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3.5.  Zeros 
 
Example 1.  The graph of the polynomial 

y = x (x–1) (x–2) (x–4) 

is drawn at the right.  Argue that the form of the algebraic 
formula allows you to see right away where the graph is above 
the x-axis, where it is below the x-axis and where it crosses 
the axis.   
 
Solution 
Where does the graph cross the x-axis?  These are the points 
where y=0, and since y is given as a product of factors, this 
will happen exactly when one of the factors is zero (and not 
otherwise).  Now the first factor is zero only at x=0, and the 
second factor is zero only at x=1, and the third and fourth 
factors are zero only at x=2 and 4, respectively.   
 
We deduce that the graph crosses the x-axis at the points x = 
0, 1, 2 and 4, and nowhere else.  And that’s exactly what we 
see in the diagram.   
 
We now need to know where y is positive and where it’s 
negative.  Since y is a product, this can be determined if we 
know the signs of all the factors.  Now it can be a tedious 
business working out the sign of each of the factors every time 
we have a new point.  However there’s a neat way to do the 
whole real line in one continuous sweep.  Here it is. 
 
Starting with a value of x that is above 4, we let it decrease—
imagine running from right to left along the x-axis.     
 
• At the beginning (x above 4) all the terms are positive 
and y must be POSITIVE.   
• As x passes below 4, the (x–4) factor changes sign, but 
nothing happens to the other factors.  So the whole expression 
changes sign and y becomes NEGATIVE.  
• As x passes below 2, the (x–2) factor changes sign, but 
nothing happens to the other factors.  So the whole expression 
changes sign and y becomes POSITIVE.   
• As x passes below 1, the (x–1) factor changes sign, but 
nothing happens to the other factors.  So the whole expression 
changes sign and y becomes NEGATIVE.   
• Finally as x passes below 0, the (x) factor changes sign, 
but nothing happens to the other factors.  So the whole ex-
pression changes sign and y becomes POSITIVE.   
 
 
 
 
 

The zeros 
The points where the graph crosses the x-
axis are the points where y=0 and are 
called the zeros of the function.   
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An important principle: 
A product is zero only when 
one of its factors is zero.   

The sign of y 
This is a neat method.  We pass through the zeros one by one and record, not the sign of y, but the change in sign, 
and we use that to update the sign.  In this case we get: 
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y = x (x–1) (x–2) (x–4) 
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Example 2.  The graph of the polynomial 

y = x (x–1)2 (x–2) (x–3) (x–4)2 

is drawn at the right.  Argue that the form of the algebraic 
formula allows you to see right away where the graph is above 
the x-axis, where it is below the x-axis and where it crosses 
the axis.   
 
Solution 
Again, y is given as a product of terms, and the zeros of the 
polynomial are exactly the numbers 0, 1, 2, 3 and 4 that ap-
pear in the factors. 
 
But now there's something new.  The graph does not always 
“cross” the axis at a zero.  It crosses the axis at the zeros 0, 2 
and 3, but it does not at the zeros 1 and 4––it just hits the axis 
and bounces back up.  What's the difference? 
 
It is this––the zeros 0, 2 and 3 belong to terms of degree 1 in 
the expression, while the zeros 1 and 4 belong to terms of de-
gree 2.  
 
Does this make sense?  Let's try to do the same "sign" analysis 
as in Example 1.   
 
• At the beginning (x above 4) all the terms are positive 
and y must be POSITIVE.   
• As x passes below 4, the (x–4) factor changes sign, but 
its square does not.  So the whole expression does not change 
sign and y remains POSITIVE.  The graph remains above the 
axis.  
• As x passes below 3, the (x–3) factor changes sign.  So 
the whole expression changes sign and y becomes NEGA-
TIVE.   
• As x passes below 2, the (x–2) factor changes sign.  So 
the whole expression changes sign and y becomes POSITIVE.   
• As x passes below 1, the (x–1) factor changes sign, but 
again its square does not.  So the whole expression does not 
change sign and y remains POSITIVE.  The graph remains 
above the axis.   
• Finally as x passes below 0, the (x) factor changes sign, 
but nothing happens to the other factors.  So the whole ex-
pression changes sign and y becomes NEGATIVE.   
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This time I give my students only the 
formula and ask them to make a rough  
sketch of the graph.  They’ve encoun-
tered the sign-change principles of 
Example 1, but now they have to think 
"twice"  Does the sign change as x 
passes through 4?  Or not? 

y = x (x–1)2 (x–2) (x–3) (x–4)2 
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If you like, at x=4 and at x=2, 
we have two changes of sign 
happening simultaneously, for 
no net change.  So the graph 
stays above the axis.   
 

