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Many approximations for calculating eigenvalue distribution of
matrices consist in replacing

independent Gaussian free (semi)circular
random variables variables

Reasons for doing so:

e in limit N — oo, we have this transition asymptotically

e but even for finite IV, this approximation is usually quite close
to original problem

e this is an approximation which is usually exactly calculable
for each N



Example: selfadjoint Gaussian N x N random matrix
Xy = ()i =1
with

o z;; (1 <1 < 3 <) are independent complex (2 7) or real
]
(7 = 7) Gaussian random variables

® Tij = Tji

e p(z;;) =0, ¢o(zi;Ti;) = 1/N



replacing

independent Gaussian variables

by

free (semi)circular variables

gives



selfadjoint noncommutative N x N random matrix

N
Sn = (¢ij)ij=1

with

e ¢;; (1 <i < j <) are free circular (i # j) or semicircular
(7« = 7) random variables

e p(c;j) =0, p(cijej;) = 1/N



N N
XN = (ij)Z,jzl — SN = (Cij)’i,jzl

e X, has a complicated averaged eigenvalue distribution (i.e.,
with respect to tr® ¢)

e S) has a very simple distribution with respect to tr ® ¢: for
each N, Sy is a semicircular variable



N N
XN = (ij)Z,jzl — SN = (Cij)’i,jzl

Morale: Sy is an approximation for X with
e the approximation gets better for large N

e distr(Sy) can be calculated exactly



Why is Sy better treatable than X7

e taking matrices does not fit well with independence and
Gaussianity

e freeness and (semi)circular variables, on the other hand, go
very nicely with matrices



freeness and (semi)circular variables go very nicely with matrices

caveat: this is true for free (semi)circulars which are centered
and all have same variance



freeness and (semi)circular variables go very nicely with matrices

caveat: this is true for free (semi)circulars which are centered
and all have same variance

however: we might be interested in more general situations:

e z;; might have different variances for different ¢j

e z;; might not be centered (— Ricean model)

e there might even be correlations between different z;; and
Lkl



Example: non-zero mean, independent Gaussian vari-
ables with constant variance

Yy = AN + XN
T T
deterministic independent
matrix of centered Gaussians

means constant variance



We replace this by . ..

An + SN
T T
same free centered
deterministic matrix (semi)circulars of
as before constant variance

We have:

o Ay is free from Sy , thus

o distr(Axy + Sy) = distr(Ay) Hdistr(Sy)



Example: non-zero mean, independent Gaussian vari-
ables with varying variance

Yy = AN + XN
T T
deterministic independent
matrix of centered Gaussians

means o(x;;T;5) = 0;5/N



We replace this by . ..

AN + SN
T T
same free centered
deterministic matrix (semi)circulars with

as before QO(CZ']'CE}-) = Uij/N



We replace this by . ..

AN + SN
T T
same free centered
deterministic matrix (semi)circulars with
as before gp(cz-jc,fj) = 0;;/N

Now we have a problem

e Sx is not semicircular in general

e Ay and Sy are not free in general



So what do we gain by replacing

independent Gaussians

by

free (semi)circulars

in such a case~
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with
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X and Y are not independent



X = (wij)%zl Y = (ykl)é\jlzl
with

{zi;} and {yg} independent

Y

X and Y are not independent

actually: relation between X and Y is untreatable



N
X = (ajij)fgj;:l Y = (ykl)k,lzl
with

{zi;} and {yy} free

Y

X and Y are not free



X = (a%'j)'gj:l Y = (ykl);ﬁ\flzl
with

{zij} and {yg} free

Y

X and Y are not free

however: relation between X and Y is more complicated, but
still treatable in terms of

operator-valued freeness



Let (C,p) be non-commutative probability space.

Consider N x N matrices over C:

My (C) = {(a;j)jj=1 | a;; €C}

Mpn(C) = My(C) ®C
IS @ non-commutative probability space with respect to

try ® o,

but there is also an intermediate level



Instead of
Mpn(C)

[tr®de

consider ...



