycles 

60 21.2 
50 21.1 
40 21.2 
30 20.8 
20 21.0 
10 20.8 

Wheel amplitude constant 
 period increases y = 30sin ( )tp

tπ2
 

Spring amplitude decreases 
 period constant y = A(t) sin

21
2
.

tπ
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4.  A spring with a weight on the end is suspended from the ceiling of the room and it oscillates up and 
down with an amplitude of 60 cm making 15 complete cycles every minute.  Suppose the motion is un-
damped (no friction) and let y denote the height of the weight above the equilibrium position.   
 
(a)  Draw a careful graph of y against t assuming that at t=0 the weight is at the equilibrium point y=0 and 
moving upwards.  Show 2 full cycles. 
(b)  Now find an equation for your curve, that is find a formula for y at any time t.  Use radian mode.   
(c)  Locate on your graph all times at which the weight has height y=30 cm, and use your formula of (b) to 
calculate these exactly. 
 
 
5.  A spring with a weight on the end is suspended from the ceiling of the room and it oscillates up and 
down with a period of 3 s and an amplitude of 75 cm.  Suppose the motion is undamped (no friction) and at 
its low point, the weight is 50 cm above the floor of the room.  Let y denote the height of the weight above 
the floor.   
 
(a)  Draw a careful graph of y against t assuming that at t=0 the weight is at its high point.  
(b)  Now find the equation of your curve, that is find a formula for y at any time t.  Use radian mode. 
(c)  Find the first moment at which the height of the weight above the floor is y=100 cm.   
 
 
6.  A spring with a weight on the end is suspended from the ceiling of a large freight elevator which runs 
up and down the side of a tall building.  Suppose the weight oscillates up and down with a period of 4 s 
and an amplitude of 1 m.  Suppose the motion is undamped (no friction) and at its low point, the weight 
just touches the floor of the elevator.   
 
Suppose that the elevator is ascending at a constant speed of 1 m/s.  It turns out that this won’t affect the 
dynamics of the oscillation inside the elevator.  In fact it follows from the laws of physics that there is no 
experiment an observer inside the elevator can do to decide whether the elevator is stationary or is moving 
at constant speed.   
 
Your job, detailed below, is to draw the graph of the height of the weight with respect to the building 
against time.  You should use squared paper to draw your graphs with a scale so that one square represents 
1 m by 1 s. 
 
Indeed, let's introduce three variables.  Let x denote the height of the floor of the elevator above the 
ground, let y denote the height of the weight above the floor of the elevator, and let z denote the height of 
the weight above the ground.  We suppose that at t=0, the floor of the elevator is at ground level (x=0) and 
the weight is on the floor of the elevator (y=0).   
 
(a)  Begin by plotting separately the graphs of x and y against t.  Then take your x-graph and mark z-points 
on this graph at 1-second intervals, using the fact that  z=x+y.  Finally draw the z-curve through these 
points. 
 
(b)  At the moments when y is at its extreme points y=0 and y=2, the weight is stationary with respect to 
the elevator, and its speed relative to the building must be the same as the speed of the elevator.  Discuss 
the geometric significance of these points on your z-graph. 
 
(c)  Now find the equation of your z-curve, that is find a formula for z at any time t.  Use radian mode. 


