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warning
We deal only with complex random matrices.

Higher order freeness for the real case still has to be worked out!



We want to consider N x N random matrices Ay in the limit
N — oo.

Which kind of information about the random matrices do we
want to keep in the Ilimit N = oco?

Consider selfadjoint Gaussian N x N random matrices X,. One
Knows:

e empirical eigenvalue distribution of X, converges almost
surely to deterministic limit distribution ux

e Oone has a large deviation principle for convergence towards
125'¢
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Convergence of Xy towards px is governed by large deviation
principle:

2
Prob(ux, R v) ~ eV I(V),

where rate function v — I(v) is given as Legendre transform of

C(X) 3 p— lim —log E{e~NUre(Xn))

]\}i—rpoo N2

Note:

o N2 (p(X ) = (1)
9 E{e } o Z |

T

NQT,kT (tl’(p(XN))a - ,tr(p(XN))>
where

k, are classical cumulants



This motivates our general assumption on the considered ran-
dom matrices Ap:

For all »r e N and all k1,...,kr € N the following limits exists

lim N2T_2 kr (tr(A];\%)a s 7tr(A{]€\7fﬂ)> —. ajkéll,...,kr

N —o0

classical cumulants
of traces of powers

The o's are the asymptotic correlation moments of our random
matrix ensemble Ax and constitute its

limiting distribution of all orders.
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Typical examples for random matrices where limiting distribution
of all orders exists: Gaussian random matrices, Wishart random
matrices, Haar unitary random matrices, and combinations of
independent copies of such ensembles

Note: We are looking on random matrix ensembles whose eigen-
values have a correlation as for Gaussian random matrices:

)Jf_|_..._|_)\§fv

tr(AR)) =
(AR) 5

Eigenvalues Aq,..., Ay of An are not independent, but feel
some interaction
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Contrast this with following situation:

n1 O 0
Dy = 0 77:2 0 |
O 0 --- nyn
where n1,1no,... are independent and identically distributed ac-
cording to 7.
Then
N e o k
tr(Df) = - B[]

with large deviation principle ~ e NH(): not ~ e~ NZI(v)
12



In this case:

kr(tr(DRD), - tr(DF) )= NTThe (1, ),

and thus: Dy has no limiting distribution of all orders in our
sense.

The Gaussian random matrices Ap and the above ensemble with
a semicircle distribution for n have the same asymptotic eigen-
value distribution, but a quite different type of convergence to-
wards the semicircle
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Remarks:

1) For Gaussian (and also for Wishart) random matrices there
are nice combinatorial descriptions of the higher order limit dis-

tributions in terms of planar pictures

afmussian — 4N C-pairings of r circles,
with k1 points on first circle,
ko> points on second circle, etc.
such that all circles are connected by pairing
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Consider QD 31
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Consider QD 31

does not count!
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Consider QD 31

counts!
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2) Specialize general theory to second order: An N x N random
matrix ensemble (Ay) yen has a second order limit distribution
if for all m,n > 1 the limits

Qp = I|m E[tr(A%)]
and
Qm,m = I|m cov(Tr(Am) Tr(A% ))

exist and if all higher classical cumulants of Tr(A%}) go to zero.

This means that the family

(Tr(AR) — BITr(ARD])

converges to a Gaussian family.

20



Example: Gaussian

random matrix A (N = 40, trials=50.000)
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Now consider two random matrix ensembles Ay, By

Relevant quantities are all joint correlation moments

lim N2T_2kr (tr(pl (AN7 BN))? e 7tr(p’r‘(AN7 BN)))

N —o00
for all »r € N and all polynomials py,...,pr

asymptotic joint distribution of all orders of Ay, By
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Theorem: If Ay and By are in generic position, i.e.,

e Ay and By are independent

e at least one of them is unitarily invariant

and if Ay as well as Bpy have asymptotic distributions of all
orders then also the asymptotic joint distribution of all orders
of Ay, By exists and it is, furthermore, determined uniquely and
in @ universal way by the joint distribution of A and the joint
distribution of B.

