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5.5.  Optimal advertising 
 
You have a concert coming up at the school and you want to 
know how much to spend on advertising over the local radio 
station.  The more you advertise, the more tickets you'll sell 
(up to a point), but also, the higher will be your advertising 
costs.  What should you do to maximize your profit?  
 
To answer this you need to know how expected ticket sales T 
depend on the number x of advertising minutes, and this is 
plotted at the right.  For example, if you buy 20 minutes of 
advertising, you can expect to sell about 350 tickets. 
 
Even with no advertising (x=0), you will sell 100 tickets, no 
doubt to family and friends of the performers, and supporters 
of the school.  As x increases, T increases, slowly at first, then 
more quickly, then slowly again as T gets above 400.  This 
gives what's called an S-shaped curve: first concave-up, then 
concave-down.  The slow rise at the beginning is perhaps a 
"critical mass" phenomenon; some people just have to hear 
things more than once to respond.  The concave-down portion 
at the end is a "diminishing returns" phenomenon.  There are a 
certain number of people around who might respond to the 
ads, but once these have all heard the message, further adver-
tising will serve no purpose.  
 
(a)  Suppose tickets to the concert sell for $5 apiece, and advertising costs $30/min.  Using a local argu-
ment, show graphically how to find the value of x which maximizes your expected profit P, defined as the 
difference between the revenue R from ticket sales, and the total advertising cost C.  Begin by fastening 
attention on the point x=20.  At what rate does revenue R and cost C increase as you increase x?  Should 
you increase your investment in advertising?  Then move on to find the point at which revenue and cost 
increase at the same rate.   
 
(b)  Now see if you can find a global argument for the problem of (a).  Find a simple graphical representa-
tion of R and C which allows you to maximize their difference P.  [Hint: change the vertical scale to read 
values of R rather than values of T.] 
 
(c)  Using any approach, solve the problem with the same ticket price, but with an advertising cost of 
$70/min.  
 
 

 

Given an investment of x advertising hours, any small increase will result in more revenue (extra ticket 
sales) and more cost (extra advertising).  These extra amounts are referred to as marginal and a key 
idea here is the comparison of marginal revenue and marginal cost.  If these are not equal, does that not 
suggest that the current investment cannot be optimal?   

Ticket sales vs. advertising 
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Solution. 
 
(a) A local argument.   Suppose you have purchased x=20 
minutes of advertising and you are contemplating buying 
more.  Then your costs will increase (with respect to x) at rate  

30=
dx
dC   $/minute. 

At what rate will your revenue increase?  This can be read 
from the T-x graph.  Indeed the rate at which ticket sales T 
increases with respect to x is given by the slope of the tangent 
at x=20, and this is measured to be approximately  

2.14
31

60500
=

−
=

dx
dT   tickets/min 

Note that I always write down the units of my slope measure-
ments as it helps me to stay organized.  To compare this with 
the cost increase of  $30/minute, we have to convert this to 
$/minute, and since each ticket is worth $5, we multiply by 5.  
Hence your revenue increases at the rate: 

712.1455 =×=×=
dx
dT

dx
dR   $/minute. 

Okay.  Costs increase at rate 30; revenue increases at rate 71.  
These rates are with respect to an increase in x.  So clearly 
you should increase x.  You should buy more advertising.   
 
It is interesting to note that as we increase x the slope of the T-
x graph decreases and that makes dR/dx smaller.  The idea is 
that we should increase x until dR/dx falls to the target value 
of 30 $/minute, and at that point the marginal cost and mar-
ginal revenue will be equal.   
 
Here’s the formal argument.  At any value of x let the slope of 
the T-x graph be m (tickets/min).  Then as we increase x: 

Marginal cost  =   30  
Marginal revenue  =  5m. 

You should: 

increase x if: 5m > 30 
decrease x if: 5m < 30 

The condition that you should do neither is that 5m = 30 or: 

m  =  6 

and this should give you a local optimum.   
 
A line of slope 6 is tangent to the graph at x just below 30, say 
x = 29.  You should purchase 29 minutes of advertising for a 
sale of T(29) = 430 tickets giving you a profit of 

P(29)  =  R(29)–C(29)  =  5×430 – 30×29 = $1280. 
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(b) A global argument. If we multiply the vertical scale by 5, 
the T-graph becomes a plot of R against x and it directly gives 
us revenue from ticket sales.   
 
We want to compare R and C and to do this we want to plot 
them on the same set of axes.  This is easy to do as C is just a 
line of slope 30.  With R and C on the same graph, the profit P 
can be seen as the vertical distance between them at any x.   
 
At what x is this vertical distance a maximum? 
 
 
 
We solved a problem similar to this in the alligator egg prob-
lem of 5.2.  If we raise the C-line, parallel to itself, until it 
leaves the R-graph, the last point of contact will mark the 
point of maximum separation.  At this point, the R-graph has 
slope 30 and the optimal value of x is approximately 29, giv-
ing us a revenue of R(29) = 2150 and a profit of 

P(29)  =  R(29)–C(29)  =  2150 – 30×29 = $1280 

 
Note that the same essential construction appears in both the 
local and the global arguments.  But the “story” is quite dif-
ferent in the two cases.   
 
 
 
(c)  This time the advertising cost is $70/min so we have a 
new C-graph of slope 70.  Thinking globally we want to 
maximize the vertical distance between the R-graph and C-
graph.  As above, we move the C-line parallel to itself and ask 
where it last makes contact with the R-graph.  This time an 
interesting thing happens.  There is a point of tangency––a 
local optimum––at x=20, just like the optimum point we 
found for the case of slope 30.  But is this the optimum x?  
 
The answer is NO.  There are still points (for small x) where 
the R-graph is above the line.  We have to keep moving up.  
 
