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Prologue: Mathematical
Epidemiology is not an
Oxymoron

What can mathematical modelling contribute to epidemiology? Usually, scien-
tific experiments are designed to obtain information and test hypotheses. The
normal process of scientific progress is to observe a phenomenon, hypothesize
an explanation, and then devise an experiment to test the hypothesis. A math-
ematical model is a mathematical description of the situation based on the
hypotheses, and the solution of the model gives conclusions which may be com-
pared with experimental results. For example, we might wish to compare two
different management strategies for a disease outbreak. However, experiments
in epidemiology with controls are often difficult or impossible to design and
even if it is possible to arrange an experiment there are serious ethical questions
involved in witholding treatment from a control group. Data about a disease
outbreak is often obtainable only after the fact from reports of epidemics or of
endemic disease levels, but the data may be inaccurate or incomplete. In order
to describe the course of a future disease outbreak, formulation of a mathemat-
ical model may be the only way to compare the effect of different management
strategies.

Every model is either too simple to be an accurate description or too com-
plicated to analyze. A mathematician may choose to start with a simple in-
complete model to obtain qualitative information, while an epidemiologist may
object that the model is too simplistic and omits important aspects of the situ-
ation. One way to proceed would be to begin with a simple model and then add
more structure to the model to see how much this alters the predicted behaviour.

Mathematical modeling in epidemiology provides understanding of the un-
derlying mechanisms that influence the spread of disease and, in the process,
it suggests control strategies. In fact, models may identify behaviours that are
unclear in experimental data - often because data are non - reproducible and
the number of data points is limited and subject to errors in measurement. For
example, one of the fundamental results in mathematical epidemiology is that
most mathematical epidemic models, including those that include a high degree
of heterogeneity, exhibit “threshold” behavior which in epidemiological terms

vii



viii Prologue

can be stated as follows: If the average number of secondary infections caused by
an average infective is less than one a disease will die out, while if it exceeds one
the disease will persist. This broad principle, consistent with observations and
quantified via epidemiological models, has been used to estimate the effective-
ness of vaccination policies and the likelihood that a disease may be eliminated
or eradicated. The possibility of eliminating smallpox worldwide was suggested
by a simple mathematical model. Even if it is not possible to verify hypotheses
accurately, agreement with hypotheses of a qualitative nature is often valuable.
Expressions for the basic reproductive number for HIV in various populations
can be used to test the possible effectiveness of vaccines that may provide tem-
porary protection by reducing either HIV-infectiousness or suceptibility to HIV.
Models could be used to estimate how widespread a vaccination plan must be
to prevent or reduce the spread of HIV.

In the mathematical modeling of disease transmission, as in most other areas
of mathematical modeling, there is a trade-off between simple models, which
omit most details and are designed only to highlight general qualitative behavior,
and detailed models, usually designed for specific situations including short-term
quantitative predictions. Detailed models are generally difficult or impossible to
solve analytically and hence their usefulness for theoretical purposes is limited,
although their strategic value may be high.

There are many different types of models in epidemiology, requiring differ-
ent mathematical techniques. For an introduction to mathematical epidemiol-
ogy the central mathematical topics are calculus, ordinary differential equations
from a qualitative point of view, matrix algebra, and probability and statistics.



Preface

These notes are intended for students or workers in epidemiology or public
health who may have learned elementary calculus and differential equations,
possibly in the distant past and possibly in a form that did not convince them
that mathematics could be useful in their chosen field. We have tried to present
some basic mathematics to make it possible for “calculus victims” to become “
calculus users” in epidemiology.

While the material is aimed at students whose primary interest is not math-
ematics, it consists of topics in mathematics, not epidemiology. The purpose
of the notes is to describe mathematical concepts and techniques that will be
useful for review in studying mathematical epidemiology, not to be part of a
course in mathematical epidemiology. However, we make no pretense of math-
ematical rigour. Results are stated but not necessarily proved, and hypotheses
are not always stated precisely. The intent is to provide an honest impression
for the user of mathematics. However, it is intended only as a review and is not
meant to be a course for learning this material for the first time. Readers may
need to return to their calculus texts for more detailed review where necessary.
In addition to descriptions of the mathematics we have included examples from
and applications to the biological sciences, especially population biology, and
epidemiology. Because the approach to differential equations may be somewhat
different from the course taken previously, we have included more detail and
more examples here than in the material on calculus.

In many calculus courses the emphasis is on mastering computational tech-
niques. This is true especially in courses aimed at students of the physical sci-
ences or engineering, who are likely to need to use these techniques frequently.
On the other hand, for students less likely to need to do many mathematical
computations an emphasis on techniques may make the course uninteresting
and may not persuade the students that an acquaintance with mathematics
may be useful for them in their chosen fields of study. In these notes we try to
emphasize ideas and principles over computations, and we try to include enough
examples from the biological sciences to persuade epidemiologists that the ma-
terial is useful for them. We have not, however, included exercises even though
working many problems is necessary for real understanding.

We believe that the basics of calculus of functions of one variable, some topics
in the differential calculus of functions of several (especially two) variables, the
elements of matrix algebra, differential equations of first order, and systems

ix



b'e Preface

of two first order differential equations comprise a first level of mathematical
understanding for epidemiologists. This material is included in these notes along
with some additional topics in calculus such as double integrals and material
on power series needed for understanding of generating functions, which appear
in probabilistic contexts such as stochastic models and contact networks, but is
not needed elsewhere. An understanding of elementary probability, not included
here, is also essential. Also, there are topics in mathematical epidemiology that
require more advanced mathematics. For example, the study of models with
spatial dependence or age structure requires some acquaintance with partial
differential equations.

It is important to remember that calculus is not just a collection of tech-
niques. It is also a logical discipline and all statements require proofs. We do not
emphasize proofs in these notes, but the reader should be aware that statements
should be accepted only if they have been proved rigorously (by someone). Our
purpose in these notes is to tell the truth and nothing but the truth, but not
necessarily the whole truth. We make statements that have been proved, but
usually do not give their proofs.

The first section of these notes contains a brief outline of the major top-
ics in calculus that will be useful in the study of mathematical epidemiology.
The second section contains a very brief introduction to matrix algebra. The
third section contains an outline of a qualitative approach to ordinary differen-
tial equations and two-dimensional systems of ordinary differential equations.
This material, together with an introduction to probability and statistics, not
included here, should provide a basis for study of mathematical models in epi-
demiology. The fourth section contains some additional topics in calculus useful
in some applications. We hope that these notes may also encourage the study
of more advanced mathematical topics that can also be useful.
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Chapter 1

Functions and Graphs

1.1 Coordinates

In order to represent functions geometrically we make use of Cartesian coordi-
nates in the plane. We draw two perpendicular azes, normally with the z-axis
horizontal and y-axis vertical. To each point in the plane we assign a pair of
coordinates (z,y) in the following way. The abscissa, or x-coordinate, measures
the horizontal distance (perpendicular to the y-axis) between the y-axis and the
point, with points to the right of the y-axis having a positive z-coordinate and
points to the left of the y-axis having a negative x-coordinate. The ordinate,
or y-coordinate, measures the vertical distance (perpendicular to the z-axis)
between the z-axis and the point, with points above the z-axis having a pos-
itive y-coordinate and points below the x-axis having a negative y-coordinate.
The axes divide the plane into four quadrants, called the first through fourth
quadrants, depending on the signs of the coordinates.

For each point in the plane there is a unique pair of coordinates which
describe the point and for each pair of real numbers there is a unique point
in the plane whose coordinates are these numbers (in order). We frequently
speak of “the point (x,y)” rather than the more precise form “the point whose
coordinates are (x,y)”; no confusion can arise because of the uniqueness of the
correspondence between points and pairs of coordinates.

For example, suppose we count the number of people in a given community
who are infected with an epidemic disease on different days. We may plot this
information using the number of days since counting began as the z-coordinate
and the number of people infected on that day as the y-coordinate. This gives
a representation as in Figure 1.1, which is actually derived from data for the
Great Plague in the village of Eyam in 1666.

3
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Figure 1.1: Some epidemic data

1.2 Functions

We say that y is a function of x if there is a rule assigning a value of y to each
value of z. More precisely, x is a variable, called the independent variable, which
may range over some set of values called the domain of the function. To each
value in the domain, the function assigns a value of the dependent variable vy,
and y then ranges over another set of values called the range of the function. A
function is given a name such as f, and we use the notation

y = f()

If ¢ is a value in the domain to which the function f assigns the value yg, we
write
Yo = f(zo)

Usually, z, called the independent variable, and y, called the dependent variable
are both real numbers and the domain and range are both intervals, but this
is not required as part of the definition. The specification of a function must
include specification of the domain. Sometimes there are obvious restrictions.
For example, the function f(z) = /1 — 22 can be defined only if 1 — 22 > 0,
or —1 <z < 1. Usually, a function is given by an analytic expression, but not
necessarily. For example, a function could be defined by different expressions on
different intervals, or by a table of values. However, the definition of a function
requires that only one value of y be given to correspond to each value of x.

Most of the functions that we will use are continuous. A precise definition
of continuity requires the concept of limit of a function, and we will delay the
introduction of this idea until the next section. Intuitively, a function is contin-
uous if its graph contains no breaks, that is, if the graph can be drawn without
lifting the pencil from the paper.

While we have spoken of y as a function of z, other names are often used
for the variables. In many problems the independent variable is time, denoted
by t.
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The information contained in Figure 1.1 may be extrapolated to give the
graph of a function by drawing straight lines from one point to the next, as in
Figure 1.2. This graph is the epidemic curve describing the data. While we
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Figure 1.2: An epidemic curve

have chosen to draw this graph as a sequence of line segments, in practice it is
more customary to connect the dots by smooth curves.

Mathematically functions may be defined simply as relations between vari-
ables, but in other sciences functions are usually defined to describe quantities
with a scientific meaning. For example, in economics one sometimes postulates
that there is a relation between the price p of some good and the quantity g of
this good which can be sold at a given price, called the demand for the good.
This relation is called the demand relation. In mechanics, we may describe the
position of a moving body as a function of time. In population biology, we
may describe the population size at a given time as a function. In epidemiol-
ogy, we may describe the number of infectives in a population as a function of
time. Here, we may count the number of infectives once a day and describe the
number of infectives for a given day, but we may also think of the number of
infectives as varying continuously over each day.

1.2.1 Graphs

The graph of a function f is defined to be the set of all points (x,y) such that
z is in the domain of the function and y = f(z). The graph of a function is
a curve, and the requirement that only one value of y can correspond to any
value of z implies that a vertical line can intersect the graph of a function only
once. On occasion, we may be imprecise and speak of a function defined by a
relation such as y? = x whose graph intersects every line z = xo with z¢ > 0
twice, namely at (zo,/To) and at (zo, —/Zo). In such a situation, we should
really separate the “function” into two branches y = /z and y = —+/z, but
we may sometimes call it a “multiple-valued function”. It is customary to use
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the horizontal axis for the independent variable and the vertical axis for the
dependent variable.

Example 1. During the course of a disease outbreak, we may report the number
of people infected with the disease each day. This amounts to defining a function
I(t) representing the number of people ‘infected with the disease as a function
of time. Typically, the graph of this function is similar to the graph shown in
Figure 1.1.

30+

20+

(v ]
15

10+

t

Figure 1.3: I as a function of ¢.

The simplest examples of functions are constant functions, y = b, and linear
functions
y=mx+b (1.1)

The graph of a constant function is a horizontal line, and the graph of the linear
function ((8.1) is a line with slope m. The slope describes the angle made by the
graph of the function with the z-axis, and it also represents the rate of change of
the linear function (8.1). By the rate of change of the function, we mean that a
change in « produces a change m times as large in y; in other words, the change
in y divided by the change in z is the slope m. If the slope of the line is positive,
the line goes upward to the right, and y increases when x increases. If the slope
of the line is negative, the line goes downward to the right, and y decreases when
x increases (Figures 1.4, 1.5). Much of the differential calculus is an attempt to
extend these ideas of slope and increasing and decreasing functions to functions
which are not linear (Figure 1.6).

In order to graph a linear function (8.1) we need only plot any two points
which satisfy the equation (8.1) and then draw the line joining them. One
way to draw the graph of a more complicated function would be to plot many
points on the graph. Modern technology has created computers and graphing
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Figure 1.4: A line with positive slope  Figure 1.5: A line with negative slope
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Figure 1.6: A function with varying slope

calculators which will perform this task when given instructions in a language
that can be learned readily by calculus students. However, it is important to
develop an understanding of the relationships between properties of a function
and the nature of its graph, and this can not be acquired without some analysis
of the behavior of functions. The ideas of calculus are important in learning
about the nature of the graph of a function, and this is one of the areas of
applications which we will describe in Section 2.4.

1.2.2 Elementary functions

There are some particular functions that we shall use as building blocks for
the construction of other functions. Functions which are considered to be basic
are called elementary functions. However, the choice of a list of elementary
functions depends to some extent on the purposes for which they will be used,
and different lists may contain different functions.

Functions can be combined in various ways to produce other functions. For
example, if f(z) and g(x) are two functions, we can form the sum f(z) + g(z),
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the product ¢f(z) of a constant and a function, the product f(x)g(z), and the
quotient f(x)/g(z).

Perhaps the simplest functions are the powers z™, where n is a positive
integer. In particular, if n = 0 the function z” is the constant function 1 and
if n = 1 the function z” is the linear function x. Functions z" with different
values of n may be combined to form polynomials; a polynomial of degree n is
a function of the form

-1
anx™ + apn_12" "+ -+ a1z + ao,

where ag, ay, ..., a, are real numbers with a,, # 0, and n is a positive integer.
A rational function is a quotient of two polynomials, but note that a rational
function can not be defined for values of x such that the denominator is zero.

Example 1. The rate of a chemical reaction is assumed to be governed by the
law of mass action. This law states that the rate at which a reaction proceeds
is proportional to the product of the concentrations of the reactants. Let us
consider a reaction in which two substances A and B with initial concentrations
a and b respectively react to form a third substance AB, with one molecule
of each of A and B combining to form one molecule of AB. Let z denote the
concentration of AB at some time during the reaction. Then the concentrations
of A and B are a—x and b—x respectively. According to the law of mass action,
the rate of the reaction is k(a — x)(b — ), where k is some positive constant,
called the rate constant. This reaction rate function

R(z) =k(a—z)(b—x)

is a polynomial function. The rate of reaction depends on the concentration of
the product of the reaction. If we wish to find the quantity of product = at a
given time we would have to solve the differential equation

d

d_"’t” = R(z) = k(a —z)(b— z).

The solution of differential equations is a topic to which we will return in Chapter
6.

Example 2 (The Monod growth function). Suppose the per capita growth
rate of an organism depends on the concentration of a nutrient. We let the
concentration of the nutrient be x. If the growth rate has a saturation effect,
the per capita growth rate is often described by the Monod growth function

r(z)

_ ax
A4z

where a and A are positive constants. This function increases from zero when
x = 0 and approaches a when x becomes very large. The parameter A represents
the value of z for which the function takes the value a/2, half its ultimate value
as x — o0o. The graph is shown in Figure 1.7.
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Figure 1.7: A Monod function

Powers obey the laws of exponents

™ =" "™ =2 (n>m), (") =2a"" (1.2)
provided n and m are positive integers. We define negative and fractional powers
in such a way that these laws remain valid. Then for negative integer powers
we must define

=1, 7P =1/aP (1.3)

To define 2'/9 when ¢ is a positive integer, we write y = 2'/9 and then require
y? = x. Note that if ¢ is an even integer and x is negative, this is not possible.
Thus the function z'/9 with ¢ an even integer can be defined only for z > 0.
We can now define rational powers by

2P/ — (xl/q)p (1.4)

when ¢ is a positive integer and p is an integer, again with the restriction x > 0
if ¢ even. We can now define the function ™ whenever n is a rational number,
using (8.3) if n is a negative integer, n = —p and (8.4) if n is a rational number
n = p/q. In order to define the function ™ when n is an irrational number we
will have to make use of the exponential function.

1.2.3 Exponential functions and natural logarithms

We can define the function a” with a any positive number of all rational values
of = by the process outlined above for defining ™ for rational values of n. We
define the function a® for all values of z, including irrational values of x, “by
continuity”. This means that if x is an irrational number approximated by a
sequence of rational numbers x1, x5, ..., we approximate a® by the sequence of
numbers a®', a2, .... If we attempt to draw the graph of the function a® by
plotting all points a” with x rational, then there are gaps in this sketch for all
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irrational x and our approximation amounts to filling these gaps by drawing a
smooth curve through the points which have been plotted.