This universal calculation rule is the essence of

freeness (of all orders)

23



lim cov (Tr(ANBN) ,Tr(ANBN))

N —o0

= |im {E[tr(ANAN)] ‘E[tr(BNBN)}

N —o00

_ E:tr(ANAN)] -E[tr(BN)] -E[tr(BN):

— B|tr(Ap)| - E|tr(Ay)| - E|tr(ByBy)
+ E[tr(AN)] -E[tr(AN)} -E[tr(BN)} -E[tr(BN)}

+ cov(tr(An), tr(An)) - E|tr(By)| - E[tr(By))]

-+ E[tr(AN)] : E[tr(AN)} : cov(tr(BN), tr(BN))}

24



In order to understand this universal calculation rule use the
idea of cumulants!
Write our correlation moments
ke (tr(AM), .. tr(AFn))
in terms of cumulants of entries of our matrix,

kr(a;(1)(1)> - -+ @i(r)j(r))-

Asymptotically, the later will give the cumulants in our theory.
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To make this connection explicit, consider
unitarily invariant Ay = (a;5),

i.e., the joint distribution of the entries of Ay is the same as
the joint distribution of UANU™, for any unitary N x N matrix U.

Then, the only contributing cumulants of the entries are those
with cycle structure in their indices!

We have a Wick type formula:

kr(ai(1)5(1)s -+ > Gi(r)i(r)) = D i jork ()
TESH

26



Examples:

k1(a7g) =7
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Examples:

k1(a79) =0
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Examples:

k1(a79) =0
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Examples:

k1(a79) =0

k1(a77) = ((1))

30



Examples:

k1(a79) =0

k1(a77) = ((1))
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Examples:

k1(a79) =0

k1(a77) = ((1))

k3(a79,a95,a57) = ~((1,2, ))
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Examples:

k1(a79) =0

k1(a77) = ((1))

k3(a79,a95,a57) = ~((1,2,3))
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Examples:

k1(a79) =0

k1(a77) = ((1))

k3(a79,a95,a57) = ~((1,2,3))
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Examples:

k1(a79) =0

k1(a77) = ((1))

k3(a79,a95,a57) = ~((1,2,3))

k3(&79, ag7,ary Sddddad:
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Examples:

k1(a79) =0

k1(a77) = ((1))

k3(a79,a95,a57) = ~((1,2,3))
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Examples:

k1(a79) =0

k1(a77) = ((1))

k3(a79,a95,a57) = ~((1,2,3))

k3(az9,a97,a77) = x((1,2,3)) + ~((1,2)

)
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Examples:

k1(a79) =0

k1(a77) = ((1))

k3(a79,a95,a57) = ~((1,2,3))

k3(az9,a97,a77) = x((1,2,3)) + «((1,2)(3))
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Note:

k1(a77) = w((1))
k3(a’79aa’95aa’57) — ’{((17 2, 3))

k3(a7g,a97,a77) = x((1,2,3)) + x((1,2)(3))
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Note: k depends actually on N

k1(a77) = k(1))
k3(azg, ags, as7) = «V)((1,2,3))

k3(azg,ag7,a77) = sV((1,2,3)) + «NV((1,2)(3))
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Note: k depends actually on N

k1(az7) = k(1))
k3(azg, ags, as7) = «V)((1,2,3))

k3(az9,ag7,a77) = sV((1,2,3)) + sNV((1,2)(3))

e S li(N)(ﬂ') ~ NTTT2FET
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Note: k depends actually on N

k1(a77) = k(1))
k3(a79,ags, as7) = N ((1,2,3))

k3(azg,ag7,a77) = sV((1,2,3)) + «N((1,2)(3))

m™e Sy li(N)(ﬂ') ~ NTTT2HT

im NT2H#FT (N ()

k(m) = ]\}_mo
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Consider

apq = lim N2k2(tr(A2),tr(A)>

— 0
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Consider

az1= lim N?ka(tr(4%),tr(4))

