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4.1  Water tank 
 
(a)  A cylindrical tank contains 800 ml of water.  At t=0 (min-
utes) a hole is punched in the bottom, and water begins to 
flow out.  It takes exactly 100 seconds for the tank to empty.  
Draw the graph of the amount z of water in the tank against 
time t.  Explain the shape of the graph. 
 
Begin, of course, by letting the class watch the action, but 
without taking measurements.  A fine tank can be made from a 
clear 1 litre pop bottle.  I colour the water with food colour-
ing, so it’s easier to see from the back.  I avoid the non-
cylindrical part at the top and the bottom by not filling the 
bottle right to the top, and by punching the hole in the re-
cessed centre of the bottom so that a residue of water sits 
permanently in the bottom of the bottle, acting like a fake flat 
bottom.  I drill a hole some 3 to 4 mm (say 1/16th inch) in di-
ameter.  It takes some 3 minutes to empty.   
 
(b)  The form of the equation of z against t depends on the 
shape of the tank, but for a cylindrical tank, theoretical con-
siderations of how the pressure pushes the water out of the 
hole lead in fact to the equation of a parabola.  Given this, that 
the z-t graph is a parabola, find its equation. 
 
(c) It’s time to take some careful readings, and see if we can 
verify the parabola result.  What we have to keep track of is 
the volume z in the tank, but for a cylindrical tank, volume is 
proportional to height, so we used “height above the hole” as 
our measure of amount.  Data from an experiment I did with a 
KCVI class is recorded at the right.  We used a large pop bot-
tle with horizontal marks at intervals of 10 mm above the 
hole.  The students recorded the time that the water level ar-
rived at each of the marks.  It’s best to do your own experi-
ment.   
 
(d)  Use the data you collected to find an equation for z in 
terms of t.  Alternatively stated, find the “best fit” parabola.  
Discuss your results, paying attention to possible sources of 
error in your data collection.  In particular, check out the two 
“endpoints,” the starting height and the ending time. 
 
 
Remarks.  There are different ways to find the best parabola, and some are more insightful than others.  
One way is to enter the data into a computer or graphical calculator and ask the technology to fit the best 
quadratic polynomial.  Indeed, that’s what my students tell me to do, and in the write-up below that’s the 
first route we’ll follow.  But it’s not a route I’m comfortable with and that’s not only because there’s 
weren’t calculators around when I was a kid.  The “get a best-fit curve of any kind” approach makes it 
much harder to evaluate the experiment, to catch anomalies, to see where things might have gone wrong.  
In situations like this I always try to transform my data so that it ought to plot as a straight line.  The point 
is that I can always see whether a line is straight or not (whereas I can’t easily see whether it’s a parab-
ola).  If you do that, in this case, there’s an anomaly that pops right out at you.  And taking account of it 
leads you to a new estimate of when the tank was “really” empty.   
 

height z (mm) time t (s) 
130 0 
120 7 
110 15 
100 24 
90 33 
80 43 
70 53 
60 64 
50 76 
40 90 
30 105 
20 125 
10 149 
0 192 
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The graph 
(a)  A cylindrical tank contains 800 ml of water.  At t=0 (min-
utes) a hole is punched in the bottom, and water begins to 
flow out.  It takes exactly 100 seconds for the tank to empty.  
Draw the graph of the amount z of water in the tank against 
time t.  Explain the shape of the graph. 
 
Solution. 
I invite a student to come and draw the graph on the board and 
interestingly enough, what I get is a straight line.  I ask the 
class what they think and there is general cautious nodding.  
What’s good about the graph?  It starts at height 800, de-
creases, and hits the t-axis at 100.  That seems to fit the given 
information.  So we take a vote.  How many agree?  I get a 
forest of hands.  Holy cow.  That really surprises me.   
 
Yes it did surprise me, but that’s really what happened.  How-
ever this was 1998 and I have a feeling that today I’d get a 
curve right off the bat.  Am I right?  Do grade 12 students 
today not have a much better feeling for slope and rate of 
change—even though chapter 5 still awaits us? 
 
Fortunately there are a couple of objectors.  Why is it 
straight?  Shouldn’t it be a curve?   
 