The logarithm to base a is defined as the inverse function of a®. By this we
mean that if

y=a
then
x =log,y.

In other words, the logarithm of y to base a is the exponent to which the base
a must be raised to give y. We define

p = log, u, qg=log, v,

so that

u = a?, v =qaf
Then

wv = aPa? = aP9,
so that

log, (uwv) = p + q = log, u + log, v. (1.5)

Also,

u/v=a"/a? =aP" 9,
so that

log, (u/v) =p — q =log, u — log, v. (1.6)
In addition,
u = (aP)" = a™?
so that
log, (u™) = np = nlog, u. (1.7)

The rules (8.5), (8.6), (8.7) are the equivalents in terms of logarithms of the
laws of exponents (8.2).

For exponential functions and logarithms there is a particularly important
choice for the base a. This is the number e = 2.718159... introduced in the
eighteenth century by Euler (1707-1783). It is possible to prove that the ex-
pression (1 + 1/n)" increases as n increases, coming ever closer to some number,
and this number is defined to be e. Thus

e= lim [1+ (1/n)]™;

n—oo

an equivalent definition obtained by replacing n by 1/h is
o 1/h
e %g%(l—!-h) . (1.8)

The base e is understood in discussing exponential functions unless a different
base is specified. Thus by “the” exponential function, we mean the function

y=e". (1.9)
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Figure 1.8: The exponential Figure 1.9: The negative expo-
function nential function

The graphs of the exponential function e” and the negative exponential
function e™® are shown in Figures 1.6 and 1.7.

The natural logarithm is the logarithm to base e, or the inverse of the ex-
ponential function, and is denoted by fn. In more advanced mathematics the
natural logarithm is sometimes denoted by log but we will always use ¢n for the
natural logarithm.

We observe that

x = Iny; (1.10)

is equivalent to (1.9). Note that because e® > 0 for all z, (1.9) implies y > 0,
so that the domain of the natural logarithm function ¢n y is y > 0. From (1.9)
and (1.10) with z = 1, it follows that ¢n e = 1.

1.2.4 Trigonometric functions

Many phenomena in the sciences are oscillatory, and one way to describe os-
cillations is in terms of trigonometric functions. We will not repeat the defi-
nitions of the trigonometric functions encountered in precalculus courses, but
we remind the student that we will always consider the argument of a trigono-
metric function to be measured in radians, not degrees. The relation between
radians and degrees is that 7 radians is 180°. Thus 7/2 is 90°, 27 is 360°,
etc. The main trigonometric functions which we shall use are sinz, cosz, and
tanz = sinx/cosx. The trigonometric functions are periodic with period 2,
which means that they repeat after 27,

sin(x 4+ 27) =sinz, cos(z + 27) = cos .
The tangent has period ,
tan(z 4+ ) = tan .

It is useful to remember that sin0 = 0, cos0 = 1, sin7/2 = 1, cosw/2 = 0
sint = 0, cosm = —1, sin3n/2 = —1, cos37/2 = 0, sin27x = 0, cos 2w = 1.
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Because cosx = 0 whenever x is an odd multiple of /2, tan z is unbounded for
these values of x. The sine and cosine are bounded for all z; in fact

[sinz] <1, |cosz|<1 (—o0 < < 00).

There are many identities involving trigonometric functions. We list a few
of the most important ones.

sin?x +cos’z = 1
sin(z +y) = sinzcosy+ coswsiny
sin(zx —y) = sinzcosy — coszsiny
cos(x+y) = coszcosy—sinzsiny
cos(r —y) = coszcosy+sinzsiny
sin2x = 2sinzcosz
cos2r = cos’x —sin’x =2cos’x —1=1-2sin’z

1.3 Some exercises

1. For what values of x can the function
1
flz) = i
be defined?
2. For what values of z can the function f(z) = v/4 — v/ be defined?
3. Sketch the graph of the function Inx for 0 < < oo

4. Is the function

—22, <0
flx)=<z, 0<z<1
1, =z>1

continuous?

5. is it possible to define f(1) to make the function

$2 X
f(x)_{u , <1

2—eT, z>1

continuous?



Chapter 2

The Derivative

2.1 The meaning of the derivative

The idea of the derivative comes from the attempt to describe the slope of a
curve at a point. If the curve is a straight line, its slope may be calculated
from the coordinates of any two points on the line. For a curve which is not
necessarily a straight line, we may calculate the slope of the line joining any
two points on the curve, but this slope will depend on the choice of points. If
we fix one of the points on the curve and try to describe the slope of the curve
at this point as the slope of the line joining this point to another point on the
curve, the slope will depend on the choice of the second point. By the slope
of the curve at the chosen point we mean the limit of this slope as the second
point approaches the chosen point.

To define the slope of a curve given by a function y = f(z) at a point
(xo0, f(z0)) on the curve, we choose a second point on the curve (zo+h, f(zo+h)),
thinking of xo + h as close to zg, or h small. Then the slope of the line joining
the two points on the curve, called the secant line to the curve is

f(@o+h)— flzo)  flzo+h) = f(wo)
i) 0 - ) (2.1)

It is important to remember that h must be different from zero in (2.1). If
h = 0, both numerator and denominator in (2.1) are zero and the expression
(1) is indeterminate. Of course, taking h = 0 would mean that the two points
on the curve used to try to calculate the slope were the same. The slope (2.1)
is defined for all h # 0, and in order to describe the slope of the curve y = f(x)
at xo, we try to find a number such that the slope [f(zo+ h) — f(z0)]/h can be
made as close as we wish to this number by taking h small enough. In practice,
this is often accomplished by dividing a factor h out of both numerator and
denominator (legitimate since h # 0) and examining the result. If there is such
a number, we call it the limit of the slope (2.1) as h — 0, and this is what we
will define to be the slope or derivative of the curve y = f(x) at o, denoted by

13
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f/(:EO)a L
f/(xo) — lim f(IO + )_ f(x())

h—0 h

(2.2)

Example 1. To find the derivative of the function

fla) =a®
at the point (zg,z3), we calculate
fo+h) = (vo+h)*=a]+2w0h+ h?

f(:EQ + h) - f(xo) 2:E0h + h2 = h(ZIEQ + h)

fxo +h) — f(xo)
h

It is clear that as h — 0 this quantity approaches 2x(, and thus we have shown
that the derivative of 22 at z¢ is 2.

The tangent line to the curve y = f(x) at (xo, f(xo)) is defined to be the line
through this point whose slope is f/(xz¢), the slope of the curve at that point.
Equivalently, the tangent line to a curve at a point is the straight line through
the point whose direction is the direction of the curve at the point. Thus the
equation of the tangent line is

y— flzo) = f’(xo)(x — Z0).

Near the point (zo, f(zo)) the tangent line approximates the curve. In particu-
lar, if the slope f’(xq) is positive the curve is rising (going upward to the right)
at zo and if the slope f’(xp) is negative the curve is falling.

The quantity f'(zo) is also known as the derivative of the function f(z) at
zo. Recall that the slope of the graph also represents the rate of change of
the function. In many applications, the importance of the derivative lies in its
interpretation as the rate of change of the function f(z) at xg. For example,
in describing the motion of an object in a line, velocity is defined as the rate of
change of position; thus if position is known as a function of time the derivative
of this function is the velocity. In studying the size of a population as a function
of time, the derivative of this function is the rate of change of population size,
which may be separated into birth, death, and migration rates. If I(t) represents
the number of infectives in a population in which there is a disease outbreak,
then I’(t) represents the rate of change of the number of infecives. This rate of
change can be separated into two parts and can be regarded as the rate of new
infections minus the rate at which infectives leave the infective class, either by
recovery or by death from disease.

If f(z) is a function, we may find the derivative f/(zo) at every point z. This
enables us to define the derivative as a function f’(x), namely as the function
whose value at g is f'(xo). There is another notation for derivatives in common
use; if y is a function of & we call the derivative dy/dx. This quantity dy/dx is
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not a quotient of dy and dx; the expressions dx and dy do not have meanings
by themselves. However, there are many situations in which the notation is
designed so that thinking of dy/dx as a quotient leads to correct formulae.

2.2 Limits of Functions

In describing derivatives, we have assumed that it is always possible to find the
necessary limit. This is not necessarily true, and we must discuss some proper-
ties of functions in order to give a proper perspective. Here, we are describing
how to add rigor to the idea of the derivative and make it mathematically pre-
cise.

The first basic concept is that of the limit of a function. Indeed, our definition
of the derivative has invoked this idea, when we required h to approach zero
(but did not allow h = 0). For a function f(x), by the statement

lim f(z) =L

r—a
read as “the limit of f(x) as x approaches a is L”, or “f(x) approaches L as
2 approaches a”, we mean that the value of f(x) is close to L whenever the
value of z is close to a. More precisely, we require that the value of f(z) can be
made as close to L as we care to prescribe by choosing z close enough to a. It
is important to remember that here x is not allowed to equal a; the value f(a),
or even whether f(a) is defined, has nothing to do with the limit of f(x) as x
approaches a.

Functions do not necessarily have limits, but if they do the following rules

for combinations of functions are true

lim [f(z) +g(x)] = lim f(z) + lim g(x)
lim[cf(x)] = clim f(x) (2.3)
lim [f(2)g(x)] = [lim f(z)] [1im g(x)]
lim [f(2)/g(x)] = [lim f(2)] / [lim g(@)] if lim g(x) #0

Thus an attempt to calculate the limit of a function f(z) as x approaches

a always begins by substituting = a and trying to calculate f(a), as the

elementary functions all have the property that lim f(x) = f(a) and the rules
r—a

(2.3) say that combinations of elementary functions have the same property
unless there is a zero in the denominator.

If substitution of x = a does give zero in the denominator but not in the
numerator, then it is easy to see that the function f(x) is very large when z is
near a, and we say that it has an infinite limit,

xlirrgo f(z) =o0.
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In this case, the graph of the function f(x) approaches the line x = a, and we
say that the line z = a is a vertical asymptote of the graph y = f(x).

If substitution of = a into f(x) gives zero in both numerator and denomi-
nator, then we say that f(x) is an indeterminate form as * — a, and we must
perform some algebraic manipulation to find the limit. Often, we can find a
factor (x —a) in both numerator and denominator, and we may cancel this fac-
tor provided x # a to remove the indeterminacy. This cancellation is legitimate
because the limit depends only on values of x different from a.

Here is a list of some important limits of particular elementary functions.

lir%x":oo (n<0)

lim (1 +h)Y" =
h—0
lim (1 + b)Y/ = e
h—0
lime® —1/z=1
x—0
lim /n x = —o0
x—0
limaz"nax=0 (n>0)
x—0
lim sinz/z =1
x—0
lim (1 —cosz)/z=0.
x—0

The limit of a function as x becomes very large (either positive or negative)
must be defined slightly differently. By the statement lim, . f(z) = L we mean
that the value of f(x) is close to L for all sufficiently large x, or more precisely
that we can make the value of f(z) as close to L as we care to prescribe by
choosing x large enough. The statement lim,_, o f(z) = L is defined similarly
except that now x is taken “large and negative”, meaning that x is negative with
large absolute value. The limit rules (2.3) are also valid for limits as # — oo or
T — —00.

To calculate a limit as ¢ — oo we begin by trying to “substitute x = 00”,
that is, by examining the limit of each term as x — oco. In practice, this often
leads to an indeterminate form of the type “co/o0”. In order to evaluate such
an indeterminate form we usually divide numerator and denominator by the
term which grows most rapidly (“the largest term”) as x — oo and then try to
“substitute z = co0”. We may then obtain a finite quantity, which is the desired
limit, or an indeterminate form with zero in the denominator but not in the
numerator, which implies that the limit is infinite.

If limy o0 f(z) = L, the graph of the curve y = f(x) approaches the line
y = L for large x, and the line y = L is said to be a horizontal asymptote of
the curve. Information about horizontal asymptotes is useful in sketching the
graph of a function. Observe that functions do not necessarily have horizontal
asymptotes, as not all functions have limits as  — oo. Also, it is possible for a
function to have two different horizontal asymptotes, one as * — oo and another
as r — —00.
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Here is a list of some important limits of particular elementary functions as
T — 00.

lim 2" =00 (n>0
r—00

lim z" =0 (n<0)

Tr— 00

b xT
lim (1 + —) =eb
h— oo X

lim e®* =00 (b >0)

h—00
mlirrgo e =0 (b>0)
mlingo 2" " =0 (b> 0,n arbitrary)
mlirrgo Inx =00
mlirrgo 2 ™nx=0 (n>0)

In Chapter 1 we gave an intuitive description of the property of continuity

of a function. Now that we have introduced the idea of limits, we can give a

more precise description. A function f(z) is said to be continuous at a point
if

lim f(x) = f(xo). (2.4)

T—xo

This apparently simple statement is actually three separate statements:
(i) The function f(x) has a limit as « approaches .
(ii) The function f(z) is defined at zg.
(iii) The value of the function at z( is equal to the limit as x approaches zg.

The statement (2.4) says that for all x close to z¢ and also for z = zg, the
value of the function f(x) is close to zo. Thus if f(x) is continuous at z, the
graph of y = f(x) can not have a “jump” at zg. A function f(x) can fail to be
continuous at a point in several ways:

(i) f(z) might not be defined at z = x¢ (e.g. f(x) =2* —1/(x — 1) atz = 1).
(ii) f(x) might not be bounded near x = x¢ (e.g. f(x) = 1/x near x = 0).

(iii) f(x) might be bounded but not have a limit as * — z¢ (e.g. f(x) =
sin(l/z) at x =0 or f(z) =0for x <0, f(z) =1 forx >0 at z =0).

(iv) f(z) might have a limit as x — z¢ but f(zp) might be “wrong” (e.g.
Flo) = (@2~ )/(w — 1) if 2 £ 1, (1) = 1.

If a function f(z) is continuous at every point of an interval, then f(x) is said
to be continuous on the interval. For the most part, the functions with which
we deal are continuous at every value for which they are defined. Continuous
functions have the following important properties whose proofs (which we omit)
depend on some fundamental properties of the real number system:
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1. If a function is continuous on a closed bounded interval a < x < b it has
a mazimum in the interval, that is, there is a point x( in the interval such
that f(z) < f(xo) = M for all z,a <z <b.

2. If a function is continuous on a closed bounded interval a < x < b it has
a minimum in the interval, that is, there is a point xg in the interval such
that f(x) > f(zg) =m for all z,a < x < b.

3. If a function is continuous on a closed bounded interval a < x < b then
for every number ¢ between the maximum M and the minimum m of
the function on the interval there is a point £ with a < £ < b such that

f§) =c

An increasing function is a function f(x) such that f(z1) < f(z2) for all
Z1, T2 with 1 < zo. It can be proved that if f'(x) > 0 for all x then the function
f(zx) is increasing. A strictly increasing function is a function f(x) such that
f(z1) < f(z2) for all z1,z9 with 21 < xo. The reader should be warned that
some authors use the terms non-decreasing (instead of increasing) and increasing
(instead of strictly increasing), and therefore one should be careful to check the
terminology on encountering the term ”increasing”. Decreasing and strictly
decreasing functions are defined analogously. A useful theorem states that an
increasing function defined on an interval @ < z < oo which is bounded above
has a limit as x — o0o. Similarly, a decreasing function defined on an interval
a < x < oo which is bounded below has a limit as x — oo.

Although in general functions are not necessarily continuous, the functions
that we encounter in applications are generally continuous, and also differen-
tiable.

2.3 Calculation of Derivatives

It is possible to show that if the derivative f’(z¢) of a function f(z) at a point
xo, as defined by (2.2), exists, then the function f(z) must be continuous at
xp. The converse statement is false. A function may be continuous at a point
xo but fail to have a derivative at xp; for example the function f(z) = |z| is
continuous at = 0 but does not have a derivative at x = 0 (the quantity

fxo +h) — f(xo)
h

is +1 if & is positive and —1 if h is negative and thus does not have a limit as
h — 0). It is even possible for a function to be continuous on an interval but
to fail to have a derivative at any point of the interval. However, we will avoid
such “pathological” functions, and will encounter only functions which have a
derivative at every point where they are defined, exept possibly for functions
like || which obviously fail to have a derivative at certain points.