— lim ~n2.t s
=8N N2 g:k ko (aijazi; a )
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Consider

az1= lim N?ka(tr(4%),tr(4))

1
— ]\;[)noo N2N2 %]@ (awaﬁ, akk)

k3(aj, aji, agk)
+ ko(agj, apr)ki(aj;)
+ ko(aji, agg)k1(a;;)
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Consider

az1= lim N?ka(tr(4%),tr(4))

1
— A}g}noo N2N2 %]@ (awaﬁ, akk)

k3(aij, aji, akk)
+ ko(agj, apr)ki(aj;)
+ ko(aji, agg)k1(a;j)

= r((1,2)(3))+
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Consider

azl = IIm NZka(tr(42), tr(A))

1
— ]\;Too N2N jzk ko (az]a]za aJkk)

k3(aij, aji axk)
+ ko(agj, apr)ki(aj;)
+ ka(aji, agk)k1(a;;)

= x((1,2)(3)) + ~((1,2,3))+
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Consider

apq = ]\;[)noo N2k2 (tr(AQ), tr(A)>

1
= ]\;Too N2N jzk ko (azya]za aJkk)

k3(aij; ajis aki)
+ ko(agj, apr)ki(aj;)
+ ko(aji, agg)k1(a;j)

= £((1,2)(3)) + «((1,2,3)) + ((1,3,2))+
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Consider

az1= lim N?ka(tr(4%),tr(4))

1
= Nim N5 g:k ko (aig aji akk)

kS(Csza Q575 k)
+ ko(aij, ar) k1 (aji)
+ ko(aji, agg)k1(a;;)

= r((1,2)(3)) + x((1,2,3)) + ~((1,3,2)) + ((1)(3))x((2))+
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Consider

az1= lim N?ka(tr(4%),tr(4))

1
= Nim N g:k ko (aij @i akk)

k3(a”l,j7 QA g4, k)
+ ko(agj, apr)ki(aj;)
+ ko(aji, agg)k1(a;j)

= r((1,2)(3)) + «((1,2,3)) + ((1,3,2)) + ~((1)(3))x((2))
+ £((1,3))r((2)) + «((2)(3))x((1)) + ~((2,3))x((1))
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Thus

ap 1 =

r((1,2)(3))
++((1,2,3))
+ +((1,3,2))
+ «((1)(3))x((2))
+ +((1,3))x((2))
+ <((2)(3))x((1))
+ £((2,3))r((1))
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Thus

ap 1 =

r((1,2)(3))
++((1,2,3))
+ +((1,3,2))
+ «((1)(3))x((2))
+ +((1,3))x((2))
+ «((2)(3))x((1))
+ x((2,3))x((1))

k2.1

k3

k3

K1,2K1

k2K1

K1,1K1

k2k1
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Thus

ap 1 =

r((1,2)(3))
++((1,2,3))
+ «((1,3,2))
+ «((1)(3))r((2))
+ +((1,3))x((2))
+ <((2)(3))x((1))
+ £((2,3))r((1))

k2.1

k3

k3

K1,2K1

k2Kk1

K1,1K1

k2k1]

k({1,2,3},(1,2)(3))
k({1,2,3},(1,2,3))

k({1,2,3},(1,3,2))
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Thus

ap 1 =

r((1,2)(3))
++((1,2,3))
+ «((1,3,2))
+ <((1)(3))r((2))
+ +((1,3))x((2))
+ «((2)(3))=((1))
+ £((2,3))r((1))

k2.1

k3

k3

K1,2K1

k2Kk1

K1,1K1

k2k1

k({1,2,3},(1,2)(3))
k({1,2,3},(1,2,3))
k({1,2,3},(1,3,2))
({1,312}, (1)(3)(2))
r(({1, 342}, (1,3)(2))
r(({112,3}, (1)((3))
r(({1H2,3} (1)(2,3))
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general combinatorial object

partitioned permutation (V,n) € PS,

T € Sh, V€ Pp, with V>

Index both correlation moments o(V, ) and cumulants (V, )
with (V, 7):

product of moments/cumulants according to blocks of V, distri-
bution into slots for arguments according to cycles of

