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2.6  Damped spring. 
 
The decay of the amplitude 
Here we investigate the question of how the amplitude of the 
spring changes with time under the damping effects of fric-
tion.  From the last section, we have the general formula  

y = A(t) sin
1.2

2 tπ  

and here we will try to find a formula for the amplitude A(t).   
 
Again we collect some data.  We record the amplitude at 30-
second intervals starting with A=50 cm.  One student calls out 
the time at 30-second intervals and another notes the first 
maximum height that is attained after that.  The measurements 
are not so easy to make as the weight is moving quite fast and 
since there is some separation between the weight and the 
ruler, it is necessary to be sure that the eye of the recorder is 
level with the weight at the instant of reading.  A motion de-
tector would have been useful.  Anyway, we expect the data to 
be pretty rough.   
 
The data we gather is tabulated at the right and plotted below.  
Note that we use x for time instead of t, because we're measur-
ing time in units of half-minutes, and we have been using t as 
a measure of time in seconds, and we don’t want to get con-
fused down the road.  So our plan is to use x to measure time 
in ½-minutes and t to measure time in seconds. 
 
 
 
 
 
 
 
 
 
 
 
 
 
What kind of decrease is this?  Recall that in the last section 
we drew a graph in which the amplitude decreased in a linear 
fashion.  Is that what happens here? Is the graph of A against x 
a straight line? The answer is clearly no––the graph is very 
much a concave-up curve.  Thus, the 30-second decrease in A 
is not constant but is bigger at the beginning and much less 
towards the end.  So what do we try next? 
 

x 
(½ min)   

A 
(cm) 

0 55.0 
1 43.0 
2 33.0 
3 25.2 
4 20.0 
5 17.5 
6 13.5 
7 12.0 
8 9.5 
9 9.0 

10 8.5 
11 7.5 
12 6.8 
13 6.0 
14 5.5 
15 5.0 
16 4.7 
17 4.2 
18 4.0 
19 3.5 
20 3.0 
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Looking for a multiplier 
Well if the additive change isn’t constant, maybe we should 
look at the multiplicative change.  What do we mean by a con-
stant multiplicative change?––that what we multiply the am-
plitude by over each time step should be constant.  Is that the 
case here?  If so, since A is decreasing, the multiplier would 
be some factor less than 1.   
 
How do we test this?  Well, let's look at what sort of formula 
would result.  If the 1-step multiplier were k, then after x steps 
(x half-minutes) the amplitude will have been multiplied x 
times by k and would be  

A  =  A0 kx 

where A0 is the initial amplitude.  That is, A would be an ex-
ponential function of x.   
 
Now the way to test that is to look at logA and see if it is a 
straight line function of x.  Indeed, taking logs of both sides of 
the equation: 

logA  =  log(A0 kx)  =  logA0 + log(kx) 

         =  logA0 + xlogk 
and this is linear in x.   
 
The graph at the right plots logA against x.  Do the points lie 
in a straight line?  Well, no, not a very good one.  There's a bit 
of scatter of course, but on the whole the graph seems to be 
more concave-up than straight and a parabola would seem to 
give a better fit.  Or actually it might even consist of two 
straight-line segments––there might be one rate of decay for 
large amplitude and another for small amplitude.  Holy cow. 
 
 

There are two basic operations in 
mathematics, addition and multipli-
cation.  These are the foundational 
modes of change and they are al-
ways where we start in investigating 
numerical patterns.  Of course the 
concept of multiplicative change is a 
big one for us, and we have investi-
gated it thoroughly in our work on 
exponential growth and decay. 

Let me explain the "holy cow."  It was with some excitement 
and mild trepidation that I watched this graph spring quietly 
from the magic of Microsoft Excel, and I stood and stared at 
it for quite a moment.  It was right in the middle of class too, 
and I’m sure the students were wondering why I was stand-
ing so dumb-struck, so I took the chance to explain.  The 
graph was nothing less than the answer to a question I had 
wondered about for years but had never investigated.  
 
As a university math student, we did the theory of the 
damped spring in second-year differential equations and 
then as a university teacher for 30 years I’ve probably 
taught it 15 times.  And what the theory predicts is that the 
amplitude should decrease exponentially, and that therefore 
the logA graph should be a straight line. 
 