This student comes up and draws a new picture, and I get 
something like the graph at the right.  Okay.  What's better 
about this graph?  Why should it be curved? 
Well the flow rate is higher at the beginning than at the end. 
Why is that? 
More water in the tank—more pressure pushing the water out. 
So how does that relate to the geometry of the graph? 
Well, when the flow rate is high, z goes down fast, and the 
graph is steep.  And then when the flow rate is less, the graph 
is flatter. 
 
That’s good, and this time it’s not hard to get the class to 
agree that it’s right.   
 
Okay––what might we have done to get that straight-line 
graph? 
We’d have to take the water out at a constant rate. 
How might we do that? 
Maybe pump it out at a constant rate? 
That would do it. What constant rate would the pump use? 
800 ml in 100 seconds means 8 ml/s. 
Right.  
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How does the decrease in the 
flow rate over time relate to the 
curvature of the graph?  It's im-
portant that they are able to ex-
plain that in an intuitive manner.   
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The formula.   
(b)  Theoretical considerations of how the pressure pushes the 
water out of the hole lead in fact to the equation of a parabola.  
Given this, that the z-t graph is a parabola, find its equation. 
 
Solution 
The data that we have is that the tank starts with 800 ml of 
water and that it takes 100 seconds to empty.   
 
Well the equation of a parabola is a polynomial of degree 2, 
and most of my students start with the algebraic form: 

z(t)  =  at2 + bt + c  

leaving them three parameters, a, b and c  to evaluate.  And 
they can’t quite do that because they’ve only two conditions to 
work with, that z(0)=800 and z(100)=0.  So they’re stuck..   
 
I suggest that they draw the whole parabola (of which only the 
left half belongs to the water tank problem), and then see what 
they can say about the equation.  When they do that, they real-
ize that the vertex of the parabola must be at t = 100.   
 
Why is that?  Because the flow rate out of the tank determines 
the slope of the graph and as the tank becomes empty, the flow 
rate must fall to zero, and therefore the slope at the end point 
must be zero. 
 
Okay.  How do we use that algebraically?  Well, when we 
know the vertex of a parabola, there’s another algebraic form 
that’s better to use––the completed square form––because the 
coordinates of the vertex both appear among the three parame-
ters: 
 
In this case the vertex of the parabola is at (100, 0) and hence 
the equation has the form: 

z = a(t–100)2 .   

To find a plug in the initial condition t=0, z=800:  

800 = a(0–100)2  =  1002 a 

and this solves to give a=800/1002  =  0.08.  Thus the equa-
tion of the parabola is    

z = 0.08(t–100)2 . 

The completed square form 

y  =  a(x–c)2 + b 

If you are working with a parab-
ola, this is actually a wonderful 
algebraic form to be given.  The 
parameters a, b and c all describe 
features of the graph which are 
geometrically and physically 
significant.  “c” and “b” give you 
the location of the vertex (x=c 
and y=b), and “a” tells you how 
fast the parabola “goes up.”    
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Experiment. 
(c) It’s time to take some careful readings, and see if we can 
verify the parabola result.  What we have to keep track of is 
the volume z in the tank, but for a cylindrical tank, volume is 
proportional to height, so we used “height above the hole” as 
our measure of amount.  Data from an experiment I did with a 
KCVI class is recorded at the right and graphed below.  We 
used a large pop bottle with horizontal marks at intervals of 10 
mm above the hole.  The students recorded the time that the 
water level arrived at each of the marks.  It’s best to do your 
own experiment.   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Analysis of the data 
(d)  Use the data you collected to find an equation for z in 
terms of t.  Alternatively stated, find the “best fit” parabola.  
Discuss your results, paying attention to possible sources of 
error in your data collection.  In particular, check out the two 
“endpoints,” the starting height and the ending time. 
 
There are different ways to do this, and as we shall see, some 
are more insightful than others. 
 
Fitting a quadratic polynomial.  My students tell me to use 
technology to directly fit the best parabola.  For example, my 
Excel spreadsheet gives me the graph at the right with equa-
tion: 

z = 0.0031t2 – 1.2709t + 128.84. 

From the diagram it seems to give a pretty good fit. 
 