In order to calculate the derivative of a particular function, we must go back
to the definition (2.2). The calculation will require the evaluation of a limit as
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h approaches zero. We list some differentiation formulae. For convenience, we
use the alternate notation dy/dx for the derivative, replacing y by its expression
in terms of z.

d
d—x" = nz"" ! (n rational, either positive or negative, n # 0)
x
d x o x . . h o
e (requires %g% (e"=1)/h=1)
d _ ces 1 U _
Eén x = 1/z (requires %g%(l +h)/"=e) (2.5)
d si cos
—sinz = x
dz
d . e - . _
gp C08¢ = —sinz (reqmres %{I})smh/h— 1, %13(1) (1 —cosh)/h—0>

We will not derive all of these formulae, but we give two examples

Example 1. To find the derivative of the function
flz) =¢€*

at the point (zg, e*°), we calculate

f@o+h) = emoth = ek,
f(zo+h) = f(zg) = e%0eh —e% =e™0[eh —1],
f(xo+h) — f(xo) _ emoeh—l
h ho
Using the relation
i &L
Ao B

we see that the derivative of e” at x( is ™.

Example 2. To find the derivative of the function

f(z) =sinz
at the point (xo,sinz), we calculate
flxo+h) = sin(xg+ h) =sinzgcosh + cos zgsin h,
flxo+h) — f(zg) = sinzgcosh+ coszgsinh — sinxg
= sinzgf[cosh — 1] + cos zg sin h,
h) — h—1 inh
f(xo +h) — f(x0) — sin xOL + cos g sin '
h h
Using the relations
1 cosh—lz 1 sinh:1
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we see that the derivative of sinx at xq is cosxg.

In order to find the derivative of combinations of elementary functions, we
may use the following rules. If w and v are functions of = and c is a constant,

d (wtv) = du n dv
dxr vrv = dr dx
d du
il = o= 2.
dx(cu) Cd:c (2.6)
d (uv) dv n du
—(uwv) = u— +v—
dzr dx dx
d vde gy
Lufe) = TEME iy £ 0)

In order to calculate more complicated combinations, there are some more
general rules.

I. Chain rule. If z is a function of y and y is a function of z, then z is a
function of x whose derivative is given by

dz dzdy

de  dydz’ 27)
The relation (2.7) is an instance of how the dy/dx notation is designed to make
formulae appear natural. However, cancellation of dy from numerator and de-
nominator of the right side of (2.7) is not a proof of the validity of (2.7), because
dz, dy, and dz do not have independent meanings and the expressions in (2.7)
are not fractions. Another way to express (2.7) which appears more complicated
than (2.7) but is sometimes more straightforward is that if y is a function of =,
y = f(x) and z is a function of y, z = g(y), then z is a function of = called the
composite function

whose derivative is given by

F'(z) = g'[f(2)]f (2).
Example 3. If y = %", then g—z =ae®. If y = e7%*, then Z—Z = —be~ 0%,
Example 4. If y = f(x), then

dny _1dy (@)
dx ydzr  f(z)’

II. Inverse functions. If y is a function of x which can be solved for x as

a function of y, then
dx 1

i
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(provided dy/dxz # 0). Again, we can state this in functional notation. If y is
a function of z, y = f(z), which can be inverted, that is, if there is a function
x = g(y) such that

then
g'(y) =1/f'(x)

(provided f'(z) # 0).
Example 5. If y = 22, so that g—z = 2z, then Z—Z =1/2x, or

dopp_ L _Lap
dy 2z) 2 '

III. Implicit differentiation. If y is given implicitly as a function by a
relation between x and y of the form F'(x,y) = 0, then it is possible to calculate
dy/dx by differentiating each term in the equation F(z,y) = 0 with respect
to x, remembering to use the chain rule to differentiate terms involving y with
respect to x.

Example 1 (Adiabatic expansion of a gas). Under some circumstances a gas
expands so rapidly that it does not exchange heat with its surroundings. Such
expansion is called adiabatic. There are laws of physics which state that in
adiabatic expansion the volume V of gas and the temperature 1" are related by
an equation

TVt =C, (2.8)
where v and C' are constants, with v ~ 1.4. Here V' and T are functions of the
time ¢. If we differentiate (2.8) implicitly with respect to ¢ we obtain

dr av

—yrt - )TV’ 72— =0.
7 14 + (v TV 7 0
This implies
dr ( 1)T dv
a V) Vodt’

In particular,we note that the time derivatives of V and T have opposite sign.
Thus if the gas is expanding, the temperature drops.

2.4 Applications of the Derivative

The applications that we describe in this section are to mathematical ques-
tions. We omit discussion about the mathematical formulation and solution
of problems which come from other sciences—questions that may appear to the
non-mathematician to have a more legitimate claim to the name application. In
this section we shall discuss the use of properties of functions including but not
restricted to properties of derivatives in sketching the graph of a given function,
in finding where a given function attains its maximum and minimum value, and
in describing exponential growth or decay. In the next section we will decribe
some applications to problems of optimization which arise in other sciences.
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2.4.1 Curve sketching

If we are given a function f(x) whose graph we wish to sketch, we may begin by
checking for vertical and horizontal asymptotes, as described in the preceding
section. Next, we investigate where the function is increasing and where the
function is decreasing, remembering that f(x) is increasing where f/'(z) > 0
and decreasing where f’(z) < 0. We calculate the derivative f’(z) and find
the values of x for which f’(z) = 0. These are the places where the graph
may switch between increasing and decreasing, and by seeing whether f/(z) is
positive or negative between then we can identify the intervals on which f(x)
is increasing and the intervals on which f(z) is decreasing. As the graph may
“jump between —oo and +00” at a vertical asymptote, as with f(z) = 1/z at
x = 0, we must remember to watch out for points where f’(z) does not exist.

Example 1. The derivative of the function

K

v= 14 cert

where K,c, and r are positive constants is positive for all ¢. It increases
fromK/(1 +¢) at t = 0 to a limit K as ¢ — oo. This function, known as
the logistic function describes the growth of many quantities with the property
that the rate of growth decreases as the quantity increases. Its graph is shown
in Figure 2.1.

a

t

Figure 2.1: A logistic function

A further refinement is obtained from examination of the second derivative
f(z). If f”(x) > 0 the curve is said to be concave upwards and if f”(x) < 0
the curve is said to be concave downwards. The second derivative may also be
used to check whether a point at which f'(z) = 0 is a relative mazimum (if
f"(z) < 0) or a relative minimum (if f”(x) > 0). A point at which f”(x) =0
may indicate a change in the concavity of the function. A point at which the
concavity does change is called a point of inflection.
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With information about horizontal and vertical asymptotes, where the func-
tion is increasing, where the function is decreasing, and the concavity, it is
possible to sketch the graph. In order to judge the scale, it is wise to plot a few
points as well, especially any relative maxima and minima.

2.4.2 Maximum - minimum problems

In many applications, the problem to be solved may be formulated as a question
of determining where a function f(z) defined on a given interval attains its
maximum or minimum. By maximum, we mean an absolute or global maximum
— a point ¢ such that f(z) < f(xo) for every x in the interval. The solution of
such a problem depends on the following properties of continuous functions.

1. A function f(z) which is continuous on a closed bounded interval has a
maximum and a minimum.

2. If the maximum or minimum of f(z) occurs at an interior point xg of the
interval xg where the derivative f’(x¢) exists, then f’(z¢) = 0.

3. If z¢ is an interior point of the interval and f'(xo) = 0, f”(x¢) > 0, then
xo is a relative or local minimum (a point such that f(x) > f(x) for all
2 near xg) and can not be an absolute maximum. Similarly, if 2 is an
interior point and f’(z¢) = 0, f”(x0) < 0, then z( is a relative maximum
and can not be an absolute minimum.

In order to find the absolute maximum of a function f(x) on an interval, we
must examine (i) the ends of the interval if they are contained in the interval
under consideration, (ii) any points of the interval at which the derivative f’(x)
does not exist, (iii) any points xg in the interval such that f'(z¢) = 0. Thus we
calculate the derivative f’(z) and find all solutions z of the equation f’(z¢) = 0.
Then we calculate the value of the function f(x) at each such g, at each point
where f(z) does not have a derivative, and at the end points of the interval. The
largest of these values is at the maximum and the smallest is at the minimum.
We may use the second derivative test at points z¢ where f'(z¢) = 0 to eliminate
any relative minima from consideration if we are looking for the maximum. If
it is difficult to calculate the second derivative at x(, we may calculate the first
derivative to the left of z¢ and to the right of zy in order to identify relative
maxima and relative minima. Finally, we should remember that if the interval
under consideration is not closed and bounded then the function f(x) does
not necessarily have a maximum or a minimum. For example, the function
f(z) = 1/x has a minimum but no maximum on the interval 0 < z < 1, a
maximum but no minimum on the interval 1 < x < co, and neither a maximum
nor a minimum on the interval 0 < x < oo

2.4.3 Optimization

Many applications of calculus involve optimization of some quantity, and the
theory described in Section 2.4.2 provides the tools for such applications. We
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will give a few examples to give an idea of the process.

Example 1. Suppose that the yield of an agricultural crop depends on the level
of nitrogen in the soil, with the yield being given by

N

YN =27

if N > 0. What level of nitrogen maximizes the yield?
Solution: Using the rule for differentiating a quotient of two functions, we have
N?*+1)-N-2N  1-N?

vy
YN = (N2 +1)2 (N2 4+1)2

which is zero for N = +1. Only N = 1 is in the interval of definition of the
function. Since Y'(N) > 0if 0 < N <1 and Y'(N) < 0 if N > 1, this is a
relative maximum. Since Y(0) = 0 and Y(N) — 0 as N — oo, the relative
maximum at N =1 is the absolute maximum.

Example 2. In Section 1.2, Example 1 we described the rate of a chemical
reaction by the function

R(z) =k(a—z)(b—x)

At what stage of the reaction is this speed the greatest?

Solution: The function R(z) is defined on the interval 0 < z < ¢, where
¢ = min(a, b). Its derivative is k[2z — (a + b)], which is negative near = 0 and
vanishes for z = (a+b)/2 > ¢. Since the point at which R'(z) = 0 is outside the
interval of definition, R(z) is a decreasing function and its maximum is taken
at x = 0, at the beginning of the reaction.

2.4.4 Exponential growth and decay

In many situations, the rate of change of a quantity is proportional to the
amount. If y is increasing at a rate proportional to y, so that dy/dt = ay for
some positive constant a, then y = ce® for some constant ¢. The doubling time
is defined to be the time required for y to double its original value. If y = ce?,
then y = ¢ when t = 0, and y = 2¢ when e* = 2 or t = fn 2/a. Thus the
doubling time is ¢n 2/a.

If y is decreasing at a rate proportional to y, so that dy/dt = —by for some
positive constant b, then y = ce™"" for some constant c¢. The half-life (a term
coming from decay of radioactive elements, which behave in this way) is defined
to be the time required for y to decrease to half its original value. If y = ce™%,
then y = ¢ when t = 0 and y = ¢/2 when e~ = 1/2, or t = ¢n 2/b. Thus the
half-life is ¢n 2/b.

Exponential growth and decay will be studied further in Section 7.1, where
we will show that a function whose derivative is a constant multiple of the
function must be an exponential function.
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2.5 Local Linearity

A fundamental property of differentiable functions is that locally (close enough
to a starting point) they may be approximated by linear functions.
The definition of the derivative of a function f of one variable at a point xg

fxo+h) = f(xo)
h

Another way to express this definition is to say that

flzo + hf)L — f(z0) _ f/(xo) +e (2.9)

is

f(xo) = Lim

with € “small”; more precisely, ¢ — 0 as h — 0. The relation (2.9) may be
rewritten

f(wo +h) = f(wo) + hf(z0) + eh (2.10)
If we let x = 2o + h, (2.10) becomes
f(@) = f(zxo) + (x — x0) f'(x0) + R (2.11)
where R — 0 “faster than A” in the sense that
R
lim — = 2.12
hli% h 0 ( )

If we think of (2.11) as saying that f(zo) + (z — x0)f'(z0) approximates f(x)
with an error R, the relation (2.12) says that the approximation (2.11) is good
if h is small, or x is close to zg. The approximation

f(xo) + (= 20) f' (20)

is a linear function of x, and is called the linear approzimation to f(x) at xo.
In geometric terms, the curve (straight line)

y = f(xo) + (x — 20) f (20)

is the tangent line to the curve y = f(z) at the point (xq, f(xo)). Because of
(2.9), the linear approximation is a good approximation if A is small, or z is
close to the starting point zy. In other words, the function behaves like a linear
function locally (near xg). For our purposes, the estimate (2.9) for the error
in the approximation is sufficient, but more precise estimates involving higher
order derivatives are possible. For example, to establish the distinction between
a local maximum and a local minimum of a function f(z) at a point o at which
f'(zo) = 0 in terms of the second derivative requires an error estimate in terms
of the second derivative.

Example 1. Estimate v/4.1 from the linear approximation.

Solution. We use the function F(z) = 2'/? with zg = 4, h = 0.1. Then we
have f(x) = f(xo + h) = f(4.1) = V4.1. Since f'(x) = 2~ '/2/2, the linear
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approximation is f(zo) + (z — zo)f (z0) = V4 + (0.1)(4)"/2/2 = 2.025. [A
better way to estimate /4.1 is to use a calculator, obtaining 2.0248457.]

In addition to using the linear approximation to estimate the value of a
function at a specific point, we may also use it to approximate the function.
Some examples, all for z near 0, are

e =~ l1+ux
m(l+z) =~ =z
sinx ~ «x
(1+z)* ~ 1+kz (kany real number).

2.5.1 Application: The chain rule

Suppose y is a function of u, say y = h(u) with yo = h(ug), and u is a function
of z, say u = g(x) with ug = g(x¢). Then y is a function of z, say y = f(x)
from y = h{g(x)}, with yo = f(zo). The chain rule is that

f'(wo) = W{g(w0)}g' (w0) (2.13)
The colloquial form of (2.13) is
dy _ dy du
dv  du dz’
The idea behind the proof is that if y is a linear function of w,
Y —yo = a(u — uo)
with @ = h/(ug) = h'{g(zo)} and w is a linear function of z,
u—ug = bz — xo)
with b = ¢'(x0), then direct substitution gives
Y — Yo = a(u — ug) = ab(z — xo)

and

f(wo) = ab = h'{g(x0)}g (o)
as desired. The full proof of the chain rule is just a matter of going through this
calculation and including some bookkeeping on the error terms.

2.6 Some exercises

1. Find the slope of the line through the points (2,4) and (3,9).

2. Find the slope of the line through the two points on the curve y = 22 with
r=2and z=3.
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. Find the slope of the line through the two points on the curve y = 22 with

x=2andz=2+h (h#0).

In each of Exercises 4-9, find the indicated limit.

m2+1
xz+1

z2—1
x—1

Climg g €

2m2+m+1
r2—1

m3+1
xz+1

222 1e” "
r2—1

In each of Exercises 10-12, find the derivative Z_Z'

y=a?
y = 23 + 22/3

y= (2% +1)%"

In each of Exercises 13-14, find the derivative Z—Z at the indicated point.
y=234+2, =2

y=xe * x=1

In each of Exercises 15-17, find the maximum of the given function f(x)
on the given interval.

fle)=2—2% 0<a<1

fle)=1-2% 0<z<1

fl@)=2e* 0<z<o

Sketch a graph of the function y = ze™* on 0 < z < oo, indicating relative
maxima, relative minima, inflection points, and horizontal asymptotes.

Sketch a graph of the function

T

y:1—|—3:2

on —o0 < x < 00, indicating relative maxima, relative minima, symmetry,
and horizontal asymptotes.
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. If y = yoe 10, find the value of ¢ such that y = Syo.

In each of Exercises 21-24, use the linear approximation with the given
Zo to estimate the value of the given function f(z) at the given value of
T.

flx)=2% 29=1,2=0.99
fl@)y=0+z)"3 20=0z=0.1
flz) == xo=2,x =22

x—17

f@) = (22 4+16)"/2, 20=3,2=232

. According to Taylor’s theorem, a quadratic approximation to f(x) is

F@) & flao) + (@ - a0)f (o) + T (e

(a) If xg is a critical point of f(x), that is, if f'(xo) = 0, this approxima-
tion becomes

Show that f(x) > f(xo) if f”(x0) > 0, that is, that ¢ is a relative
minimum, and that zg is a relative maximum if f"(xq) < 0.