Mpn(C) = MN(C)®C
L 1d® ¢
Mp(C)

1 tr

tr ® ¢



l1id® p=: FE

Myn(C)=: B tr® ¢

Ltr !
C



Let BC A. A linear map
E.A—B
is a conditional expectation if
E[b] =0b Vb e B
and

E[biabs] = by Ela]bs Va € A, Vby,bo € B

An operator-valued probability space consists of BC A and a
conditional expectation £ : A — B



Consider an operator-valued probability space (A, E : A — B).
The operator-valued distribution of a € A is given by all
operator-valued moments

Elabiaby---b,_1a] € B (neN,by,...,b,_1 € B)



Consider an operator-valued probability space (A, E : A — B).
The operator-valued distribution of a € A is given by all
operator-valued moments

Elabiaby---b,_1a] € B (neN,by,...,b,_1 € B)

Random variables z,y € A are free with respect to F (or free
with amalgamation over B) if

Elp1(z)q1(y)p2(z)g2(y) ---]1 =0

whenever p;, qj are polynomials with coefficients from B and

Elpi(z)] =0 Vi and Elg;(y)] =0 Vj.



Note: polynomials in x with coefficients from B are of the form

o 505132



Note: polynomials in x with coefficients from B are of the form

o boCE‘Q

® bixboxbz

b’s and x do not commute in general!



Note: polynomials in x with coefficients from B are of the form

2

o boCE‘

® bixboxbz

® byxboxbz 4+ bgxrbsxrbg + - - -

e ctcC.

b’s and x do not commute in general!



Operator-valued freeness works mostly like ordinary freeness, one
only has to take care of the order of the variables; in all expres-
sions they have to appear in their original order!

Example: If z and {y1,y>} are free, then one has

Elyizys] = E [?JlE[iB]yz] :

and more general

Ely1biwboys] = E|y1b1Elz]boyz|.



Consider E : A — B.

Define free cumulants
mg A" — B
by

Elai---ap)l = > m?[al,...,an]
TeNC(n)

e arguments of m{f are distributed according to blocks of =

e but now: cumulants are nested inside each other according
to nesting of blocks of «



Example:

m = {{1,10},{2,5,9},{3,4},{6},{7,8}} € NC(10),

.

123456738910

kEla1,...,a10]

— l{g (CL]_ ) Klg(CLQ ’ ’43123(0/37 CL4), as - ’{l]?(a@) ’ ’43123(@77 CLS), a9)7a10)



For a € A define its operator-valued Cauchy transform

Ga(b) = Bl——] = 3 Bl (ab™})"
n>0

and operator-valued R-transform

Rq(b) : = Z fig_H(ab, ab,...,ab,a)
n>0

— H;l]_g(a’) + Kg(a’ba CL) + Kl??(a’ba Cl,b, CL) _I_ e

T hen

bG(b) = 1+ R(G®)) - G(b)  or  Gb)=——

b— R(G(b))



If x and y are free over BB, then

e Mmixed B-valued cumulants in = and y vanish
¢ Gy (b)) =Gy [b — Ry (G$+y(b))} subordination

If s is a semicircle over B then
Rs(b) — n(b)
where n: B — B is a linear map given by

n(b) = E|[sbs].



Back to random matrices

What can we say about

AN + SN
T T
deterministic free centered
matrix of (semi)circulars with

means go(cz-jc,fj) = 0;;/N



Consider
I'n = AN+ SN
We want Cauchy transform

or(=) = tr @ pl— ]



Consider

Iy = AN+ SN

We want Cauchy transform

or(x) = tr@ o[

Mpn(C) = MN(C)®C

1 1d® ¢
My (C)
1 tr

C

tr ® ¢



Consider
T:=A+S
We want Cauchy transform

or(x) = tr@ o[

o7 (=) = tr ® pl— ]

= trfid ® p(— )] = trlG7(=)]

o 7

Gr(z)




We have nice behavior as My (C)-operator-valued objects

e Ay, Sy are free over My (C), i.e.,

Gr(2) = Galz — Rs(Gr(2))]

e Sy is semicircular over My (C), i.e.,

Rs(B) = n(B)
with n : Mn(C) — My (C) linear, given by n(B) = E[SBS].



