PROBLEMS FOR STAT 261, DUE FEBRUARY 2, 2007

The “Central Limit Theorem” for Bernoulli trials tells us that for any 0 < p < 1,
letting S,, be the number of successes in n independent trials, each of which has
probability p of success (so probability ¢ = 1 — p of failure), and a < b any real

numbers,
Sp — b
lim P{a L L b} :/ $(x)da,
00 Vv pgn a

where ¢(z) is the standard normal density defined by

_ L ot
o(x) = \/ﬂe .

Prove this for the case p = % Use the following steps:
a) We may as well assume that n is even. Let

k- n _nf n
nerlsyegh-r(y 1)

for k an even integer between —n and n. Show that
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Since pr = po Hle pfﬁl the first statement follows. The second statement follows

by dividing numerator and denominator by (%)k/ 2. The case of negative k is done
the same way.
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b) Using calculus, show that for f% <z<

[\3\»—‘

x—nglog(l—i-x)gac.

(Hint: Take the difference, and then find the maximum or minimum.) The loga-
rithm here is the natural logarithm.

Let f(z) =log(l+ x) — z. Then
1 —x

!
= —1: .
F(@) 1+ 1+

Thus, the only local extremum is at « = 0, where f(z). Since f(-1/2) < 0
and f(1/2) < 0, it follows that f(x) < 0 everywhere on the interval [—1/2,1/2].
Similarly, if we let g(z) = log(1 + x) — = + 22, we get

1 2P 42-1
l+z 14z

gd(x)=2z -1+

This is 0 only at x = % and z = —1. Thus, the extrema are at —% and % Since

g(—1) and g(3) are both positive, it follows that g(z) > 0 everywhere on the
interval [—1/2, 1/2].

¢) Show that this implies that for —n/2 < k < n/2,

—k*/2n e—\k‘\3/4n2 —k?/2n e\k;|3/4n2

o€ < pr < poc

You may use the formula 1 4+2+---+j5=j(j+1)/2.

We consider only the case of k positive. We need to show that
—k2 k3 —k? k3
— log— < — + —.
2n+42_ g0_2n+4n2
From part (a), we have that

k/2—1 ) k/2
log— Z log(1—> Zlog(l—i— )

Applying the upper bound from part (c¢) to the first sum, and the lower bound to
the second sum, we get

12”%[ (% )j
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The lower bound goes the same way, using the lower bound from part (c) for the
first sum, and the upper bound for the second sum.
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d) The probability we want to estimate is

ress g

P{Z+=Y

Write this as a sum of py’s.

a/n n  byn
<8, <=4+ VDy_ .
y SSEgt o) 2.
av/m<k<by/m
e) We can ignore those pi’s in the sum (if any) for which |k| > n/4. Why?

The weak law of large numbers says that

n—oo

f) Let z = k//n. Show that

vn n
poxf{Jr SHasgt

approximates a Riemann sum for the integral f ~2*/2dz with Az = 2/y/n, and
so converges to this integral.

By the previous results,
Pk k k
— = —A —A
w1 (389) <o (5o).
where f(z) = e *"/2 and
|gn(z)| < (6\2‘3/4\/5 _ 1) 6_22/2_

‘We have

“‘;ﬁssnsg+—b‘gﬁ}=n—l/2 o
avii/2<k<bymja PO
1
— LY (ka9 + g (kA (A7),

a<kAz<b

This is a Riemann sum which converges to the integral

/ F(2) + ga(2) dz

For n large enough, |z|3/4\/n < 3 for all @ < z < b, so that by part (b) we then
have el#1*/4V" < 2. |2|3 /4\/n for all such z. Thus
/b (2)dz| < /b |2* -22/24, < —1/2/Oo 3,-2°/24
gn(2)dz| < | —=e z<n 2’e 2.
a a 2\/ﬁ 0

lim

n—oo
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Since the integral on the right is finite, the entire right-hand side goes to 0 as
n — oo. Thus, the sum converges to

;/ab f(z)dz

(Formally, we are exchanging a limit and an integral here, so we would need a
little bit of careful analysis to make this formally correct. It can be done hands-on,
but this would be covered by the Dominated Convergence Theorem — part of a
second semester of probability.)

g) All that remains is to show that lim, ... \/npo = /2/7. Assuming that
J7°_#(2)dz =1, show that this is the only possible limit.

We know that

limn — oo

1 a\f no byny 1 b
G s s <5+ =g [ e

We know that for K very large, if we take a = —K and b = K

P{g + a\f <S8, < E + \2/’5} = P{(Sn — E[Sn])Q < KVar(Sn)},

which is very close to 1, by Chebyshev’s inequality. Thus, ppy/n has a limit, it must

be that 1 oo
lim = 7/ z2)dz
nﬂmpof 2/ f(z)

Since (27)Y/24(z) = f(z), it must be that

/2
lim poyvn =4/ =.
n—o00 m

h) Now we need to show that lim,,_,~, v/npo exists. To do this, we need Stirling’s
formula:

. n!
lim ————— =g¢,

N—00 4 /nn+1/26771

where ¢ is a constant. Otherwise, just use this formula to complete the proof of the
CLT. Show, by the way, that the constant ¢ in Stirling’s formula is /2.

By definition,
n n!
=2" =27
o (n/2> (n/2)"

Stirling’s formula tells us that

n+1/2,—n
lim /npy = lim 27" v/nen ¢ 5
n—oo n—oo (c(n/Z)”/2+1/26_”/2)

cnn+le—n

lim
n— 060 C2nn+127n7167n
2

c
Since the only possible limit (by h) is y/2/m, we have shown that ¢ = /27, and

. Sp —n/2 .
< ——— <K = - =
nhm P{a_ i _b} nlglgo\/ﬁ]m?/a f(z)dz

e 2z,

.