Chapter 3

The Integral

One interpretion of integration is as the inverse operation to differentiation. This
leads to the indefinite integral of a function, defined as the collection of functions
whose derivative is this function. Every rule for calculating derivaties can be
reversed to give a rule for calculating indefinite integrals. In addition, various
techniques can be developed for calculating indefinite integrals, but there are
relatively simple functions which do not have an indefinite integral that can be
expressed in terms of elementary functions.

The definite integral of a function over a given interval is defined as a kind
of limit of sums, motivated by the idea of the area under a curve. Most appli-
cations involve definite integrals. However, the calculation of a definite integral
from its definition is extremely complicated. Fortunately, there is a result so im-
portant as to be known as the fundamental theorem of calculus, which says that
a definite integral can be calculated indirectly from the corresponding indefi-
nite integral. This result justifies the effort to develop methods for calculating
indefinite integrals.

3.1 The Indefinite Integral

If f(z) is a given function we define its indefinite integral (or antiderivative),

denoted by
[ raas

to be the collection of functions of x whose derivative with respect to x is f(x).
Obviously, if F'(x) is one such function then F(z) + ¢ is another such function
for every choice of the constant c. It is less obvious, but can be proved to be
true, that there are no other functions with derivative f(z). In other words, two
functions having the same function as derivative can differ only by a constant.
Thus if we know one function with derivative f(z), then we obtain all others by
adding on a constant. For this reason, we write formulae for indefinite integrals

29
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1
/xdaz:§x2—|—c

with a constant c, called the constant of integration.

Every formula for calculating the derivative of a given function can be re-
versed to give a formula for an indefinite integral. Thus the relations (2.5) in
Section 2.3 give the integration formulae

like

anrl
/3: de = n+1—|—c (n#-1)
/emd:c = e +e¢
1
/—d:c = Ilnx+c (3.1)
T
/cos zdr = sinx+c
/sinxdaz = —cosx+c

The notation [ f(z)dz means that the result is a function of z. The expres-
sion | f(u)du would mean a function of u whose derivative with respect to w is
f(u). The “dz” is a marker to tell us what the independent variable is. Thus
J f(u)du would be a function of v whose derivative with respect to u is f(u).
Then if u is a function of z, [ f(u)du would be a function of x whose derivative
with respect to z, by the chain rule, is

Hulz) ' (2).

Now we have two different expressions, each of which described a function of
x whose derivative with respect to z is f{u(z)}u/(z), namely [ f(u)du and

[ f{u(z)}/ (z)dz. Thus
/ fwydu = / flu(z) W (z)dx
[ty s (3.2)

This is the substitution rule for indefinite integrals. To apply the substitution
rule in evaluating an indefinite integral [ g(x)dz, we try to break g(z) into a
product of two factors, one of which is the derivative of some function such that
the other factor can be expressed in terms of this function. Then we make a
substitution, letting u be this function. For example, in [ 2x(2? + 1)'/2dz, 22
is the derivative of 2 + 1, and if we let u = 22 + 1, the integral is

d 2 2
/ul/Qd—ud:c:/ul/Qdu: §u3/2—|—c: g(x2—|—1)3/2—|—c.

X
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The notation is devised so that if we could cancel dr from numerator and de-
nominator in (3.2) we would obtain the right formula.

Another situation in which the substitution rule is useful is the evaluation
of an integral in which the numerator is the derivative of the denominator. In

the integral
/
/ 9@,
g(x)
we let u = g(x) to obtain

/Z((;))dx_/%—ﬁn u+c=Inlg(x)] +c.

However, one must be careful not to write

/d—‘”:eng(x>+c

g9(z)

which is a very common error.

Evaluation of indefinite integrals is a skill developed only with practice.
Many integrals can be evaluated with the aid of the right substitution, but
there are no firm rules for finding the right substitution. However, trying the
wrong substitution does no harm — it may not help, but one can always start
over and try something else.

Another useful technique for evaluating indefinite integrals is integration by
parts. This is just the rule for differentiating a product of two functions turned
around. The formula

O T
dxr u _ud:c vd:c
gives

dv d( ) du

dr  dx u vd:c

d
/uédm /E(uv)d:c—/v—xd:c

and since

d
/ E(uv)d:c =uv+c¢

we obtain the integration by parts formula

dv du
/uad:c =uv — /vad:c (3.3)

To apply the formula, we try to write the function we are trying to integrate as
the product of two factors, one of which (dv/dx) is the derivative of a known
function and the other of which (u) has a reasonably simple derivative. For



32 CHAPTER 3. THE INTEGRAL

example, to evaluate [ ze”dz, we take dv/dz = €®, so that v = €®, and u = z.

Then
xre X = xd‘r e xr =Tre — e X

= ze¥ —€e" +c

As with integration by substitution, the choice of w and v is a skill to be devel-
oped with practice, and a choice which does not help can be discarded in favour
of another attempt.

A table containing the integrals of all elementary functions might appear
to be a useful aid to integration. However, there are two problems — not all
elementary functions can be integrated in terms of elementary functions, and a
complete table of those which can would be too cumbersome to be useful. On
the other hand, a table of reasonable size can be very useful, if users are prepared
to make substitutions to reduce unknown integrals to those in the table. Here
is a brief table of integrals.

L [a"dz =2""/(n+1)4+c (n#-1)

[\]

. [a7ldx = dn|z| + ¢

w

. [dz/(az+b) = 1/aln|az + b] + ¢
4. [e*™dx = e /a+c

5. [zedr = (ax — 1)e** /a® 4+ ¢

6. [fnadr=xlnz—a+c

7. [sinazdx = —cosax/a+ c

8. [cosaxdx =sinaz/a+ ¢

NeJ

. [sin’zdr = 2/2 —sin2x/4+c
10. [cos’zdr =x/2 +sin2z/4+ c
11. [dz/(a* —2?) = tn|(a+x)/(a — x)|/2a + c

12. [dz/(2* — a®) = In|(x —a)/(z+a) + c
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3.2 The Definite Integral

The definite integral is motivated by the idea of the area under a curve. Let
y = f(z) > 0 be a continuous function on the interval a < z < b. We begin with
the simple idea of the area of a rectangle as the product of its base and its height
and we attempt to describe the area under the curve as a sum of rectangles.
Because one of the boundaries of the region is not a straight line, we can not do
this exactly, but we can approximate. Let us partition the interval a < x <0
into n equal subintervals of length h = (b—a)/n) by defining ¢ = a, 1 = a+h,
x9 =a+2h,...,zp_1 = a+(n—1)h, x, = a+nh = a+(b—a) = b. In each of the

subintervals we pick a point, say & inxg <z <z, & inxy <z <mo, ..., €1
inzx, o<xr<xy1,& inx,—1 <z <2, Then the sum
fEDR+ f(&)h+- -+ f(&n)h (3.4)

represents a sum of areas of rectangles, which if h is small (n is large) might
be expected to be close to our intuitive idea of what the area under the curve
should be.

We define the area under the curve to be the limit of this sum as h — 0
(or n — ©0), provided this limit exists and is independent of the choice of the
points &1, &a, ..., &,. It is possible, but usually very cumbersome, to calculate
this limit for suitably simple functions f(x).

It is possible to define the sum (3.4) whenever the interval a < x < b is finite
and the function f(z) is bounded on the interval a < x < b. We do not need to
require f(x) > 0 either; this was done only to give the idea of area under the
curve, between the curve and the z-axis. However, the fact that we can define
the sum (3.4) for a large class of intervals and functions does not assure us that
the limit of the sum (3.4) as h — 0 exists for many functions.

There is a very important theorem stating that if the interval a < x < b is
finite and if the function f(z) is continuous on the interval a < x < b, then the
limit of the sum (3.4) does exist, regardless of how the points ¢1, o, ..., t, are
chosen. We say that a function for which this limit exists is integrable on the
interval a < x < b and we call the limiting value of the sum the definite integral
of the function f(z) over the interval a < x < b, denoted by

b
/ f(z)dz (3.5)

The reason for the notation (3.5) is that we think of A as Az and write the sum
(3.4) as

n

> f&)Ax

=1

and think of the integral sign [ as a “limit” of the summation sign ) . The
content of the theorem mentioned above is that every continuous function is
integrable.
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[P

It is important to remember that the “z” and “dz” in (3.5) are “dummy”
variables. The definite integral (3.5) is a number, and if we had thought of y
as a function of a different variable, say u, we would have obtained exactly the
same number for the definite integral, which we would have called f: f(u)du.
The name of the “variable” in a definite integral is completely irrelevant.

Another extremely important observation is that the definition of the definite
integral has absolutely nothing to do with the earlier definition of the indefinite
integral. However, the similarity of the notations for definite and indefinite
integrals suggests that the two concepts are related. The connection between
them is contained in the fundamental theorem of calculus.

3.3 The Fundamental Theorem of Calculus

In order to discover the relation between the indefinite integral and the definite
integral, let us examine the function

F(z)= /x f(u)du. (3.6)

Remember that although we have said that the definite integral is a number,
(3.6) defines a function because of the variable upper limit of integration x. For
each value of z, (3.6) defines a number F'(z), and thus we have a function. Note
also that we prefer the form (3.6) to the form

/a " fa)de

to avoid confusion between two different meanings of the same expression x.
The function F(x) represents the area under the curve y = f(z) from a to
x. In order to find F’(x), the derivative of this function, we must calculate

lim F(z+h) — F(x)
h—0 h

Now F(xz + h) — F(z) represents the area under the curve y = f(x) between x
and x + h, which is approximately a rectangle with base h and height f(x), thus
having area hf(z). From this, we conclude that

F(z+h) — F(x)
h

is approximately f(z) and thus that
F(z) = f(x) (3.7)

This argument can be made rigorous. One part of the fundamental theorem
of calculus says that if the function f(z) is continuous then

F(z)= /x fluw)du (3.8)
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is an indefinite integral of f(z). That is,

F@)= i@, [ fde= 1)

We may use this fact to calculate the definite integral

An@m

without having to form a limit of sums. We begin by finding an indefinite
integral of f(x), say G(x). This indefinite integral G(z) is not necessarily the
same as F'(x), but it differs from F(x) by a constant. Thus

F(z)=G(z)+c (3.9)

for some constant ¢. The definite integral which we wish to calculate is F(b),
and the indefinite integral F'(z) has the property that F(a) = 0. Now we have

‘ﬁﬂ@m_F@_G@+a (3.10)

In order to find ¢, we substitute in (3.9) to obtain G(a) + ¢ = F(a) = 0. Thus
¢ = —G(a) and from (3.10)

b
/ f(z)dxr = G(b) — G(a).

In order to calculate the definite integral

Aw@m

we find any indefinite integral of f(x) and “put on the limits of integration a
and b”.

In applications, we are usually faced with the problem of evaluating a definite
integral. According to the fundamental theorem of calculus, we can accomplish
this by finding an indefinite integral and thus make use of whatever techniques
we have learned for calculating indefinite integrals. This is the importance of
the fundamental theorem of calculus.

One of the important techniques for the calculation of indefinite integrals
is the substitution rule (3.2). We may use a substitution v = u(x) to replace
an indefinite integral with respect to z by an indefinite integral with respect to
u which we then evaluate, and after this evaluation we return to the original
variable z. For a definite integral, we do not need to return to the original
variable but can instead change the limits of integration. The substitution rule
for definite integrals is that if
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then

b B
/f(u)du:/ Hu(z) (z)da. (3.11)

It is not always possible to find an indefinite integral of a given functions.
However, there are numerical methods for approximating definite integrals which
are easily implemented on a microcomputer, or even in some cases on a hand-
held calculator. Such methods are especially useful for functions which are not
given by an analytic expression but are instead given by a table of values (e.g.,
from experimental data).

One way to estimate a definite integral makes use of the idea of the linear
approximation.

0.2
Example 2. Estimate/ et dt.
0

Solution. We use the function F(z) = [/ e~ dt, for which F(0) = 0 and
(by the rule for differentiation of integrals with variable upper limits), F'(z) =
. In particular, F’(0) = € = 1. Thus the linear approximation to F(x)

e*I

0.2 )
is F(0) + 2F’(0) = z, and / e "dt = F(0.2) ~ 0.2. However, there are
0

numerical methods with much higher accuracy.

3.4 Some exercises

In each of Exercises 1-6, evaluate the indicated indefinite integral.
1. [2?dx
2. [ x~/3dx
3. [e%dx
4. [e**dx
5. [ %d:c
6. [ ;—2d:c
In each of Exercises 7-10, evaluate the indicated definite integral.
7. )@+ 1)da
8. f12 7 23dx
9. fol e 2% dy

10. ["dz

x
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11. Find the value of the derivative at x = 1 of the function

f(z) = /0 e tat.
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Chapter 4

Multivariable Calculus

4.1 Functions of Two Variables

There are many situations in which a quantity depends on more than one vari-
able. Thus we are led to consider functions of two variables, of the form

More generally, we might consider functions of an arbitrary number of variables.
However, as the essential differences between the properties of functions of one
variable and functions of more than one variable are displayed for functions of
two variables, we shall restrict our attention to functions of two variables in
developing the basic theory.

Example 1. In regions with severe winter weather, the wind-chill index is often
used to describe the apparent severity of the cold. This index is a subjective
temperature depending on the actual temperature and the wind velocity. The
origin of the wind-chill index is in the work of P. A. Siple and C. F. Passel
(1945) in the Antarctic measuring the rate of heat loss from a can of water;
later refinements were based on studies of body heat loss and were thus more
closely related to subjective reality.

39
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Air temperature (°F)

~ [[35[30][ 25 [ 20 [ 15 [ 10 ] 5 | 0 [ -5 [-10]-15]-20 [ -25 -30 | -35 | -40
0 [35[30]25 201510 5 ] 0 | 5 |-10-15]-20-25] -30 | -35 | -40
5 132(27 2216 | 11] 6 | 1 | -5 |-10|-15|-20|-26|-31 | -36 | -41 | -47
10221610 | 4 | -3 | -9 |-15 | -21 | -27 | -33 | -40 | 46 | -52 | -58 | -64 | -70
1516 9| 2 | -5 |-11|-18|-26|-32 |-38 |-45|-52 | -58 | 65 | -72 | -79 | -85
20 | 11| 4 | -3 |[-10 | -17 | -25 | -32 | -39 | 46 | -53 | -60 | -67 | -74 | 82 | -89 | -96
25 (| 8 | 0| -7 [-16 |-22 | -29 | -37 | -44 | -52 | -59 | -66 | -74 | -81 | -89 | -96 | -104
30| 5 |-2|-10 [ -18 | -25 | -33 | -41 | -48 | -56 | -63 | -71 | -79 | -86 | -94 |-102 | -109
35| 3 | -4|-12|-20|-28 | -35|-43 | -51 | -59 | -67 | -74 | -82 | -90 | -98 |-106 | -113
40 || 2 | -6 | -14 | 22 | 20 | -37 | -45 | -53 | -61 | -69 | -77 | -85 | -93 | -101 | -108 | -116
45 || 1 | -1 [ -15 | -23 | -31 | -39 | -47 | -55 | -62 | 70 | -78 | -86 | -94 | -102 | -110 | -118

Table 4.1: Wind chill as function of temperature and wind velocity

However, the wind-chill index is subjective, and is not uniquely defined. It
is invariably described by a table, such as the one given in Table 1 rather than
by an explicit formula.

To determine a wind-chill index for a given temperature and wind velocity
from this table, find the entry in the same column as the temperature along the
top of the table and in the same row as the wind velocity down the left side of
the table. Thus, for example, if the temperature is 5° and the wind velocity is
20 mph, the wind-chill index is —32°, meaning that subjectively it would feel
as cold as a temperature of —32° with zero wind velocity.

Example 2. Weather maps often give temperature contour lines - curves on the
map connecting places with the same temperature. These curves may actually
consist of several separate curves. Such a map gives a way of estimating the
temperature at a given location.

Example 3. Suppose that at time ¢ the number of bicyclists at milepost =
along a straight road is a function u(x,t) such that

u(a,t) = flz - cb),

where f is a specified function of one variable. Then u(z,0) = f(x) the distri-
bution of bicyclists at time ¢t = 0, and u(x,1) = f(xr — ¢) gives the distribution
of bicyclists at time ¢ = 1. But the graph of f(x — ¢) is the same as the graph
of f(z) shifted ¢ units to the right. Thus u(z,t) represents a wave with shape
f(z) moving to the right with velocity c.