We finally lose contact with the R-graph at x=0.  The optimum 
policy is to buy no advertising at all and settle for the sale of 
100 tickets with a profit of $500.  
 

 
The optimal investment is to buy no advertising.  But let’s 
think about this.  With that strategy you’ll sell 100 tickets, 
whereas that local optimum at x=20 will generate some 350 
tickets.  If you were one of the actors, would you rather play 
to a house of 100 or a house of 350?  And you still make a 
profit––it’s a bit less than $500 (looks to be about 300) but 
not much less.  And hey, money isn’t everything! 

This is an interesting configuration.  
There is a local optimum (at x=20) 
which is different from the global opti-
mum which occurs at the end-point x = 
0.   
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Problems  
 
1.(a)  Using the ticket sales graph, but with a ticket price of 
$6, find the optimal x for an advertising cost of $30/min.  Use 
both a local and a global argument modeled on parts (a) and 
(b) of the Example.   
 
(b)  Using the ticket sales graph, with a ticket price of $5, find 
the optimal x if the advertising cost is $50/min for the first 20 
minutes, and $25/min for each additional minute over 20.  Use 
a global argument modeled on part (b) of the Example. 
 
(c)  Same as (b), but with an advertising cost of $75/min for 
the first 20 minutes and $25/min for each additional minute 
over 20.   
 
 
 
 
2.  A friend emails you from Vancouver with the following 
problem.  He has been given the function  

g(x)  =  x(x–2)2(5–x) 

plotted at the right for 0 ≤ x ≤ 5.  He has been asked to find 
the value of x (0 ≤ x ≤ 5) which maximizes the expression  

g(x) – mx  

for a large number of positive values of m.  Needless to say, 
he is completely confused and hasn’t a clue how to begin.  He 
recalls that you owe him one as he provided you with a devas-
tating critique of the latest film version of Othello for an Eng-
lish essay some months ago.   
 
(a)  Fortunately you have just mastered the advertising prob-
lem and you are able to settle your debt with him handsomely.  
Write a noble well-illustrated account of the situation.  As a 
coup de grace, provide a rough sketch of the graph of the op-
timal value of x against m for m ≥ 0.   
 
*(b) A key component of the solution to 9a) requires an esti-
mate of the slope of the “double tangent” drawn at the right.  
In your solution to (a) you will have given an estimate of this 
measured from the graph.  Remarkably enough, it turns out 
that your work with polynomials, particularly with sections 
like 3.7, gives you the tools you will need to calculate the pre-
cise value of the slope of this line.  Can you do this?   
[This is a challenging problem.  If you have any friends taking 
calculus in university, give it to them.  They will try to use the 
tools of calculus, and they will find the going tough.] 
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Note to the teacher 
This is also an excellent problem for 
your calculus students in MCV4U.  Parts 
(d) and (e) are particularly suitable for 
them.  They can do not only the graphi-
cal analysis, but given the equation of 
the yield graph: 

20
2000500
+

+=
x

xY  

they can verify their graphical conclu-
sions and obtain exact values.  A par-
ticularly fine problem is to find the 
equation of the graph in (e). 

3.  Optimal spread of fertilizer.  A farming co-op grows a spe-
cial variety of Irish yam.  These yams are heavy feeders and it 
is crucial that the fields be well fertilized.  Indeed, the yield Y 
(kg) from each field depends critically on the amount x of 
fertilizer (kg) applied in the spring and the relationship be-
tween these variables is graphed at the right.   
 
With no fertilizer at all a yield of 500 kg is obtained, but this 
increases rapidly with fertilizer usage, and, for example, an 
application of only 20 kg will increase the yield to 1500 kg.  
However, as more fertilizer is applied, the marginal return 
decreases and the curve flattens out.  The problem is to decide 
how much fertilizer to apply. 
 
To solve this problem we will have to know the cost of the 
fertilizer and the revenue obtained from the yams.  
 
(a)  Suppose that fertilizer costs $5/kg and the yams can be 
sold to the wholesaler for $0.40/kg.  Using a local argument, 
show graphically how to find the value of x which maximizes 
the profit P, defined as the difference between the revenue R 
from the yams, and the fertilizer cost C.  Begin by fastening 
attention on the point x=20.  At what rate does revenue R and 
cost C increase as we increase x?  Should the amount of fertil-
izer used be increased?  Then move on to find the point at 
which revenue and cost increase at the same rate.   
 
(b)  Now provide a global argument for the problem of (a).  
Find a simple graphical representation of R and C which al-
lows you to maximize their difference P.  [Hint: change the 
vertical scale to read values of R rather than values of y.] 
 
(c)  Keep the yam revenue at $0.40/kg, but let the cost of fer-
tilizer be k $/kg.  Using a global form of argument discuss 
how variation in k can be expected to affect the amount x of 
fertilizer used.  Illustrate your argument with reference to the 
graph.  Are there values of k for which no fertilizer should be 
used at all?  Be as precise as you can.   
 
*(d)  Suppose the cost of fertilizer has two components, a 
variable cost k $/kg as in (c), but also a fixed cost of $200 for 
spreading the fertilizer on each field.  Note that if no fertilizer 
is used, the spreading cost is not paid.  How does this extra 
factor affect your answer to (c)?  Use a global form of argu-
ment.  Discuss the situation carefully over an interesting set of 
k-values. 
 
*(e)  Illustrate the conclusions you reached in (d) by con-
structing a graph of the optimal amount of fertilizer x used on 
each field against the fertilizer cost k.  [Parts (d) and (e) make 
for an interesting and significant little project––worth a care-
ful well-illustrated write-up.]  
 

Yield vs.fertilizer application 