Thus the distribution of Ty = Ax + Sy is determined via its
Cauchy-transform g according to

gr(2) = tr|Gp(2)]
and

1
:—1(Gr(2)) - A

Gr(2) =Galz—n(Gr(2)| = B




Thus the distribution of Ty = Ax + Sy is determined via its
Cauchy-transform g according to

gr(2) = tr|Gr(2)]
and

1
:—n(Gr(2)) - A

Gr(2) = Ga |z —n(Gr(2)| = E

Note: by [Helton, Far, Speicher IMRN 2007], there exists ex-
actly one solution of above fixed point equation with the right
positivity property!



Note: the more "symmetries” we have in entries of Sy, the
"better” is the freeness between Ay and Sy!

For considered situation where different ¢;; are free, we have for

n: My(C) — My(C)

that actually

[(n(B)]ij = EISBSlij = Y w(cabricy;) = Y ¢(cinciy) by = 6i5 ) oigbir
k,l kil > k

)

01040k

thus n is effectively a mapping on diagonal matrices



Consider in addition to

ail ... Q1N e(a11)
Ey o My(©) — My(C) | & 0 =

aNi --- QNN e(an1)
also

Dn(C) := {diagonal matrices} C My (C)

and corresponding conditional expectation

ai1 ... QIN e(a11)
EDZMN(C)%DN(C); E — :

anNi1 ... GNN O

SO(G.1N)

@(@VN)

SO(GJ;VN)



Then we have in our situation

AN + SN
T T
deterministic free centered
matrix of (semi)circulars with
means go(cz-jcffj) = 0;;/N

that actually, by [Nica, Shlyakhtenko, Speicher, JFA 2002],

e Ay and Sy are free over Dy (C)

e Sy is semicircular over Dy (C)



My (C) My (C) Mpy(C)

|
B
!
Mpn(C) Ep
Ire® o
!
tr DN(C)
|
tr
! ! !
C C C
with correlation free entries free entries

varying variance constant variance



Let us now treat more relevant non-selfadjoint situation

Hy = AN + Cn
T T
deterministic free circulars
matrix of no symmetry condition
means w(cijc,z‘j) = 0;j/N

Calculate the distribution of HH™!



HH* has the same distribution as square of

r= (8 8)= (2 )+ (2 9

These are 2N x 2N selfadjoint matrices of the type considered
before.



We have

0O A o C
o (A* O) and (C* O) are free over Don(C)

o ((?* g) is semicircular over D5 (C) with
a(Br 0 = m(Bz) 0
0 By 0  n2(B1))’

n1(B2) = Ep, [CD>C"]

where

n2(B1) = Ep,[C*D1C]



We have
Gr(2) = 2Gp2(27)

and

Gro(z) = (Gl()(Z) GQ%@)

0 0) (GT(Z))]

C 0

- i aQ (22) 0 0O A —1
= Ep,, (Z—Z”< 10 G2(22)>_<A* O>> ]

_<z — an(GQ(ZQ)) —4 )1}

z—R(

_A* z — znp(G1(22))




This yields

1 —1
- zm(Gl(z))AN) ]

2G1(z) = Ep,, <1 —m(Ga(2)) + Ay

and

2Go(z) = Ep,,

1
(1 —n12(G1(2)) + Ai’kV,z - zn11G2(z))AN> ]



This yields

1 —1
- zn2<G1<z>>AN> }

2G1(2) = Ep,,

(1 —n(Ga(z)) + Ay

and

2Go(z) = Ep,,

—1
(1 —no(G1(2)) + A}kvz — Znigz(z))AN> ]

These are actually the fixed point equations of
[Hachem, Loubaton, Najim, Ann. Appl. Prob. 2007]
for a deterministic equivalent (a la Girko) of square of ran-

dom matrix with non-centered, independent Gaussians with non-
constant variance as entries.



Conclusion

e many approximations (like deterministic equivalents a la
Girko) consist in replacing independent Gaussians by free
(semi)circulars
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by relying on asymptotic freeness results



Conclusion

many approximations (like deterministic equivalents a Ia
Girko) consist in replacing independent Gaussians by free
(semi)circulars

operator-valued free probability allows conceptual and
streamlined treatment of those

also convergence questions might be treated more uniformly
by relying on asymptotic freeness results

this approach also allows to treat classes of random matrices
with correlation between entries