4.1.1 Graphic representation of functions

A function of one variable y = f(z) is represented graphically by the set of
points (x, y) in two-dimensional space such that y = f(z). Generally, this graph
is a curve. Similarly, a function of two variables z = f(x,y) is represented
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graphically by the set of points (x,y, z) in three-dimensional space such that
z = f(z,y). Generally, this is a two-dimensional surface. Because our ability
to visualize in three dimensions is much weaker than our ability to visualize
in two dimensions, we attempt to visualize the surface representing a function
z = f(z,y) by examining its cross sections by planes parallel to the coordinate
planes.

The intersection of the surface z = f(x,y) with a plane y = yo parallel to
the z — z plane is a curve z = f(x,y) in this plane. Analytically, we can think
of this curve as representing z as a function of x for fixed y = yy. Similarly, the
intersection of the surface z = f(x,y) with a plane x = xo parallel to the y — z
plane is a curve z = f(x,y) in this plane which we can think of as representing
z as a function of y for fixed x = zy.

The intersection of the surface z = f(z,y) with a horizontal plane z = ¢ is
called a contour line. Its projection on the x —y plane is a curve given implicitly
by the equation f(x,y) = ¢, called a level curve of the function. A level curve
may consist of several different component curves. A weather map as described
in Example 2 above is in fact a description of the temperature function by its
level curves. A topographical survey map is a map which includes level curves
giving the altitude as a function of position and providing a way of visualizing
a three-dimensional landscapte by a plane drawing.

Example 4. The level curves of the function z = x? + 3? are the curves
2% +9? = c in the x — y plane. If ¢ > 0, the level curve is a circle with center
at the origin; if ¢ = 0 the level “curve” is the point (0,0); if ¢ < 0, there is no
level curve. This tells us that the graph of the function z = 22 + y? lies above
the = —y plane, touching the x —y plane at the origin. Another way to describe
this information is to say that the function z = 22 4+ y? has a minimum value
of zero, attained at the origin x = 0,y = 0.

Example 5. The level curves of the function z = zy are the curves zy = ¢ in
the z —y plane. If ¢ > 0, the level curve is a hyperbola with branches in the first
and third quadrants; if ¢ = 0 the level “curve” is the point (0,0); if ¢ < 0, the
level is curve is a hyperbola with branches in the second and fourth quadrants.
Thus the surface describing the function z = xy goes up from the origin in the
first and third quadrants and down from the origin in the second and fourth
quadrants. The origin is said to be a saddle point of the function.

Example 6. Human blood pressure p may be considered as a function of car-
diac output z, the volume of blood flowing through a person’s heart, and the
systems vascular resistance, or SVR, the resistance to blood flowing through
veins and arteries. It is sometimes assume that the functional relation has the
form p = kxy for some constant k, but a less specific assumption which may be
of use for qualitative estimates is that % > 0, 92 ~ (). There are medications
such as nitroglycerine which lower the SVR, and there are medications such as
dopamine which increase cardiac output. For a person with a weak heart it may

be considered necessary to increase the cardiac output. However, medication
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which accomplishes this will also have the undesirable effect of increasing the
blood pressure. Therefore such medication is normally administered along with
medication which lowers SV R to keep the blood pressure constant, or move
along a level curve of the function p. A heart attack causes a drop in cardiac
output, thus producing a drop in blood pressure. Medication to decrease SV R
would increase the blood pressure but would not have any effect on cardiac out-
put. If blood pressure is taken as a measure of cardiac output, such medication
would appear to be beneficial. However, following a heart attack it is more im-
portant to restore a normal cardiac output. Here, the variable x is the essential
and the function p is secondary in importance.

4.1.2 Linear functions

In one variable linear function (represented by straight lines) form a particularly
simple class of functions to approximate arbitrary functions near a base point.
Geometrically, this idea is expressed by the statement that the tangent line to
a curve at a point approximates the curve near that point. For two variables, a
linear function is a function of the form

z=ax+by+c,

where a,b, and ¢ are constants. The surface represented by a linear function
is a plane. The intersection of the plane z = ax + by + ¢ with a plane y = yo
parallel to the x — z plane has z = az + (byo + ¢) and is a straight line with
slope a. Observe that this slope is the same at every point. The intersection of
the plane z = ax + by + ¢ with a plane x = xy parallel to the y — z plane has
z = by + (axo + ¢) and is a straight line with slope b. Again, this slope is the
same at every point. However, the slope a in the z-direction and the slope b in
the y-direction may be different. On a plane, the slope in a given direction is the
same at every point, but the slope, or rate of change of the function, depends on
the direction. This will turn out to be an essential difference between functions
of one variable and functions of two variables.

4.2 Limits, Continuity, and Partial Derivatives

4.2.1 Limits and continuity

The definitions of limits and continuity for functions of two variables are the
same as the corresponding definitions for functions of one variable provided
we think of (x,y) as a point in the zy-plane rather than as a pair of numbers.
Then a function f(x,y) of two variables is defined for points (z, y) in some plane
region, which is called the domain of the function. We may speak of a limit as
(z,y) approaches (g, yo), or as the point P with coordinates (x,y) approaches
the point Py with coordinates (zo, yo), or as « approaches xg and y approaches
yo. The statement

A fly) =L
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means that the value of the function f(x,y) is close to the number L, in the
sense that the difference of absolute values

[f(@,y) = L|

is small for every point P sufficiently close to Py. Here P close to Py means
that the distance

[(z — 20)* + (y — 0)?]*/?

between P and Py is small or, equivalently, that the absolute values of the
differences in coordinates |x — x| and |y — yo| are both small.

In the definition of limit, we specify that |f(z,y) — L| must be small for
all points (z,y) close to (g, yo) (not including (zg,yo)). Difficulties can arise
which are not possible for functions of one variable. Consider, for example, the
problem of determining

lim Y
(@) —(0,0) 2%+ y?
If the point (z,y) is on the line y = ma of slope m through the origin, then

z(mx)  m
224 (mx)2 14+ m?2’

f(x,y) = fle,me) =

Thus the function is constant on each such line, and there are points arbitrarily
close to the origin at which the function has the value m/(1 + m?) for every
value of m, —oo < m < oo. These values m/(1 4+ m?) range from —3 to 3.
The function does not have a limit at the origin even though it appears to be a
simple function of # and y. The problem is that xy/(x? + 3?) is indeterminate
when x and y are both zero, even though it is well-defined if either x or y is
different from zero.

Even if a function has a limit as (z, y) approaches the origin along every line
through the origin, it still may not have a limit at the origin. For example, the

function )

(2.9) = ==
xr =
9@ v) =
on any line y = ma has the value
x%(mx) ma3 mx

9z, mz) = Ut (mx)? 2t m2a? a2+ m?

and this approaches zero as x approaches zero for every value of m. However,
2

for a point on the parabola y = z~,
4
_ 2y _ _ 7T _ 1
g(xay)_g(xax)_$4+x4 2
and thus as (x,y) approaches (0, 0) along this parabola g(x,y) approaches 1/2.
Thus this function fails to approach a limit as (x,y) approaches the origin. For
a function f(z,y) to have a limit L at a point (xo, yo) the value f(z,y) must be
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close to L whenever (z,y) is close to (zg, o), independent of the path by which
(z,y) approaches (zq, yo).

Continuity is defined for functions of two variables in terms of limits, just as
for functions of one variable. Thus a function f(z,y) is continuous at the point
(z0,yo) if

f(xo,y0) = lim f(z,y).

(z,9)—(20,y0)
Continuous functions have the same properties with respect to maximum and
minimum values as functions of one variable. In particular, if f(z,y) is contin-
uous at every point of a set of points D in the plane which is closed (includes
all boundary points) and bounded (is contained in some sufficiently large disc
(z% +y?)'/?2 < R), then the function f(x,y) attains an absolute maximum at
some point of the domain D, and also attains an absolute minimum at some
point of D. The determination of maxima and minima by methods involving
differentiation is more complicated than for functions of one variable because
the concept of derivative is more complicated.

4.2.2 Partial derivatives

In describing the rate of change of a function f(z,y) at a point (xg, yo) we must
specify the direction. In general, the rate of change of a function will depend on
the direction. We pick two preferred directions — the positive z-direction and
the positive y-direction and define the partial derivatives as the derivatives in
these directions, respectively

p) e
%(xo,yo):fm(xo,yo):%% flxo + ’yOf)L f( o,yo),

f(@o,y0 + k) — f(x0,¥0)
k

af )
@(xo,yo) = fy(zo.y0) = lim

Both notations, g—i or g—{;, and f; or f,, are in common use. Because in the

definition of each partial derivative the other variable is held fixed and thus may
be viewed as a constant, all the rules for calculation of derivatives of functions of
one variable carry over to rules for calculation of partial derivatives. It is possible
to define the derivative of a function of two variables in a given direction and
to express this directional derivative in terms of the two partial derivatives.

As each partial derivative can be differentiated partially with respect to
either variable, we would expect that there are four different second order partial

derivatives. G2t = 51 (ai) or fra(r.y) = [fule.0)ls
ZL =2 (%) or fuyley) = [fulp)ly
2L =2 () or fuelwy) = ey
Ch=5 (%) o fyy(x,y) = Syl 9,

(observe that the order of the two variables is different in the two notations).
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However, there are actually only three second order partial derivatives: If the
mized partial derivatives foy(x,y) and fy.(x,y) are continuous, then there is a
theorem which states that they are identical

fmy(xay) = fym(xay) .

The partial derivative f,(x,y) represents the rate of change of f in the -
direction. Another interpretation is to consider the function f(x,yo), with y
fixed as yo, as a function of one variable; then f.(x,yo) is the derivative of
this function, or the slope of the curve given by the intersection of the surface
z = f(x,y) and the plane y = yo. The partial derivative f,(z,y) has a similar
interpretation as the slope of the curve given by the intersection of the surface
z = f(x,y) and the plane z = xy.

4.3 Local Linearity

A fundamental property of differentiable functions is that locally (close enough
to a starting point) they may be approximated by linear functions. We have seen
this earlier for functions of one variable. Here we will develop the fundamental
idea of the linear approximation of a function of two variables, and as an example
this idea will be used to study the chain rule.

We would like to estimate

f(xo+ h,yo + k) — f(x0,90)

for a function f of two variables. We do this in two stages, first moving from
(o, Yo) to (zo+h,yo), and then moving from (z¢+h, yo) to (zo+h, yo + k) (see
Figure 4.1). In each stage only one variable changes, and the rate of change can
be measured by a partial derivative.

(x+h,y+k)

(x,¥) (x+h,y)

Figure 4.1:
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The definition of the partial derivative of a function f of two variables at a
point (xo,yo) is

f(xo+h,y0) — f(x0,v0)

x 5 =1l .
Jz(z0,%0) h{% n

Another way to express this definition is to say that

J(xo +h,y0) — f(x0,y0)
h

= fu(20,90) + &1 (4.1)

with 1, “small” in the sense that e — 0 as h — 0. The relation (4.1) may be
rewritten

f(xo+h,y0) — f(zo,y0) = hfu(zo,y0) +€1h (4.2)

To move from (zo + h,yo) to (xo + h,yo + k), we use the definition of the
partial derivative f,

. xo+ h,yo + k) — f(xog + A,

We may write (4.1) as

xo+ h,yo + k) — f(xg + A,
f(O Yo Iz f(O yO):fy($O+h;yO)+52

or
f(@o +h,yo + k) — f(zo + h,yo) = kfy(zo + h, yo) + €2k (4.4)
Addition of (4.1) and (4.4) gives

f(xo+h,yo+ k) — f(xo,90) = hfe(zo,y0) + kfy(xo + hyyo) +e1h + g2k (4.5)

The relation (4.5) is not the form we want; we wish to replace f,(zo + h, yo) by
fy(xo,y0). If we assume that the partial derivative f, is continuous (this is not
necessary for the truth of the result, but it simplifies the calculations), we may
write

fy(@o + hy o) = fy(x0,40) + €3 (4.6)
with e3 — 0 as h — 0. Now, substitution of (4.6) into (4.5) gives

f(xo+ h,yo + k) — f(x0,90) = hfe(T0,y0) + kfy(w0,y0) + R (4.7)

where
R = Elh + €2I€ + Egk.

Then R is “small” relative to h and k in the sense that

R

lim ———==0 4.8
()= (0,0) VA2 + K2 (4.8)
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The quantity v'h? + k2 in the denominator in (4.8) is the distance from the
point (zo,yo) to the point (zg + h,yo + k). We may let x = xo + h,y = yo + k
and write (4.7) in the form

f(x,y) = f(wo,y0) + (x — 20) fz(20, Y0) + (¥ — yo) fy(z0,%0) + R (4.9)

Thus the expression

f(zo,y0) + (x — x0) f2(z0, y0) + (¥ — yo) fy (%0, o) (4.10)

which is linear in « and y, approximates f(x) with an error R. The relation
(4.8) says that the approximation is good if h and k are small, that is, if the
point (z,y) is close to the point (xo, yo). The approximation (4.10) is called the
linear approzimation to f(x,y) at (xo,yo). Just as for functions of one variable,
a function of two variables behaves locally (near (zg,yo)) like a linear function.
The surface

z = f(z0,v0) + (v — x0) fa (0, Y0) + (y — yo)fy(ﬂio, %),

corresponding to the linear approximation is the tangent plane to the surface
z = f(z,y) at the point (xq, yo, f(x0, Y0))-

Example 1. Find the linear approximation to the function f(z,y) = 22 + 3y
at the point (3, —1).

Solution. We calculate f,(x,y) = 2z and fy(z,y) = 6y. Thus f,(3,—1) =6
and fy (3, —1) = —6. Since f(3, —1) = 12, the linear approximation is f(3, —1)+
fa(3, —1)(z—3)+ fy(3,-1)(y+ 1) = 12+ 6(x — 3) — 6(y + 1). While this could
be simplified algebraically to 6x — 6y — 12, it is often preferable to leave the
answer in the form 12+ 6(x — 3) — 6(y + 1).

Example 2. Find the tangent plane to the surface z = z? + 3y? at the point
(3,-1).

Solution. This is a geometric formulation of exactly the same problem as
Example 1. The tangent plane is z = 6(z —3) —6(y+1)+12 or z = 6z — 6y —12.

The local linearity of functions of several variables is the key to many top-
ics in the differential calculus of multivariable functions, including directional
derivatives, the chain rule, implicit differentiation, and the total differential.
However, we shall not explore these topics here. We do, however, give without
proof a useful result on differentiation of integrals that can be proved with the
aid of implicit differentiation.

We consider a function defined by an integral of a function of two variables
with respect to one of the variables whose upper limit of integration is variable,
of the form

F(t):/ f(t, s)ds.



48 CHAPTER 4. MULTIVARIABLE CALCULUS

Functions having this form arise in some general models for disease transmission.
It can be proved that if f(¢,s) and its partial derivative f;(¢, s) with respect to
t, are continuous, then F'(t) is differentiable and

F'(t) :f(t,t)+/ fi(t, s)ds.

This result extends the rule for differentiating integrals given by the fundamental
theorem of calculus.

4.4 Some exercises

1. For the wind-chill index described by Table 4.1,

(a) What wind velocity with temperature 20°F would give the same
wind-chill index as a temperature of 0°F and and a wind velocity of
10 mph?

(b) What temperature with wind velocity 20 mph would give the same
wind-chill index as a temperature of 0°F and a wind velocity of 10
mph?

(c) Is the effect of increasing wind velocity on the wind-chill index more
pronounced on less pronounced as the wind velocity increases?

(d) Describe wind velocity as a function of temperature to give the con-
dition that the wind-chill index is equal to —20°F'.

2. If f is a specified function of one variable, what does the function u(z,t) =
f(z + ct) represent?

3. What are the shapes of the vertical cross sections of the function z =
x? 4+ 92?

4. What are the level curves of the function z = e 9

In each of Exercises 5-8, calculate the partial derivatives of the given

function
5. f(z,y) =a* —axy+y?
6. f(z,y) = e
7. flz,y) = dat/iy3/4
8. f(z,y) x—zgiryyz

9. For the function f(L, K) = bL*K", verify that

Kfk(L, K) + LfL(L, K) = (a + B)f(L, K).
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10. Let W be the wind-chill index function of air temperature 7" and wind
velocity V' described by Table 4.1. Estimate 2% and %—V“// when T =

oT
10,V = 10. In general, what can you say about the sign of %—V}/ and of
%—V‘I//? What appears to be the value of limy _, %—V‘I//?

In each of Exercises 11-12, find the linear approximation to the given
function at the given point, and the tangent plane to the given surface at
the given point.