55



Let C1,...,Co € {A, B}, with C), = (¢!/)N._;.

o({1.3,4,6,7}{2,5,8}{9}, (1,3,4)(2,8)(5)(6) (7)(9))[C1. ..., Co]

k({1,3,4,6,7}{2,5,8}{9},(1,3,4)(2,8)(5)(6)(7)(9))[C1, ..., Co]
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Let C1,...,Co € {A, B}, with Cy = ()N,

©({1,3,4,6,7}{2,5,8}{9},(1,3,4)(2,8)(5)(6)(7)(9))[C1, . .-

= lim NO®k3(tr(C1C3C4), tr(Ce), tr(C7)) - -

N —o0

k({1,3,4,6,7}{2,5,8}{9}, (1,3,4)(2,8)(5)(6)(7)(9))[C1, . ..

(1) (3) (4) (6) (7)

_ 9 1.
—A}@OON (012>CQ3>031 Ca4 € 55> t

, Co]
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Let C1,...,Co € {A, B}, with Cy = ()N,

©({1,3,4,6,7}{2,5,8}{9},(1,3,4)(2,8)(5)(6)(7)(9))[C1, . .., Co]

— lim N°. k3(tl’(010304) tr(Cpg), tI’(C7)> kg(tl’(ogog) tI’(C5))

N —o0

k({1,3,4,6,7}{2,5,8}{9},(1,3,4)(2,8)(5)(6)(7)(9))[C1, .. ., Co]

(1) (3) (4) (6) (7) (2) (8) (5)

_ 9 1.
= A}TOON (012 »€23,€31 1 €44 5 C55 > 3(012 » €215 €33 )
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Let C1,...,Co € {A, B}, with Cy = ()N,

©({1,3,4,6,7}{2,5,8}{9},(1,3,4)(2,8)(5)(6)(7)(9))[C1, .. ., Co]

= lim NOk3(tr(C1C3C4),tr(Ce), tr(Cy))-k2(tr(C2Cg), tr(Cs))-k1 (tr(Co))

N —o0

k({1,3,4,6,7}{2,5,8}{9},(1,3,4)(2,8)(5)(6)(7)(9))[C1, ..., Co]

(1) (3) (4) (6) (7) (2) (8) (5) (9)

_ 9 1
= Jim N=-k (012 ) €53, C31 5 C44 5 CB5 > 3(012 ) €515 €33 ) (033 )
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Define length function

(V, )| i=n — (2#YV — #7)

We have triangle inequality ((V, 7)), (W, o) € PSp)

((VVW,mo)| < |(V,m)| + (W, 0)

Define product

VVW,ro), [(VVW,mo)| = |V, m)]+ |V, 0)
0, otherwise

(Va W)'(Wa J) — {

60



Asymptotically, for N — oo, only the geodesic terms corre-
sponding to equality in the triangle inequality contribute.

In particular, the relation between correlation moments and cu-
mulants is given by the

moment-cumulant formula for all orders

eU,v)[C1,...,Cn] = > k(V,m)[C1,...,Ch]
(V,m)ePSn
(V,T(')'(O,’Yﬂ'_l):(u,’y)
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If Ay and By are in generic position (i.e., asymptotically free of
all orders), then we have for their asymptotic distribution

e the vanishing of mixed cumulants

k(1p,™)[C1,...,Cr] = 0, whenever C1,...,Cy contain A as
well as B

e convolution formula for cumulants of products

k(U,v)[AB,AB, ..., AB]

= > r(V,m)[AA, ..., Al -«OW,0)[B, B,...,B]
(V,?T)'(W,O'):(u,’y)
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Restrict how to special situation

