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MATH 891
GRADUATE CORE COURSE IN ANALYSIS I
FALL 2009

Assignment 5 (due November 30)

Let X and Y be Banach spaces. We define on the product space
XxY={(zy)[zeX,yeY}

a norm

1, )= [l + Nl
and denote by X &1 Y the space X x Y equipped with this
norm and componentwise addition and componentwise scalar
multiplication. We will denote the elements (z,y) also by x @ y.
a) Show that X &, Y is a Banach space.
b) For a linear mapping A : X — Y we define its graph by

graphA :={rx Az |z e X} C X & Y.

Show the closed graph theorem: If graphA is closed in X @&, Y
then A is continuous.
(3 points)

We use Baire’s Theorem to show that there exists a continuous
function on [0, 1] which is not differentiable at any point in
[0,1/2]. We define, for each n € N, the set

F, :={f € C[0,1] | there exists a point z € [0,1/2] such that
[f(x+h) — f(=)]

<n
0<h<1/2 h <n}

(Note that the point x may depend on the function f.)

a) Show for each n € N: F, is closed in C]0,1] and has no
interior point.

b) Show with the help of (a) and Baire’s Theorem that there
exists a function g € C0, 1] which is nowhere differentiable in
[0,1/2].

(4 points)



ASSIGNMENT 2

(3) If u is a measure, each f € L*(u) defines a multiplication
operator My on L*(u) into L?(u), such that

My(g) = fg.
Prove that || My| < ||f]|c- For which measures p is it true that
| Ms|l = || flloo for all f € L*>(u)? For which f € L*(u) does
M; map L*(u) onto L?(u)?
(3 points)

(4) We denote, in the case v < p, the density h of the Radon-
Nikodym theorem by Z—:. In the following u, v, w will be finite
measures on a fixed o-algebra. Show the following properties
of the Radon-Nikodym derivatives:

(a) If v < pand f is a non-negative measurable function, then

/fduz/fj—:du.

(b) If v < p and w < p, then also (v +w) < p and we have
dlv+w) dv N dw

dp  dp dp
(c) If v <« p < w, then

dv  dv du

dw  dp dw’

(d) If v < p and p < v, then

dv  (du !
dp  \dv '

(4 points)