11. 2 =22 — 492 at (2,1)

12. z =zy at (3,0)

13. For the function f(z,y) = e™¥

(a) Find the linear approximation to f(z,y) at (1,0).
(b) Find the linear approximation to f,(z,y) at (1,0).

(¢) Explain why the partial derivative with respect to x of the linear
approximation to f(x,y) at (1,0) is not the same as the linear ap-
proximation to f;(x,y) at (1,0).
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Part 11

MATRIX ALGEBRA
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Chapter 5

Some Properties of Vectors
and Matrices

5.1 Introduction
A single linear algebraic equation in one unknown has the form
ax =b.

A system of m linear equations in n variables is a system of equations of the
form

a11x1 + a12xX9 + ...+ A1nTn = bl
ag1x1 + a2 + ...+ a2nTn = b2
Am1Z1 + 2o + ...+ GnZn = by,

The language of vectors and matrices makes it possible to write this system in
the simple form Az = b, where A is an m X n matriz and b is a column vector.
We will develop the elementary theory of vectors and matrices to show how to
use this language to simplify the analysis of linear systems. This will be useful
in the study of systems of differential equations that arise in epidemic models.
In models consisting of a system of two differential equations in two unknown
functions the matrices and vectors involved will have m = n = 2, and readers
should interpret the results in this chapter with m = n = 2. We may think
of matrix algebra as machinery that will allow us to simplify the language of
epidemiological models.

93
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5.2 Vectors and Matrices
A real n-vector is an ordered n-tuple of real numbers of the form
v = [a1;a25 <. 'aan]'

We also write v in the form (column vector)

v=1.1- (5.1)

In these notes, we use the form (5.1), since this will simplify calculations
later. The real numbers will be called scalars.
We have the following two vector operations:

1. Addition, which is given by the formula

a1 bl CL1+b1
AR

an by apn + Gy

2. Scalar multiplication, defined by

We define the scalar product (also called inner or dot product) of two vectors
by
ai b1
= Clel + ...+ anbn.

an by

Example 1. Consider the vectors

1 —2
v = 3 , V2 = 1
—2 2
Then
-1 3
vi+ve= 1|41, 3v=19 1,
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vr vz = (1)(=2) + (3)(1) + (-2)(2) = —3.

It is not hard to see that the operations defined above have the following

properties:

u—+v
(u+v) +w
Au +v)
u-(v+w)
u- ()

v+ u
u+ (v +w)
Au + v
VU
U-v+u-w

AU - v

An m xn matrix is an array of mn real numbers with m rows and n columns:

a1 a12

a21 a22
A= . .

Am1 Am?2

(5.2)

The matrix A is also written as A = (a;;). The size of Ais mxn. Matrices of
the same size can be added, and matrices can be multiplied by scalars, according

to the following rules:

ail a1n b11 bln
+ . .
aAm1 Amn bml bmn
ai A1n
Al =
am1 Qmn

Example 2. Consider the matrices

A= —22 _51 g
Then we have
A+ B =
bA =
B =

a11 + b1 G1n + bin
am1 + bml Amn + bmn
Aarq Aa1n
Aaml )\amn
0 -1 3
B = [4 4 —2]
2 —2 6
2 9 -2)
(10 -5 15
-10 25 0]’
[0 1 -3
—4 -4 2|
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The matrix operations satisfy the following properties:

A+B = B+A
A+(B+C) = (A+B)+C
MA+B) = M+AB.

If A= (a;;)is an m x n matrix, and B = (b;) is an n X p matrix, then the
product AB is defined as the m x p matrix given by C' = (¢;;) where

n
Cik = E ijbjk-
i=1

That is, the (i, k)-element of C is the scalar product of the ith row of A and
the kth column of B. Note that the product of two matrices A and B is defined
only when the number of columns of A is equal to the number of rows of B.

Example 3. Let

2 -1 4
A_[_Zz _51 g] B=1|0 1 -1},
-2 0
then
-2 12 9
AB—[—4 7 —13]'

We can check that the matrix product satisfies the following properties

A(BC) = (AB)C
AB+C) = AB+AC
A(\B) = MAB.

It is important to note that the matrix product is not commutative, that is,
in general AB # BA. Moreover, if the product AB is defined, in general BA is
not defined.

A matrix is called a square matriz if the number of its rows is equal to the
number of its columns. The main diagonal of an n x n square matrix A = (a;;)
is the n-tuple (a1, ass, ..., ann). A square matrix D is called a diagonal matriz
if all its elements are zero with the exception of its diagonal:

A0 ..o 0
0 X ... O
D={. . . :

0 0 ... A\
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we also write D as D = diag (A1, A2..., A\n).

Example 4. Let

2 1 4 2 0 0
A=|0 1 —1|, D=0 -1 0| =diag(2,—1,5).
-2 5 0 0 0 5
Then
4 1 20
AD = 0 -1 -5},
-4 =5 0
4 -2 8
DA = 0 -1 1
|10 25 0

The example above suggests the following fact, which is indeed true: If A =

(v1 v2...v,) is a square matrix whose columns are the n-vectors vy, va, . .., vUp,
Uy
U2
and B = | . | is a square matrix whose rows are the n-vectors wuyi, us, ..., un,
Unp
then
Ad1ag ()\1, )\2, ceey )\n) = ()\1’01 )\2’02 e )\nvn) (53&)
)\1’(1,1
A2Uz
d1ag ()\1,)\2, N ,)\n)B = . . (53b)
Anln,

The n x n identity matriz is the matrix I = diag(1,1,...,1), and satisfies
Al =TA=A (5.4)

for all n x n matrices A.
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5.3 Systems of Linear Equations

A system of m linear equations in n variables is a system of equations of the
form

a11x1 + a12x2 + ...+ A1nTn = bl
ag1x1 + a22T2 + ...+ a2nTn = b2
Am1%1 + G2 + ...+ GynTn, = by

We can write this system in the form Az = b, where

A:(aij), xTr = y b:

The information contained in the above system is also contained in the aug-
mented matriz A|b with n+ 1 rows and m columns. The solutions of the system
are not changed by adding a multiple of one equation to another equation, multi-
plication of an equation by a non-zero constant, or interchanging two equations.
This statement is equivalent to the statement that the set of solutions is not
changed if the augmented matrix is subjected to a sequence of elementary row
operations. There are three types of elementary row operations, namely

1. addition of a multiple of one row to another row,

2. multiplication of a row by a non-zero constant,

3. interchange of two rows.

The system can be solved by reducing the matrix A to a triangular matrix

using elementary row operations, a method called the Gauss-Jordan method.
We demonstrate the method by an example.

Example 1. Solve the system

r—3y—52 = =8
—x+2y+4z = 5
2z —by — 11z = -—9.

We add the first row to the second row, subtract double the first row from the
third row and multiply the new second row by —1. Next we add 3 times the
second row to the first row and subtract the second row from the third row.
Finally we subtract the third row from the first row, multiply the third row by
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—1/2, and subtract the third row from the second row. These operations give
the sequence of augmented matrices

1 -3 -5 |-8 1 -3 -5|-8

-1 2 4 15 ~ 0 1 113

2 -5 —-11|-9 0o 1 -1|7
1 0 =21
~ 01 143
0 0 24
1 0 0]-3
~ 01 0|5
0 0 1|-2

Then we may read off the solution from the final form as z = -3,y =5,z = —2.

5.4 The Inverse Matrix

Let A be a square n x n matrix. The inverse of A, if it exists, is a matrix A~!
such that
AAT  =A7tA=1T.

Not every matrix A has a matrix. If A has a matrix, then it is called invertible,
and its inverse is unique.

Example 1. Find the inverse of the matrix

1 -3 -5
A=1|-1 2 4
2 =5 11

The inverse of A must be of the form (5.2), so we have to solve the system of 9
linear equations

As in the previous example, we use the Gauss-Jordan method to solve this
system of equations. The first and last steps of the algorithm are

1 -3 —51]1 00 10 0]-1 —4 -1
-1 2 4010:010—%—%%
2 -5 —11]0 0 1 001 -1 -3
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5.5 Determinants

The determinant of a square matrix is defined inductively by

air a2
det = a11022 — (12021
a1 22
ail a2 e Aln
a2 e a2n
a1 a2 e a2n,
det . . . . = ay1det
aAn2 e Ann
anl an2 e Ann
a1 e a2n
—ai2 det . . + ...
an1l e Ann
a1 az22 ... QAz(n-—1)

—|—(—1)”+1a1n det

anl an2 e an(nfl)

Example 1. Calculate the determinant of the matrix

2 0 1
A=1|1 4 1
0 -2 -1
We have
det A = 2det 11 — 0+ det L4 =2(—4+2)+(-2) = —6.
-2 -1 0 -2
If A= (v1...vy,)is a square n X n matrix whose columns are the vectors

v, then det A is an alternating multilinear form on the columns of A, i. e.

det(vy ...qu+pPv...v,) = adet(vy ... u...v,) (5.5)
+odet(vy ... v ... vp)
det(vi ... v ...v5 ...v,) = —det(vy...v5...0 ... 0p)

From (5.5), we can deduce the following properties of the determinant.

det(vy ...0...v,) = 0 (5.6a)
det(vy ...u...u...v,) = 0 (5.6Db)
det(vy ...u...v+au...v,) = det(vy...u...v...0,). (5.6¢)
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The transpose of a matrix A = (a;;) is the matrix AT = (aj;), i. e. the
matrix whose columns are the rows of A, and whose rows are the columns of A.
If Ais an m x n matrix, then A7 is an n x m matrix.

One can show inductively that

det AT = det A. (5.7)

From (5.7) we conclude that the alternating multilinear properties (5.5-5.6) also
hold for the rows of a matrix.

Example 2. Calculate the determinant of the matrix

1 0 4 3 -1
0 4 2 -2 0

A=1-2 1 -1 3 2
10 4 -2 0 1
4 6 -1 0 3

We use properties (5.5-5.6) applied to the rows of A to calculate this determi-
nant.

1o 4 3 -1 1o 4 3 -1
04 2 -2 0 o1 7 9 0
detA = det |0 1 7 9 0|=—det|0 4 2 -2 0
0 4 —42 =30 11 0 4 —42 =30 11
0 6 —-17 —-12 7 0 6 —-17 —-12 7
1o 4 3 -1
01 7 9 0 -26 —38 0
= —det|0 0 —26 —38 0 |=—det|-70 —66 11
0 0 —70 —66 11 —-59 —66 7
0 0 —59 —66 7
13 19 0
= 2det [—70 —66 11]—2<l3det [:22 171]
—-59 —66 7

—70 11
oae[ 1)

= 2(13(—462 + 726) — 19(—490 + 649)) = 822.

Theorem 1. If A and B are square matrices of the same size, then
det(AB) = (det A)(det B). (5.7a)
If the matrix A has an inverse A~!, then the equation (5.7a) implies
(det A)(det A™1) = 1. (5.8)

Thus, from equation (5.8), we can conclude that if A has an inverse, then
det A # 0. The converse is true and is contained in the following theorem.
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Theorem 2. Let A be an n x n matriz. Then the following are equivalent
1. The system Ax = b has a unique solution for each n-vector b.

2. The matriz A is tnvertible.
3. det A # 0.

Note that if det A = 0, then the system Az = 0 has nonzero solutions x. We
use this fact in the following section.
5.6 Eigenvalues and Eigenvectors
Let A be a square matrix. We say that v # 0 is an eigenvector of A if
Av =l (5.9)

for some scalar! X\ € C. The scalar X is called the eigenvalue of A with respect
to v.2

Example 1. Consider

5 8 -3 1
A=10 =3 0], v=|0
0 0 2 1

Then v is an eigenvector of A with respect to the eigenvalue A = 2:

5 8 =3 |1 2 1
Av=10 -3 0 0] =10 =21{0
0 0 2 1 2 1

We now describe an algorithm to find the eigenvalues of a matrix. First,
note that if v is an eigenvector of A with respect to the eigenvalue A, then A and
v are solutions to the equation (5.9) with v # 0. Equation (5.9) can be written
in the form

(A=A =0, (5.10)

where I is the identity matrix of the same size as A. By theorem 2, equation
(5.10) has a nonzero solution in v if and only if

det(A — AI) = 0. (5.11)

1We now also consider complex numbers as scalars.

2We also say that v is an eigenvector of A with respect to A. Note that for each eigenvector
of a matrix A corresponds a unique eigenvalue; however, several eigenvectors may correspond
to a single eigenvalue.
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Equation (5.11) is called the characteristic equation of the matrix A. Observe
that if A is an n x n matrix, then the characteristic equation (5.11) is a poly-
nomial equation in A of degree n.

Example 2. Calculate the eigenvalues and eigenvectors of the matrix

5 8 =3
A=10 -3 0
0o 0 2

The characteristic of equation of A is given by

5-A 8 -3
O=det(A—A)=det | 0 —3—-XA 0 |=(B-MN(=3-XN2-\.
0 0 2-2X

Thus the eigenvalues of A are A\; = 5, Ao = —3, and A3 = 2. To calculate the
eigenvectors, we solve the equation (5.10) for each A;. Using the Gauss-Jordan
method we obtain that

1 1 1
v = 0 y Vg = -1 y V3 = 0
0 0 1

are the eigenvectors of A with respect to \; =5, A2 = —3, and A3 = 2.

Example 3. Calculate the eigenvalues and eigenvectors of the matrix

110
A=12 0 O
0 0 3
The characteristic of equation of A is given by
1-x 1 0
0 = det| 2 - 0 _(1—)\)det[_0)\ 38)\]—det[§ 38)\]
0 0 3—-2A

= 1=NENGB =) —2B-A) =—(A=3)(A+1)(A—2).

Thus, the eigenvalues of A are then \; = 3, A2 = —1, and A3 = 2. The eigen-
vectors of A with respect to these eigenvalues are, respectively,

0 -1 1
v = 0 5 Vo = 2 5 V3 = 1
1 0 0

Example 4. Find the eigenvalues and eigenvectors of the matrix

=h
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The characteristic equation of A is the equation

1-A 3

O—det[_4 2\

]_)\2—3)\4—14.

Then the eigenvalues of A are

3 VAT, 3 VAT,
)\1254— 5 zand)\2:§— 5 7.

The eigenvectors of A corresponding to A\; and Ay are, respectively,

3 ] [ 3 ]
vy = ) V1 = o
[%+—V;”z A

Let A be an n X n matrix, and suppose that the eigenvalues A1, An, ..., A
are all different. If vy, vs,..., v, are the eigenvectors of A with respect to the
)\1‘, let

D = diag()\l,)\z,...,)\n),

S = (vivg ... vn).

The matrix D is the diagonal matrix whose diagonal elements are the eigenvalues
of A, and S is the matrix whose columns are the eigenvectors of A. Hence

AS = Awive ... vn) = (Avy Ave ... Av,) = (A1v1 Agva ... A\puy)
= (’Ul Vo ... vn)diag()\l,)\g,...,)\n) :SD,

where we have used (5.3a). One can show that the matrix S has an inverse.
Then, we factor A in the form

A=SDS . (5.12)

The expression (5.12) is called the diagonalization of A. Not every matrix has
a diagonalization. If the matrix A has a diagonalization, then we say that A
is diagonalizable. We have seen, in the case where all the eigenvalues of A are
distinct, that A is diagonalizable.

Example 5. Diagonalize the matrix

A:

SN =
w o O

1
0
0
The eigenvalues of A are \y = 3, Ay = 2

with respect to these eigenvalues are

0 1
v = 0 y Vo = 1 y V3 = 2
1 0

, and A3 = —1, and the eigenvectors
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Let
0 1 17
S = |0 1 -2/,
1 0 0]
3 0 0]
D = [0 2 0
0 0 —1

110 01 1730 0o]J[o o 1
2 0 0l=|01 —2[|0o 2 o0]|2/3 1/3 0
00 3 10 oflo o —1]]|1/3 -1/3 0

From (5.3) one can check that
(diag (A1, Ao, - ., An))" = diag (AF, A5, ... AR).
Thus, if A= SDS™!,

AF = (SDSTY)(SDS')---(SDS™')  (k factors)
= SDFSL

If p(x) = apz® + ...+ a12 + ag is a polynomial and A is an n x n matrix, we
define
p(A) = apA* + ...+ a1 A+ aol.

By the above observations, we see that if A is diagonalizable, then

p(A) =p(SDS™') =5 - p(D) - S~ = - diag (p(\1), p(N2), - .., p(An)) - S7".