Let’s check the “endpoints.”  The official starting height is 
130 and the equation gives us z(0) = 128.84.  That’s not a bad 
match.  To get the time at which the tank is empty, we set z = 
0 and we get: 

0.0031t2 – 1.2709t + 128.84  =  0 

⎩
⎨
⎧

=
−±

=
36.226
60.183

)0031.0(2
)84.128)(0031.0(42709.12709.1 2

t  

We get two solutions.  Which one do we take?   
 

height z (mm) time t (s) 
130 0 
120 7 
110 15 
100 24 
90 33 
80 43 
70 53 
60 64 
50 76 
40 90 
30 105 
20 125 
10 149 
0 192 
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Think about what the parabola must look like around those 
two roots.  Since the graph is coming from the left, it’s the 
left-hand zero that it will hit.  That gives an empty tank at t = 
183.6.  That’s quite a bit short of our measured time of 192.  
But something else isn’t right––the graph also gives us a nega-
tive slope at that zero, suggesting that water should be flowing 
out.  Is that what we expect? 
 
No.  In fact we expect the flow to become zero as the tank 
becomes empty.  Indeed we expect the parabola to have the 
form: 

z = a(t–c)2  

with its vertex on the axis.  But this parabola does not have 
that form.  For example, if we complete the square of the 
equation we get: 

z =  0.0031(t – 205)2 – 1.44 

and the vertex is 1.44 units below the axis.  This is not a great 
error, and we might well live with it.  We could take the time 
to empty to be the t-value of the vertex which is t = 2005, 
half-way between the roots.  And call it a good day’s work. 
 
Looking for a straight line. 
But there’s another way to do the analysis, definitely my fa-
vorite, and that’s to shoot directly at the target form: 

z = a(t–c)2 . 

How do we make technology restrict its attention to parabolas 
of the above form?   
 
The secret is to transform the equation into a straight line.   
 
The “target” equation  z = a(t–c)2  is quadratic in t.  But we 
can get rid of the square by taking square roots of both sides: 

z1/2 =   ± a1/2 (t–c) . 

It’s important to remember the plus and minus signs, because 
it’s not at first clear which of the two we want.  Let's think 
about this.  There are only certain times that are relevant and 
those are the times between 0 and c.  If we look at the sign of 
both sides for these times, we see that everything’s positive 
except the (t–c), which is negative.  So to make both sides 
positive in that interval, we need to choose the minus sign: 

z1/2 =   – a1/2 (t–c) . 

Actually it would read better if we turned the (t–c) term 
around to read (c–t) and then that term would be positive for 
the relevant t-values: 

z1/2 =   a1/2 (c–t) . 

Now all three terms are positive for the relevant values of t. 
 

How do we get a best-fit parabola 
of the form z = a(t–c)2? 
 
The answer might come from not-
ing that this family of parabolas has 
only two parameters, a and c, 
whereas the general parabola has 
three.  What else has two parame-
ters: a line!  Can we transform the 
equation into a line?   

There’s definitely something wrong 
here.  But given what we’ve got so 
far, it’s not easy to see how to fix it.  

This is the data we will now work 
with: the square root of z against t.  
The equation is linear in t, so we 
should get a straight line.   
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So where have we got to?  Do we have a straight line yet or 
not?   Well the right-hand side is linear in t, but the left-hand 
side is not linear in z.  But it is linear in the square root of z.   
 
In other words, if we were to tabulate the values of the square 
root of z, and plot those against t, we should get a straight 
line.  Well, well.   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
And we do!  There’s a real sense of pleasure and excitement 
in watching that straight line of points emerge.  That’s actually 
a beautiful visual “proof” that the original data points lie along 
a parabola.  That’s just one of the several reasons I like this 
approach.   
 
Now we can ask for a linear trend line.  We get the equation.   

z1/2 = 11.415 – 0.0573t  

and it is graphed at the right.   
 
A student remarks that the last data point is below the line and 
farther from it than any other.  This point definitely looks like 
it “doesn’t belong.”  [Such a point is called an outlier.]   It 
looks as if it ought to be moved to the right, or, stated another 
way, it looks like our experiment ended (i.e. the flow stopped) 
a few seconds before it “should” have.  Does that make any 
sense?   
 
I throw this question out and get a good discussion.  It turns 
out that this is a graphic illustration of the surface tension ef-
fect, the low pressure at the end being insufficient to over-
come the viscosity or the liquid.  So that in fact a small 
amount of water remains above the hole at the end.   
 