The sign of y 
Again, as we pass through the zeros one by one, we record, not the sign of y, but the change in sign, and we use that 
to update the sign: 
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Example 3.  The graph of the polynomial 

  y = x (x–1)2 (x–3)3 

is drawn at the right.  Argue that the form of the algebraic 
formula allows you to see right away where the graph is above 
the x-axis, where it is below the x-axis and where it crosses 
the axis.   
 
Solution 
The interesting feature here is the cubic term (x–3)3.  For x 
above 3, everything is positive.  Then as x drops below 3, the 
factor (x–3) becomes negative and so does its cube.  So the 
whole product does change sign and the graph crosses the 
axis.  
 
But then at the zero x=1, the product does not change sign and 
the graph stays below the axis.  And finally there is a cross at 
x=0.   
 
In this example, we have three kinds of zeros––of multiplicity, 
1, 2 and 3.  We get a cross for of multiplicity 1 and 3, but not 
for multiplicity 2.   
 
What's the general situation?  At a zero of odd multiplicity, 
the graph crosses the axis, at a zero of even multiplicity, the 
graph does not. 
 
 
 
 
 
 
 

Odd and even multiplicity 
It would seem that there are two kinds of zeros––those at which the graph crosses the axis, and 
those at which it hits the axis but stays on the same side.  And the issue here concerns the alge-
braic distinction between these two behaviours.  What these examples suggest is that it's deter-
mined by the index of the factor, which is called the "multiplicity" of the zero.   At zeros of odd 
multiplicity, like at x=0 and x=3 in the above example, we have a change of sign.  But at even 
multiplicity, like at x=1, we have no change of sign.   
 
But there's also an interesting difference between multiplicity 1 and 3.  At a zero of multiplicity 
1 (like x=0) we get a real "cross."  But at multiplicity 3 (like x=3) the graph flattens out and 
seems unable to decide whether to cross or not. 
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Note the difference between the crossings 
at x=3 and x=0.  At x=3 the graph is very 
flat when it crosses the axis, even flatter 
than it is at x=1 (when it fails to cross).  It 
turns out that the higher the power of the 
term, the flatter is the graph at the zero.  
That's a subject for calculus to take up. 
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Problems   
 
1.  Below we give the equation of a number of polynomials in factored form.  In each case make a rough 
sketch of the graph and explain the basis of your decisions.  We don't want you to "sub-in" values for x and 
plot points.  [That's what computers are good at doing so leave that to them.]  Rather we want you to iden-
tify the zeros and observe whether the graph crosses or does not cross the axis at each of these.  Without 
plotting points, you won't really know how "high" the graph gets between the zeros, but we don't really 
care about that at this stage.  It's the form we are after.   

(a)  y = x (x–1) (x–2) (x–3) (x–5) 

(b)  y = (x+1) (x–1) (x–3) (x–4)2 

(c)  y = x (x–1)2 (x–2)2  

(d)  y = (x–1) (x–2)2 (x–3) (x–4)3 

(e)  y = x2 (x2–1) (x–4)2 

(f)  y = (x2–x) (x2–1) (x+1) 

(g)  y = x (x–1) (x–2)2 (x–3)3 (x–4)4 

 
 
2.  In each case find a polynomial of degree 4 that has the given properties, and write it in the form 

f(x)  =  ax4 + bx3 + cx2 + dx + e 

where the leading coefficient a is either 1 or –1. 
 
(a)  f(0) = f(1) = f(2) = f(–1) = 0. 
(b)  f(0) = f(1) = f(–1) = 0  and f(x) ≥ 0  for all x≥0. 
(c)  f(0) = f(2) = 0  and f(x) > 0  for all x≠0 or 2. 
(d)  f(0) = 0  and f(x) ≥ 0  for all x and the graph of f is bilaterally symmetric about the line x=–1. 
 
 
 
3.  At the right is the graph of a polynomial of degree 7.  Find 
its equation.  Check the vertical scale of your equation by 
plugging in a couple of suitable values of x––say, x=0.5 and 
x=3.5. 
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