Example 6. Calculate p(A) where p(x) = 22 — 3z + 14, and

h .

The characteristic equation of A is A2 — 3\ + 14 = 0. Therefore

p(A) = §-p(D) - 571 = § - ding (p(M),p(Ae)) - S = § - diag (0,0)- S = 0.

The above example suggests the following fact, which is indeed true: Every
diagonalizable matrix satisfies its characteristic equation. In fact, one can show
that every matrix satisfies its characteristic equation.
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5.7 Some exercises

In each of Exercises 1-2, calculate the matrix products AB and BA.
2 1 1 -1
S R
0 1 0 1
=l o=l

In each of Exercises 3-5, find all solutions of the system of equations.

1.

xr1 + T2 +$3 =0
xro +$3 = —1
xr1+x2 = 1
4.
$1+2{E2+$3 = 0
Xro +$3 = —1
r1+ 22 = 1
D.
$1+2{E2+$3 = 1
Xro +$3 = —1
xr1+ 22 = 1

In each of Exercises 6-9, calculate the determinant of A.

6.
1 -1
=]
7. i -
-1 2 3
A=13 2 1
-2 4 6
8. i -
2 0 1
A=1{5 -2 3
1 1 1
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9.
1 2 2
A=10 1 1
1 01
In each of Exercises 10-13, find all eigenvalues and eigenvectors of the
matrix A.
10.
-1 4
=
11.
2 1
=
12.
2 -3 3
A=14 -5 3
4 —4 2
13.
0 1 0
A=10 0 1
-6 —-11 -6
14. Can the matrix
2 1
N

be diagonalized?
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Chapter 6

First Order Ordinary
Differential Equations

6.1 Exponential Growth and Decay

The rate of change of some quantity is often proportional to the amount of the
quantity present. This may be true, for example, of the size of a population with
enough resources that its growth is unrestricted, and depends only on an inher-
ent per capita reproductive rate. It can also apply to a decaying population—for
example, the mass of a piece of a radioactive substance. In such a case, if y(t)
is the quantity at time ¢, then y(t) satisfies the differential equation

dyi

— 1
o =W (6.1)

where a is a constant representing the proportional growth or decay rate with a
positive if the quantity is increasing and negative if the quantity is decreasing.
It is easy to verify that y = ce® is a solution of the differential equation (6.1)
for every choice of the constant c. By this we mean that if we substitute the
function y = ce® into the differential equation (6.1) it becomes an identity. If
y = ce, then ¢ = ace® = ay, and this is the necessary verification. Thus
the differential equation (6.1) has an infinite family of solutions (one for every

choice of the constant ¢, including ¢ = 0), namely
y = ce®. (6.2)

In order for a mathematical problem to be a plausible description of a scien-
tific situation, the mathematical problem must have only one solution; if there
were multiple solutions we would not know which solution represents the situ-
ation. This suggests that the differential equation (6.1) by itself is not enough
to specify a description of a physical situation. We must also specify the value
of the function y for some initial time when we may measure the quantity y

71
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and then allow the system to start running. For example, we might impose the
additional requirement, called an initial condition, that

y(0) = yo. (6.3)

A problem consisting of a differential equation together with an initial condition
is called an initial value problem. We may determine the value of ¢ for which the
solution (6.2) of the differential equation (6.1) also satisfies the initial condition
(6.3) by substituting ¢t = 0, y = yo into the form (6.2). This gives the equation

yo=ce’ =c¢

and thus ¢ = yo. We now use this value of ¢ to give the solution of the differential
equation (6.1) which also satisfies the initial condition (6.3), namely y = yoe®
In order to show that this is the only solution of the initial value problem (6.1),
(6.3), we must show that every solution of the differential equation (6.1)is of
the form (6.2).

To prove this, suppose that y(t) is a solution of the differential equation
eqrefdel, that is, that y/(t) = ay(t) for every value of t. If y(t) # 0, division of
this equation by y(t) gives

y'(t)
y(t)

Integration of both sides of (6.4) gives ¢n|y(t)| = at + k for some constant of
integration k. Then

= %€n|y(t)| =a. (6.4)

|y(t>| _ eatJrk _ ekeat'

Because e and e* are positive for every value of ¢, |y(t)| cannot be zero, and

thus y(¢) cannot change sign. We may remove the absolute value and conclude
that y(t) is a constant multiple of e, y = ce*. We note also that if y(t) is
different from zero for one value of ¢ then y(t) is different from zero for every
value of ¢. Thus the division by y(t) at the beginning of the proof is legitimate
unless the solution y(t) is identically zero. The identically zero function is a
solution of the differential equation, as is easily verified by substitution, and it
is contained in the family of solutions y = ce® with ¢ = 0.

The absolute value which appears in the integration produces some compli-
cations which may be avoided if we know that the solution must be non-negative,
so that |y(t)] = y(¢), as is the case in many applications. If we know that a
solution y(t) of the differential equation 3’ = ay is positive for all ¢, we could
replace (6.4) by

d
- t) =
dtény( )

at+k __ _— tek Ceat

and then integrate to obtain ¢ny(t) = at + k, y(t) = e
The logical argument in the above proof is that if the differential equation
has a solution, then that solution must have a certain form. However, it also

derives the form and thus serves as a method of determining the solution.



6.1. EXPONENTIAL GROWTH AND DECAY 73

We now have a family of solutions of the differential equation (6.1). In
order to determine the member of this family which satisfies a given initial
condition, that is, in order to determine the value of the constant ¢, we merely
substitute the initial condition into the family of solutions. This procedure may
be followed in any situation which is described by an initial value problem,
including population growth models and radioactive decay.

Example 1. Suppose that a given population of protozoa develops according
to a simple growth law with a growth rate of 0.6 per member per day, that there
are no deaths, and that on day zero the population consists of two members.
Find the population size after 10 days.

Solution. The population size satisfies the differential equation (6.1) with
a = 0.6, and is therefore given by y(t) = ce’-%. Since y(0) = 2, we substitute
t =0, y = 2, and we obtain 2 = ¢. Thus the solution which satisfies the initial
condition is y(t) = 2¢e%5% and the population size after 10 days is y(10) =
2¢(0-6)(10) — 403 (with population size rounded off to the nearest integer). O

If we know that a population grows exponentially according to an exponen-
tial growth law but do not know the rate of growth we view the solution y = ce®
as containing two parameters which must be determined. This requires knowl-
edge of the population size at two different times to provide two equations which
may be solved for these two parameters.

Example 2. Suppose that a population which follows an exponential growth
law has 50 members at a starting time and 100 members at the end of 10 days.
Find the population at the end of 20 days.

Solution. The population size at time ¢ satisfies y(t) = ce® and y(0) =
50,4(10) = 100. Thus y(0) = 50 = ce®, y(10) = ce'®® = 100. It follows
that ¢ = 50 and 100 = 50e'%%. We obtain !0 = 2, a = 511—02 = 0.0693. Finally,
we obtain

y(20) = 50e20Un2)/10 — 50202 — 50. 92 = 200 O

6.1.1 Radioactive decay

Radioactive materials decay because a fraction of their atoms decompose into
other substances. If y(t) represents the mass of a sample of a radioactive sub-
stance at time ¢, and a fraction k£ of its atoms decompose in unit time, then
y(t + h) —y(t) is approximately —ky(t) and we are led to the differential equa-
tion (6.1) with a replaced by —k. If it is clear from the nature of the problem
that the constant of proportionality must be negative, we will use —k for the
constant of proportionality, giving a differential equation

y = —ky (6.5)

with & > 0.
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Example 3. The radioactive element strontium 90 has a decay constant 2.48 x
1072 years™t. How long will it take for a quantity of strontium 90 to decrease
to half of its original mass?

Solution. The mass y(t) of strontium 90 at time t satisfies the differential
equation (6.7) with k = 2.48 x 1072, If we denote the mass at time ¢t = 0 by
Yo, then y(t) = yo e~ @48X107t  The value of ¢ for which y(t) = yo/2 is the
solution of Yo .

2 =1 o—(2.48x107)t

If we divide both sides of this equation by yo and then take natural logarithms,
we have

1
—(2.48 x 107 2)t = €n§ = —{n2
so that t = (fn2)/(2.48 x 1072) = 27.9 years. O

The time required for the mass of a radioactive substance to decrease to half
of its starting value is called the half-life of the substance. The half-life T" is
related to the decay constant k by the equation

In2
T=—
k
because if y(t) = yoe ™ and (by definition) y(T) = £, then e % = 1 so
that —kT = én% = —/¢n2. For radioactive substances it is common to give the

half-life rather than the decay constant.

Example 4. Radium 226 is known to have a half-life of 1620 years. Find the
length of time required for a sample of radium 226 to be reduced to one fourth
of its original size.

Solution. The decay constant for radium 226 is k = % = 4.28 x 1074
years~!. In terms of k, the mass of a sample at time ¢ is yoe** if the starting
mass is yo. The time 7 at which the mass is yo/4 is obtained by solving the
equation yo/4 = yo e *" or e7*7 = 1/4. Taking natural logarithms we obtain

—kT = ¢n/4, which gives

¥ 1620((n?)

= . D
A s 672 years

The radioactive element carbon 14 decays to ordinary carbon (carbon 12)
with a decay constant 1.244 x 10~* years~!, and thus the half-life of carbon
14 is 5570 years. This has an important application, called carbon dating, for
determining the approximate age of fossil materials. The carbon in living matter
contains a small proportion of carbon 14 absorbed from the atmosphere. When
a plant or animal dies, it no longer absorbs carbon 14 and the proportion of
carbon 14 decreases because of radioactive decay. By comparing the proportion
of carbon 14 in a fossil with the proportion assumed to have been present before
death, it is possible to calculate the time since absorption of carbon 14 ceased.
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Example 5. Living tissue contains approximately 6 x 10'% atoms of carbon 14
per gram of carbon. A wooden beam in an ancient Egyptian tomb from the
First Dynasty contained approximately 3.33 x 10'? atoms of carbon 14 per gram
of carbon. How old is the tomb?

Solution. The number of atoms of carbon 14 per gram of carbon, y(t), is given
by y(t) = yoe ™", with yo = 6 x 101, k = 1.244 x 1074, and y(t) = 3.33 x 10'°
for this particular ¢ value. Thus the age of the tomb is given by the solution of

the equation
o~ (1.244x107 Yt _ 3.33x 109 3.33

6x 1010 6’
and if we take natural logarithms this reduces to
n3.33 — Inb6
= = . O
t 1201 < 103 4733 years

6.2 Solutions and Direction Fields

By a differential equation we will mean simply a relation between an unknown
function and its derivatives. We will confine ourselves to ordinary differential
equations, which are differential equations whose unknown function is a function
of one variable so that its derivatives are ordinary derivatives. A partial differ-
ential equation is a differential equation whose unknown function is a function of
more than one variable, so that the derivatives involved are partial derivatives.
The order of a differential equation is the order of the highest-order derivative
appearing in the differential equation. In this chapter we shall consider first-
order differential equations, relations involving an unknown function y(t) and its
first derivative y/(t) = %. The general form of a first-order differential equation
is

v == r), (6.6)

with f a given function of the two variables ¢ and y.
By a solution of the differential equation (6.6) we mean a differentiable
function y of ¢ on some t-interval I such that, for every ¢ in the interval I,

Y (1) = fty(t).

In other words, differentiating the function y(¢) results in the function f(¢, y(t)).
For example, we have seen in the preceding section that, whatever the value of
the constant ¢, the function y = ce® is a solution of the differential equation
y' = ay on every t-interval. We see this by differentiating ce®® to get ace?,
which we can rewrite as ay.

To verify whether a given function is a solution of a given differential equa-
tion, we need only substitute into the differential equation and check whether

it then reduces to an identity.

Example 1. Show that the function y = H% is a solution of the differential
2

equation y' = —y*.
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Solution: For the given function,

dyi 1 _ 2
at ~ (t+132 Y

and this shows that it is indeed a solution. O

In the same way we can verify that a family of functions satisfies a given
differential equation. By a family of functions we will mean a function which
includes an arbitrary constant, so that each value of the constant defines a
distinct function. The family ce®, for instance, includes the functions e®, —4e°?,
12¢%, and v/3 €%, among others. When we say that a family of functions satisfies
a differential equation, we mean that substitution of the family (i.e., the general
form) into the differential equation gives an identity satisfied for every choice of
the constant.

Example 2. Show that for every ¢ the function y = HLC is a solution of the

differential equation 3y = —y?.

Solution: For the given function,

dy _ 1 2

at - (t+ez U

and thus each member of the given family of functions is a solution. O

In applications we are usually interested in finding not a family of solu-
tions of a differential equation but a solution which satisfies some additional
requirement. In the various examples in Section 5.1 the additional requirement
was that the solution should have a specified value for a specified value of the
independent variable t. Such a requirement, of the form

y(to) = vo (6.7)

is called an initial condition, and tg is called the initial time while yg is called
the initial value. A problem consisting of a differential equation (6.1) together
with an initial condition (6.2) is called an initial value problem. Geometrically,
an initial condition picks out the solution from a family of solutions which
passes through the point (tp,yo) in the ¢t-y plane. Physically, this corresponds
to measuring the state of a system at the time tp and using the solution of the
initial value problem to predict the future behavior of the system.

Example 4. Find the solution of the differential equation ¢/ = —y? of the form
y= HLC which satisfies the initial condition y(0) = 1.

Solution: We substitute the values t = 0, y = 1 into the equation y = and

1
t+c’
we obtain a condition on ¢, namely 1 = %, whose solution is ¢ = 1. The required

solution is the function in the given family with ¢ = 1, namely y = 5. O
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Example 5. Find the solution of the differential equation 3’ = —y? which
satisfies the general initial condition y(0) = yo, where yo is arbitrary.

Solution: We substitute the values t = 0, y = yo into the equation y = HLC
and solve the resulting equation yo = % for ¢, obtaining ¢ = yio provided gy # 0.

Thus the solution of the initial value problem is

1
y = 1 2
(t+ )
except if yg = 0. If yg = 0, there is no solution of the initial value problem of the
given form; in this case the identically zero function, y = 0, is a solution. We
have now obtained a solution of the initial value problem with arbitrary initial
value at y = 0 for the differential equation 3/ = —y2. O

A family of solutions may arise if we are considering a differential equation
with no initial condition imposed, and we will then also be concerned with the
question of whether the given family contains all solutions of the differential
equation. To answer this question, we will need to make use of a theorem which
guarantees that each initial value problem for the given differential equation
has exactly one solution. More specifically, if an initial value problem is to be a
usable mathematical description of a scientific problem, it must have a solution,
for otherwise it would be of no use in predicting behavior. Furthermore, it should
have only one solution, for otherwise we would not know which solution describes
the system. Thus for applications it is vital that there be a mathematical theory
telling us that an initial value problem has exactly one solution. Fortunately,
there is a very general theorem which tells us that this is true for the initial
value problem (6.6), (6.3) provided the function f is reasonably smooth. We
will state this result and ask the reader to accept it without proof because the
proof requires more advanced mathematical knowledge than we have at present.

EXISTENCE AND UNIQUENESS THEOREM: If the function f(¢,y)
is differentiable with respect to y in some region of the plane which contains
the point (tg,yo), then the initial value problem consisting of the differential
equation y' = f(¢,y) and the initial condition y(t9) = yo has a unique solution
which is defined on some t-interval containing ¢o in its interior.

Even though the function f(¢,y) may be well-behaved in the whole -y plane,
there is no assurance that a solution will be defined for all ¢. As we have seen
in Example 1, the solution y = H% of ¥ = —y?, y(0) = 1 exists only for
—1 <t < 0. As we have seen in Example 2, each solution of the family of
solutions y = HLC has a different interval of existence. In Example 5 we have
shown how to rewrite a family of solutions for a differential equation in terms of
an arbitrary initial condition — that is, as a solution of an initial value problem
for that differential equation. We have also seen how to identify those initial
conditions which cannot be satisfied by a member of the given family. Often

there are constant functions which are not members of the given family but
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which are solutions and satisfy initial conditions that cannot be satisfied by a
member of the family. The existence and uniqueness theorem tells us that if
we can find a family of solutions, possibly supplemented by some additional
solutions, so that we can find this collection contains a solution corresponding
to each possible initial condition, then we have found the set of all solutions of
the differential equation.