But I never actually took a spring and checked this out, not 
for myself nor for my students.  That is, not until now.   
                                                                                     PDT 
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y = -0.0583x + 1.5727
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Analysis of the log graph 
 
So the logA graph is not quite straight, in spite of the theory 
which says that it should be.  Mind you the theory makes 
some questionable assumptions, and we will say more about 
that later.  But for now, let's get a simple, if somewhat inaccu-
rate equation for A by fitting a straight line to that set of 
points.  We get: 

log(A)  =  1.5727 – 0.0583x. 

One significant feature of this line which leaps out at me (does 
it leap out at you?) is the fact that it’s way low at the begin-
ning, at x=0.  Recall that the amplitude starts out at A = 60 
which has log:  

log(60)  =  1.78 

whereas the line gives us a log(A) value of 1.57, and  

101.57  ≈  37. 

But we’ll go with it for now.  Our purpose here is not to accu-
rately model the motion of that particular spring, but to get 
hold of the general form of the graph.   
 
To find the equation for A we exponentiate:  

A  =  10log(A)  =  101.5727–0.0583x   

=  101.5727 10–0.0583x   

=  101.5727 (10–0.0583)x   

 =  37.39 (0.874)x . 
 
This tells us that over each half-minute period, the amplitude 
is multiplied by 87.4%.   
 
At the right the graph at the top of the page is plotted again, 
but this time for A rather than logA.  So the points are the 
original A-data and the straight line becomes the exponential 
decay curve calculated above. 
 
It is interesting to study this curve as it lets us see how the 
actual decay of the amplitude compares with exponential de-
cay.  We can see that the decay of the spring is faster (than 
exponential) at the beginning and slower at the end.   
 
Another (and more friendly) way to say this is that the per-
centage decrease in amplitude (over half a minute) is higher 
towards the beginning than towards the end (see problem 3). 
 
 

Of course we could have asked 
the spread sheet for this trendline 
directly from the original data 
without bothering with the log 
plot.  But we wanted to "see" 
how straight the line was; we 
wanted to "see" the departures 
from exponential behaviour.   
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The amplitude function 

Finally, if we put this formula for A into the original equation:    y = A(t) sin
1.2

2 tπ  , we get: 

y  =  37.39(0.874)x sin
1.2

2 tπ . 

One technical adjustment is needed.  The expression for A is in terms of x which measures time in ½-
minutes rather than t which measures time in seconds.  Since we are using t in the other part of the formula 
(the sin term) we should use it for A as well.  However it’s a simple matter to convert x to t.  The length of 
an interval in seconds is always 30 times its length in ½-minutes.  So  

t = 30x . 
Solving for x, and plugging in to the formula: 

y  =  37.39 (0.874)t/30 sin
1.2

2 tπ . 

This is our "exponential decay" model for the actual height y of the weight after t seconds, and its graph is 
drawn below over the 10 minute period of our experiment. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Except that this is not the graph of the above function!  No.  If I really drew the graph of this function, all 
you’d see is a big grey blur between the upper and the lower amplitude curves, because in 600 seconds the 
spring oscillates 286 times (at 2.1 seconds per oscillation).  Instead I’ve multiplied the period by 10 so that 
in 600 seconds we have only 28.6 oscillations.  That allows you to easily see on one graph both the up and 
down motion of the spring and the exponential decay of the amplitude.  Just don’t forget that in reality the 
graph actually makes 10 oscillations for every one shown in the diagram. 
 
In addition to the height y of the spring, I have also plotted the amplitude function A(t) and its negative –
A(t).  These serve as upper and lower “envelopes” between which y(t) moves.  This is clear from the form 

of the algebraic expression, above.  As t increases, sin
1.2

2 tπ  oscillates between +1 and –1, and therefore 

A(t)sin
1.2

2 tπ   oscillates between + A(t)  and – A(t).  The result is called a sine curve with an exponentially 

decaying amplitude. 
 

The equation of this curve is actually  

y  =  37.39 (0.874)t/30 sin
21
2 tπ .   

