MATH 328
REAL ANALYSIS
WINTER 2010

Assignment 2
(due Monday, February 8, 2010)

(1) Let (V,]| - ||) be a normed vector space.
(a) Prove that

ezl =Myl < llz —yl|  forallz,yeV
and use this to show that the mapping
[-]:V—R
x|zl

is continuous.
(b) Let (zp)nen and (Yn)nen be sequences in V' which con-
verge to x and y, respectively. Show that the sequences
(Tn, + Yn)nen and, for A € R, (Ax,,)nen converge to x + y
and Az, respectively.
(2) For 0 < p < oo, put (A,..., A\, €R)

I, Al = M+ -+ Al

Show that || - ||, is, for p > 1, a norm on R™. What goes wrong
in the case 0 < p < 17

(3) Let (fn)nen be asequence in C[0, 1] with || f,,|| < 3 for alln € N.
For each n € N, define a function F,, by

Fu(z) = /0 LOd (0<z<1).

Show that all F), are elements in C[0, 1] and that the sequence
(Fy)nen has a uniformly convergent subsequence.

(4) Let A be the 3 x 3-matrix

A:

N = o
— N
B = RO
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Define a form (-, )4 by

(x,y)a = 2Ay"  (z,y € RY)

(where vectors z in R® are written as rows, their transpose 27

is the corresponding column vector, and z Ay’ means the usual
matrix multiplication with rows and columns). Show that (-, ) 4
is an inner product on R3.

(5) (a) Show that every inner product space V satisfies the paral-
lelogram law:

Iz +yl1* + llz — yl* = 2[l=|* + 2]l

for all z,y € V.
(b) Use this to show that the sup-norm on C|0, 1] is not derived

from an inner product (-,-) by ||f|| = /{f, f)-