What this approach does, however is give us a way of deter-
mining when the flow “ought” to have ended.   

t z z1/2 
0 130 11.4 
7 120 11.0 

15 110 10.5 
24 100 10.0 
33 90 9.5 
43 80 8.9 
53 70 8.4 
64 60 7.7 
76 50 7.1 
90 40 6.3 

105 30 5.5 
125 20 4.5 
149 10 3.2 
192 0 0 
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That last data point is definitely off the 
line, almost flagrantly so.  Is it trying to 
tell us something?  Yes it is!  It turns out 
that we can find a physical reason to 
expect it to be off the line.   

z1/2 =   a1/2 (c–t) 



water tank 9/13/2007 7

But first a bit of reanalysis.  The last data point clearly doesn’t 
belong.  One of my students is perceptive enough to observe 
that the best-fit line ought to be constructed without taking 
account of that point.  That is, at present, that “bad” point has 
the effect of pulling the line down a bit.  Remove it and we’d 
get a better line.  Indeed we even have a good physical ration-
ale for excluding it––viscosity effects.   
 
Let’s do it.  We order up another trend-line using only the first 
13 points: 

z1/2  =  11.321 – 0.0552t 

and indeed it has a slightly flatter slope.  And it gives a much 
better fit.  So this is the line we will use. 
 
What we can do now is "untransform" this equation back into 
an equation for z.  Square both sides: 

z = (11.321 – 0.0552t)2. 

There it is.  Actually, the form we prefer it to be in is the 
above form  z = a(t–c)2  because then the time c to empty is 
one of the parameters.  How do we put it in that form?  Well 
we want t to have coefficient 1, so we take the coefficient of t 
outside the bracket.   

z =  
2

0552.0
321.110552.0 ⎥

⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ − t  

 =  ( )
2

2
0552.0
321.110552.0 ⎟

⎠
⎞

⎜
⎝
⎛ − t  

z  =  0.00305 (205–t)2. 

 
According to the equation as it is now written, the “theoreti-
cal” time that the tank should’ve been empty (if there had 
been no surface tension effects) is  t=205.  This is the point 
where the regression line meets the t-axis (just off the right 
end of the diagram).  It appears that the experimental flow 
stopped 13 seconds early.  Evidently there was some water at 
the end that the viscosity trapped inside. 
 
Also by setting t=0 we find that the starting water level is  

z0  =  0.00305(205)2  =  128 mm. 

That compares well with the z0  =  130 that we aimed for.  
Maybe we were a tad short at the beginning.   

y = -0.0552x + 11.321
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Problems. 
1.  A parabola has vertex at x=4, y=2.  It intersects the y-axis at y=34.  Make a sketch of its graph and find 
its equation.  
 
2.  At t=0 (minutes) a tank holds 1000 L of water.  Over the next 5 minutes a total of 500 L is pumped out 
of the tank at a variable rate so that at t=5 the tank holds only 500 L.  The equation of the amount z (litres) 
in the tank at time t (minutes) has the form  

z  =  a(5–t)3 + b. 
Find the parameters a and b.   
 
3.  A tank contains has 200 litres of water.  Suppose we pump the water out of the tank at the constant rate 
of 20 L/min.  Draw the graph of the amount z in the tank against time t over the 10-minute period until the 
tank is empty and find the equation of this line.  Take the time origin t=0 to be the moment at which the 
pump begins to operate. 
 
4.  A cylindrical tank starts with 800 litres of water.  Suppose we pump water out of the tank for 10 min-
utes at the constant rate of 20 L/min and then for another 10 minutes at the constant rate of 40 L/min.   
(a)  How much water will there be in the tank at the end of the 20-minute period? 
(b)  Draw the graph of the amount z in the tank against time t over the 20-minute period. 
(c)  Find the equation of the line segments. 
(d)  At what time is the tank half full (i.e. 400 litres)?  Illustrate this on a copy of your graph. 
 
5.  A cylindrical tank has 900 litres of water.  At t=0 (minutes) a hole punched at the base, and water pours 
out.  It takes exactly 60 minutes for the tank to empty.  Use the fact that the z-t graph is a parabola to an-
swer the following questions. 
(a)  Find a formula for z as a function of t. 
(b)  How much water is in the tank at t=30 minutes? 
(c)  At what time are there 400 L in the tank? 
(d)  When is the tank half-full? 
 