It describes the motion of a spring with the 
same amplitude decay function as the one 
above, but with a period 10 times as long 
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Time out for a story about Robert Hooke 

Hooke was appointed professor of geometry in London in 1665 and held that post for 30 years.  
He worked with pumps, guitar strings, mirrors, lenses, pendulums, and springs.  He was a good 
architect and was chief assistant to Wren in his project to rebuild London after the great fire of 
1666.  He attempted to prove that the orbit of the earth around the sun was an ellipse, but failed.  
He did however formulate the inverse square law of gravity and in 1679 wrote to Newton ask-
ing for his opinion.  But Newton apparently ignored his note and claimed this law for himself in 
the Principia.   
 
Anyway, about Hooke’s Law, that the force exerted by a spring is proportional to the stretch.  
He discovered this in 1676, but wanted to work on it a bit (and derive some nice consequences) 
before declaring it to the world.  However he didn’t want to risk losing priority in the discovery, 
so he published the Law in coded form with the anagram: 

CEIIINOSSSTTUU. 
Three years later, he published the decoding: 

UT TENSIO, SIC UIS 
(as the extension, so is the force). 

No portrait of Hooke is known to exist.  One possible reason for this is that he was described as 
a lean, bent and ugly man. 
 

The theory of the damped spring. 

We end by saying something about the physical assumptions behind the 
theoretical formula for the motion of a damped spring.  There are two of 
these––one about the force of the spring and the other about the force of 
friction.  
 
1. (Hooke’s Law)  When the spring is stretched, the restoring force it 
exerts is proportional to the stretch  

2.  The force of friction is proportional to the velocity of the weight.   
 
Assumption 1 is good, and holds with great accuracy.  We can deduce 
from that (using simple calculus) that the up-down motion of the spring 
is sinusoidal.   
 
Assumption 2 is rather more approximate, but it is crucial for us to be 
able to deduce an exponentially decaying amplitude.  It is a general truth 
that at slow speeds, frictional forces are proportional to speed, whereas 
at high speeds, like projectiles, they tend to be proportional to the square 
of speed.  Interestingly enough this is qualitatively what we have found 
in the spring experiment: a larger effect of friction at higher speeds.   
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Problems 
 
1.  A long spring hangs in a stairwell with a weight on the end, and it oscillates with a period of ½ minute.  
That is, it executes 2 cycles every minute.  Suppose that at t=0 it is at its equilibrium position and moving 
upwards.  Suppose its starting amplitude is 4 meters but this decays multiplicatively, getting cut in half 
each minute.  Let A(t) be the amplitude function and y(t) be the height of the spring, at any time t≥0.   
(a)  Find formulas for A(t) and y(t). 
(b)  Draw by hand (on a piece of graph paper) a careful graph of A(t) for 0≤t≤5.  You can plot it accurately 
at integer values of t, and then connect these points with a smooth curve.  On the same set of axes, draw the 
graph of –A(t).  Now add the graph of y(t) being careful to get the period right.  Pay attention to the values 
of t at which the y-graph crosses the t-axis and at which it contacts either of the two envelope curves. 
 
2.  Make a careful sketch of the graph   

y = (10–t)2 sin(πt)  (0≤t≤10) 

Begin by sketching the amplitude function and its negative.  Choose your scales on the y and t axis so that 
you get a reasonable looking picture.  Then draw y(t) which oscillates between them (use radian measure).  
Pay attention to the values of t at which the y-graph crosses the t-axis and at which it contacts either of the 
two envelope curves.  (What is the period of the oscillation?) 
 
 
3. If the amplitude of the spring really does decay exponentially, then the half-minute multipliers should be 
just about constant.  That is, the ratio of successive values in the A(x) table should be constant.  For exam-
ple, the first multiplier would be 43/59.5 = 0.72.  If you like, that tells us that the second amplitude is 72% 
of the first.  Now does that 72% multiplier, or something close to it, continue to apply?  To answer this 
tabulate all 20 multipliers and plot them against x.  Then fit a "best" straight line.  If the multipliers are con-
stant, that line should be just about horizontal.  Is it?   
 
 
4.  The two graphs below depict the damped oscillations of a spring.  They are (a) linearly damped (b) 
quadratically damped.  That is, the amplitude decreases linearly and quadratically.  In each case, take care-
ful measurements from the graphs and construct an equation for the height y of the weight against time t. 
 
 
 
 
 
 
 
  
 