Consider only first and second order, and restrict to problem of
the sum of A and B

If A and B are free, then the second order distribution (covari-

ances) of A+ B depends only on the expectations and covariances
of A and of B.
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Example: We have

A+B _ A B A B B A
041,42_ =ayo T ayo+ 207 -ay 1+ 207 - o7 4,

i.e.,

cov (Tr(A + B),Tr((A+ 3)2)>
= cov(Tr(A), Tr(A?)) + cov(Tr(B), Tr(B?))
+ 2E[tr(A)] - cov(Tr(B), Tr(B))
+ 2E[tr(B)] - cov (Tr(A), Tr(A))
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Moment-cumulant formulas for first and second order say

o] K1
Qo = K2 T K1K1
a3 = K3 + K1Kko + Kokl + Kok1 + K1K1K1]

kg + 4Kk1Kk3 + 2/4;% -+ 6/4;%14;2 -+ 14;11L

o}

Q11 = K11 T KD

Q12 = K121+ 2k1K1 + 2K3 + 2K1KD

ap > = Kp2 +4K1K1 2+ 4%%111,1 + 4r4
+ 8k1k3 + 2/4:% + 4/1%/12
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Vanishing of mixed cumulants gives

additivity of free cumulants for free A, B
/1,‘,%/_'_3 — /1,,‘% -+ /1,,% Ym

and

A+B A B
mm:!; = Km.n —+ Km,n Vym,n

66



Combinatorial relation between moments and cumulants can be
rewritten in terms of generating power series

Recall: first order case (Voiculescu)

an

1 ©.@)
G(x) = - + 1 | Cauchy transform
n=—

and

@)
R(z) = > L R-transform

n=1

are related by the relation

1
TCU) + R(G(x)) = =.
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Second order R-transform formula

1 1
G(z,y) = ), am7nxm—|—1yn-|—1

m,n>1

and
R(gp’ y) — Z ﬁm,nwm_lyn_l
m,n>1

are related by the equation

2 ) —
G(z,y) = G/(aj).G/(y).R(G(a;),G(y))+aiay !log (G( ;_ j(y)>]

68



If second order free cumulants are zero, then formula reduces to

Gay) = -2 llog (G(x)_G(y)”,

0x0y xr—y

i.e. the fluctuations in such a case are determined by the eigen-
value distribution.

This is the formula of Bai and Silverstein (2004) for the fluc-
tuations of general Wishart matrices.
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2 7) —
G =50, ['Og (G( = S @))1 |

Second order free cumulants are zero for example for
e Gaussian random matrices
e \Wishart matrices

e independent sums of Gaussian and Wishart

70



How do Wishart matrices fit in this theory?

Consider
Ay = XNTNX N

where

e Xy are N x N non-selfadjoint Gaussian random matrices

e T’y are random matrix ensemble such that second order limit
distribution exists

e X, and Ty are independent (for example, T are determin-
istic)

71



Then, in first order,
Any = XNTnX N
converges to
A=CTC"*

where

e (U is circular

e 7' has the limit distribution of the Tl

e ( and T are x-free
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And
A=CTC*

IS a
free compound Poisson element,

determined by the fact that

K,;;}ZO{;,Z; for all n

In terms of transforms this gives the fixed point equation of
Marchenko-Pastur for the Cauchy transform of A in terms of the
Cauchy transform of T..
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In second order, the situation is exactly the same: The limit

A=CTC"

of
IS a
free compound Poisson element of second order,

determined by the fact that

/1;? = oz?,z; for all n
and
mfz,n = oz%;,n for all m,n
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= 0m.n for all m,n

In terms of transforms this gives:

G'(z) - G'(y)

Ay o) —
V) = G 2a)?

GT(1/G(2),1/G(y))

02 G(z) — G(y)
+8:c8y llog ( x—y )]

If Ty are deterministic (i.e., K,%,n = a;rn,n = 0)), then this reduces
to the formula of Bai-Silverstein
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