6.  At the right is a copy of the parabola that results from Ex-
ample 1 of this section.  Suppose the water which runs out of 
the hole is directed into a bucket which starts empty.  Draw 
the graph of the amount of water in the bucket as a function of 
time t.  What is the geometric relationship between the curve 
that you have drawn and the graph at the right?  Be as precise 
as you can.  Illustrate by including both curves in the same 
diagram. 
 
7.  In Example 1 we preferred to work with an equation of the form  z = a(c–t)1/2   because the parameter c 
has a nice physical interpretation as the time for the tank to empty.  But what about the parameter a?  Well 
there isn’t a nice interpretation for it, but there is another physically significant parameter, and that’s the 
starting height of the water, call it h.  Here’s the question: find a form of the general equation which uses 
these two nice parameters c and h, instead of a and c.  [And that’s actually the “natural” form to work 
with.]   
 
 
8.  A tank with a hole in the base is empty.  Starting at time t=0, water is run into the tank at a constant 
rate.  After a reasonable time has passed, the water level in the tank seems to be constant at depth 100 mm.  
Draw the graph of the water level in the tank as a function of time for t≥0. 
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9.  Two identical cylindrical tanks, A and B each contain 800 ml of water.  One hole is punched at the base 
of A and two holes are punched at the base of B, all three holes of the same size.  On a single set of axes, 
draw graphs A and B of the amounts of water in each tank against time.  What relationship exists between 
the slopes of graphs A and B?  Illustrate this relationship by referring to specific points on the graphs. 
 
10.  I have two cylindrical tanks, A and B, the first with twice the cross sectional area of the second. The 
tanks have identical holes at the base, and each starts with 800 ml of water.  On a single set of axes, draw 
graphs A and B of the amounts of water in each tank against time.  What relationship exists between the 
slopes of graphs A and B?  Illustrate this relationship by referring to specific points on the graphs. 
 
11.  The data set at the right is supposed to fit a model of the form   

z = a(c–t)1/2 

but there are random errors in the collection and no reliable figure was 
obtained for the t-value when z=0.  Transform the data to fit a straight-
line model, and use ruler and eye or a trend-line routine to plot the 
data, obtain the best-fit straight line, and estimate the parameters a and 
c.  What’s your best guess for the time at which z=0? 
 
12.  I have some x, y data which are supposed to fit an equation of the 
form  y = a(x–b)2  for some suitable values of the parameters a and b.  
So I plot y1/2 against x and I get a fairly good straight line.  The regres-
sion equation is y1/2  =  8.32–0.20x.  What estimates of a and b does 
this line gives us? 
 
13.  I have some x, y data which are supposed to fit an equation of the 
form  y = a(x+b)3  for some suitable values of the parameters a and b.  
So I plot y1/3 against x and I get a fairly good straight line.  The regres-
sion equation is y1/3  =  2.45+0.05x.  What estimates of a and b does 
this line gives us? 
 
14.  A large cylindrical tank containing 100 litres of water empties 
through a hole at the base.  The data set at the right shows the time t 
(minutes) at which the water level is at different heights z (cm).  Thus 
the data are supposed to fit a model of the form  z  =  a(c–t)2.  Trans-
form the data to fit a straight-line model, and use ruler and eye or a 
spread sheet and a regression routine to plot the data, obtain the best-fit 
straight line, and estimate the parameters a and c. 
 
 
15.  The graph of  z0.7  against t  is a straight line with slope –1.3 and t-
intercept t=42.  Find an equation for z in terms of t.   
 
 
16.  I have three cylindrical tanks, one with 100 L, one with 200 L, and one with 300 L.  Now I punch 
holes at the base of each of them and let them all start to empty at the same time, the first two empty into 
pool A and the third empties into pool B.  Remarkably enough, all three tanks becomes empty at the same 
time.  If both pool A and B start empty, do they always have the same amount of water?   
 
 

t z 
0 60 
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100 28 
110 22 
120 15 
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18 90 
36 80 
54 70 
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121 40 
150 30 
179 20 
215 10 
273 0 

 