A differential equation which arises in various applications, including models
for population growth and spread of rumors, is the logistic differential equation,

’ Y
y =ryl—4) (6.8)
containing two parameters » and K. The basic idea behind this form is that
instead of a constant per capita growth rate r as in the exponential growth
equation it is more realistic to assume that the per capita growth rate decreases
as the population size increases. The form 1 — 2 used in the logistic equation is
the simplest form for a decreasing per capita growth rate. We may verify that

for every constant ¢ the function

K

= 6.9
14 cert (6.9)

Y

is a solution of this differential equation. To see this, note that for the given
function y,

,  Kere
V= Tree
and
1_£:K—y: ce™ Tt '
K K (14 ce )
Thus o
(- 2y = Ly,

K (14 cert)2
and the given function satisfies the logistic differential equation for every choice
of c.

To find the solution which obeys the initial condition y(0) = yo, we substitute

t =0, y = yo into the form (6.9), obtaining %C = go which implies ¢ = %
as long as yo # 0 and gives the solution
K Kyo
Y= — = 6.10
1+ (%)e*” Yo+ (K —yo)e "t (6.10)

to the initial value problem with yg # 0. Note that the denominator begins at
K (for ¢t = 0) and moves toward yo as ¢ — co. Now suppose that K represents
some physical quantity such that K > 0. It is easy to see from the form (6.10)
that if yo > 0, then the solution y(t) exists for all t > 0, and lim; o y(t) = K. If
Yo < 0, then this solution does not exist for all ¢ > 0, because y(t) — —oo where
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™ — 0, or t — —log(2).

the denominator changes sign: as yo + (K — yo)e~ yre=m
If yo = 0, the solution of the initial value problem is not given by (6.10), but is
the identically zero function y = 0. We observe that the family of solutions (6.9)
of the logistic differential equation (6.8) includes the constant solution y = K
(with ¢ = 0) but not the constant solution y = 0. The existence and uniqueness
theorem shows that, since we have now obtained a solution corresponding to
each possible initial condition, we have obtained all solutions of the logistic
differential equation.

The geometric interpretation of a solution y(t) to a differential equation (6.6)
is that the curve y = y(t) has slope f(t,y) at each point (¢,y) along its length.
Thus we might think of approximating the solution curve by piecing together
short line segments whose slope at each point (¢,y) is f(¢,y). To realize this
idea, we construct at each point (¢,%) in some region of the plane a short line
segment with slope f(¢,y). The collection of line segments is called the direction
field of the differential equation (6.6). The direction field can help us to visualize
solutions of the differential equation since at each point on its graph a solution
curve is tangent to the line segment at that point. We may sketch the solutions
of a differential equation by connecting these line segments by smooth curves.

Drawing direction fields by hand is a difficult and time-consuming task.
There are computer programs, both self-contained and portions of more elab-
orate computational systems such as Maple, Matlab, and Mathematica, which
can generate direction fields for a differential equation and can also sketch solu-
tion curves corresponding to these direction fields. We give some examples here
which have been produced by Maple; the reader with access to a facility which is
capable of drawing direction fields is urged to reproduce these examples before
trying to produce other direction fields.

A direction field and some solutions of the differential equation 3y = y are
shown in Figure 6.1. The direction field suggests exponential solutions, which
we know from Section 6.1 to be correct.

A direction field and some solutions of the differential equation y' = y(1—1y)
are shown in Figure 6.2. The direction field indicates that solutions below the
t-axis are unbounded below while solutions above the t-axis tend to 1 as t — oo,
consistent with what we have established for this logistic differential equation.

The geometric view of differential equations presented by the direction field
will appear again when we examine some qualitative properties in Section 6.6.

6.3 Equations with Variables Separable

In this section we shall learn a method for finding solutions of a class of differ-
ential equations. The method is based on the method we used in Section 6.1 for
solving the differential equation of exponential growth or decay, and is appli-
cable to differential equations with variables separable. A differential equation
y' = f(t,y) is called separable or is said to have variables separable if the function
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Figure 6.2: Direction field and solutions for y' = y(1 — y)

f can be expressed in the form

[t y) =p(t)a(y). (6.11)
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In particular, if f is independent of ¢ and is a function of y only, the differential
equation (6.6) is separable; such an equation is said to be autonomous. The
reason for the name separable is that the differential equation can then be
written as

ay) P(t)

with all the dependence on y on the left and all the dependence on ¢t on the
right hand side of the equation, provided that ¢(y) # 0. For example, 3y = lf;’tz
and 3y = y? are both separable, whereas y/ = sint — 2ty is not separable.
The examples discussed in Section 6 .1 are also separable and the method of
solution described for equation (6.1) of Section 6.1 is a special case of the general
method of solution to be developed for separable equations. Before explaining

this general technique, let us work out some more examples.

Example 1. Find all solutions of the differential equation

y=-y.
Solution: We divide the equation by 3?, permissible if y # 0, to give

1 dy 1

y2 dt
We then integrate both sides of this equation with respect to ¢. In order to
integrate the left side of the equation we must make the substitution y = y(t),
where y(t) is the (as yet unknown) solution. This substitution gives

1d d
/——ydt: —y:—l—i-c
y? dt y? Yy

and we obtain 1
——=—t—c (6.12)
Y
ory = HLC, with ¢ a constant of integration. Observe that no matter what
value of ¢ is chosen this solution is never equal to zero. We began by dividing
the equation by y?, which was legitimate provided y # 0. If y = 0, we cannot
divide, but the constant function y = 0 is a solution. We now have all the
solutions of the differential equation, namely the family (6.12) together with
the zero solution. O

Example 2. Solve the initial value problem

y =-y*, y(0)=1.

Solution: We begin by using a more colloquial form of separation of variables
than the procedure of Example 1. We write the differential equation in the form
4y — _y? and separate variables by dividing the equation through by 3 to give

dyi

dt.
2
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This form of the equation is meaningless without an interpretation of differen-

tials, but the integrated form
d
—/%:/ﬁ
Y

is meaningful. Carrying out the integration, we obtain 1 =t 4 ¢, where c is a
constant of integration. Since y = 1 for t = 0 we may substitute these values
into the solution and obtain 1 = ¢. Substituting this value of ¢ we now obtain

1
- =t+1.
Y

Solving for y, we obtain the solution y = H%, and we may easily verify that
this is a solution of the initial value problem, defined for all ¢ > 0. O

The version of separation of variables used in Example 2 is easier to apply
in practice than the more precise version used in Example 1. When we treat
the general case we will justify this approach.

Example 3. Solve the initial value problem

y =y y0)=0.

Solution: The procedure used in Example 1 leads to the family of solutions
Yy = HLC for the differential equation 3y’ = —y?. When we substitute t = 0, y = 0
and attempt to solve for the constant ¢, we find that there is no solution. When
we divided the differential equation by y? we had to assume y # 0, but the
constant function y = 0 is also a solution of the differential equation, as may
easily be verified. Since this function also satisfies the initial condition, it is the
solution of the given initial value problem. O

Let us now apply the technique of Example 2 to show how to obtain the
solution in the general case of a differential equation with variables separable.
We will make use of the idea of the definition of the indefinite integral of a
function as a new function whose derivative is the derivative of the give function.
We first solve the differential equation

y =pt)a(y) (6.13)

where p is continuous on some interval a < ¢ < b and ¢ is continuous on some
interval ¢ < y < d. We solve the differential equation (6.13) by separating
variables as in Example 1 dividing by ¢(y) and integrating to give

d

/—gci/ﬂﬂﬁ+c (6.14)
q(y)

where c is a constant of integration. We now define

[ dy -
Q) = / L P)= / p(t)dt,
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by which we mean that Q(y) is a function of y whose derivative with respect to
y is @ and P(t) is a function of ¢ whose derivative with respect to ¢ is p(t).

Then (6.14) becomes
Qy) = P(t)+c (6.15)

and this equation defines a family of solutions of the differential equation (6.13).
To verify that each function y(t) defined implicitly by (6.15) is indeed a solution
of the differential equation (6.13), we differentiate (6.15) implicitly with respect
to t, obtaining

=
<

: 0

a(y() dt "

on any interval on which ¢(y(t)) # 0, and this shows that y(¢) satisfies the

differential equation (6.13). There may be constant solutions of (6.13) which are

not included in the family (6.15). A constant solution to the original equation
(6.13) corresponds to a solution of the equation ¢(y) = 0.

In order to find the one solution of the differential equation (6.13) which
satisfies the initial condition y(ty) = yo, it will help to be more specific in the
choice of the indefinite integrals Q(y) and P(t). We let Q(y) be the indefinite
integral of &~ such that Q(yy) = 0, and we let P(t) be the indefinite integral of

a(y)
p(t) such that P(tg) = 0. Then, because of the fundamental theorem of calculus,

we have
Q@—L{@aP@—fﬂwm

0 q(u) to

and we may write the solution (6.15) in the form

ity f o

Now substitution of the initial conditions t = ¢y, y = yo gives ¢ = 0. Thus the
solution of the initial value problem is given implicitly by

/yy % N /t:p@ ds (6.16)

We have now solved the initial value problem in the case g(yo) # 0. Since
y(to) = yo and the function ¢ is continuous at yo, ¢(y(t)) is continuous, and
therefore ¢(y(t)) # 0 on some interval containing ¢y (possibly smaller than the
original interval ¢ < ¢ < b). On this interval, y(¢) is the unique solution of the
initial value problem. If ¢(yo) = 0 we have the constant function y = gy as a
solution of the initial value problem in place of the solution given by (6.16).

We shall see in Section 7.5 that the constant solutions of a separable differ-
entiable equation (6.13) play an important role in describing the behavior of all
solutions as t — oo.

The differential equation
y =—ay+b (6.17)
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where a and b are given constants, appears in some of the examples in Sec-
tion 7.4. In order to solve it, we separate variables, obtaining

d
[ = [
—ay+b

1
——Iln(—ay+b)=t+c
a

Integration gives

with ¢ an arbitrary constant of integration. Algebraic solution now gives

h(—ay+b) = —a(t+c)
—ay + I efa(t+c) — g—ac —at
ay = b—e e
b efac —at
Y= a7 a ¢

e—ac

We now rename the arbitrary constant — as a new arbitrary constant, which
we again call ¢, and obtain the family of solutions

b
y=-—+ ce” (6.18)

In our separation of variables we overlooked the constant solution y = g, but
this solution is contained in the family (6.18).
In order to find the solution of (6.17) which satisfies the initial condition

y(0) = o (6.19)

we substitute ¢ = 0, y = yo into (6.18), obtaining
b
Yo =—+¢
a

or c=1yp — g. This value of ¢ gives the solution

b b —at b —at —at
y=_+o— )™ =—(1-e")+yoe (6.20)
of the initial value problem.

The solutions (6.18) and (6.20) have been obtained without regard for the
sign of the coefficients b and a. We will think of @ in (6.18) and (6.20) as positive,
and will rewrite the solutions for a negative by making the replacement r = —a,
thinking of r as positive. The result of this is that the solutions of the differential
equation

Yy =ry+b (6.21)

are given by the family of functions

b
y=——+ce’ (6.22)
’
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and the solution of the differential equation (6.21) which satisfies the initial
condition (6.19) is

y= —2(1 —e™) 4+ yoet = g(e” —1) + yoe™. (6.23)
In applications, the specific form of the solution of a differential equation is
often less important than the behavior of the solution for large values of ¢.
Because e * — 0 as t — oo when a > 0, we see from (6.18) that every
solution of (6.17) tends to the limit 2 as ¢t — oo if a > 0. This is an example
of qualitative information about the behavior of solutions which will be useful
in applications. In Section 7.5 we shall examine other qualitative questions—
information about the behavior of solutions of a differential equation which
may be obtained indirectly rather than by explicit solution.

To conclude this section, we return to the logistic differential equation (6.8)
whose solutions were described in Section 7.2. In Section 7.2, we verified that
the solutions were given by equation (6.9) but did not show how to obtain
these solutions. The differential equation (6.8) is separable, and separation of
variables and integration gives

J =

provided y # 0, y # K. In order to evaluate the integral on the left hand side,
we use the algebraic relation (which may be obtained by partial fractions)

K 1 1

[ +
yK-y) vy K-y

and then rewrite

Kd d d
/ Ll /—y—i- —y:€n|y|—€n|K—y|:Tt+c,
y K-y

y(K —y)
SO y
| |=rt+e
n K—y rt +c
We can now exponentiate both sides of the equation to obtain
y — ertJrc — ert ec'
K-y

If we remove the absolute value bars from the left-hand side, we can define a
new constant C' on the right-hand side, equal to e7© if 0 < y < K, and equal
to —e~¢ otherwise, thus rewriting the right-hand side as ée”. Finally, we solve
for y, and obtain the family of solutions

- K

14+ Cert
as in Section 7.2. This family contains all solutions of (6.8) except for the
constant solution y = 0. A qualitative observation is that if > 0 every positive

solution approaches the limit K as ¢t — oco. (The only other non-negative
solution is the constant solution y = 0.)

Y (6.24)
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6.4 Some Applications of Separable Equations

In this section we describe problems from various topics which lead to separable
differential equations as models. While we wish to point out the breadth and
variety of examples, our main goal is to encourage some understanding of the
modelling process in areas of interest to the reader.

6.4.1 The spread of infectious diseases

Consider a population of constant size K in which an infectious disease is intro-
duced. We divide the population into two classes: susceptibles (not infected)
and infectives (infected and contagious). Let S(t) denote the number of sus-
ceptibles and let I(t) denote the number of infectives, so that S(t) + I(t) = K.
We assume that the disease is spread from infectives to susceptibles through
contact. Suppose that an “average” infective makes potentially infective con-
tacts with a constant number K of individuals in unit time. Then, presumably
BI(t) of these individuals are already infected, and the number of new infections
caused by an “average” infective in unit time is 3S(¢). Thus the total number
of new infections in unit time is GS(¢)I(t). We assume also that on recovery
infectives have no immunity against re-infection and return to the susceptible
class. Finally, we assume that in unit time a fraction 7 of the infectives recover,
so that the number of recoveries in unit time is I (¢). This assumption is equiv-
alent to the assumption that for each s > 0 the fraction of the infectives who
remain infective for a time interval s is e™7°, and that the average length of the
infective period is 1/7.

We may formulate a model to describe S(t) and I(t) by thinking of a flow
rate 3SI from the susceptible class to the infective class and a flow rate I
from the infective class to the susceptible class. As noted with some previous
population models, S and I should, properly speaking, take on only integer
values, to count individuals. However, we will allow them to be real-valued in
this model, and consider the model either as an approximation valid for large
populations K, or (if we set K = 1) as a representation of proportions of the
population susceptible and infective. (Models for small populations are usually
written as discrete processes, and stochasticity also plays an important role on
this scale.)

We now have a pair of differential equations

S = —BSI+~I (6.25)
I' = BSI—AI,

a model first described by W. O. Kermack and A. G. McKendrick [W. O.
Kermack and A. G. McKendrick, Contributions to the mathematical theory
of epidemics, Part II, Proc. Royal Soc. London 138 (1932), 55-83]. Since
S(t) + I(t) = K for all ¢, we may replace S by K — I and describe the situation
by a single differential equation

I' =BI(K —I) —~yI = (BK — ) — BI* (6.26)
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The differential equation (6.26) has the same form as the logistic equation
(6.8), with r replaced by SK —~ and K replaced by (ﬁKﬁ*V) =K- % There is

an important difference between (6.26) and (6.8), namely that in our discussion
of the solutions of (6.8) we used > 0, and in (6.26) it is possible for SK — ~
to be either positive or negative. If we examine the solution (6.9) of (6.8), we
may easily see that if » > 0, then lim;_, y(t) = K for every solution y(t) with
y(0) > 0, while if » < 0, then lim;, y(t) = 0 for every solution y(¢) with
y(0) > 0. If we translate this result to (6.26), we see that if SK/y < 1, then
lim; oo I(t) = 0, while if BK/v > 1, then limy_oo I(t) = K — 3 > 0.

This result is the famous threshold theorem of Kermack and McKendrick: If
the quantity SK/, called the basic reproduction number, is less than 1, then the
number of infectives approaches zero, and the number of susceptibles approaches
K. In epidemiological terms this means that the infection dies out. On the other
hand, if the basic reproduction number SK /v exceeds 1, then the number of
infectives remains positive and tends to a positive limit. In epidemiological
terms, this means that the infection remains endemic. The quantity 8K/~
represents the number of secondary infections caused by each infective over the
duration of the infection. Since K is a number of contacts per infective in unit
time, the dimensions of 3K are time™'. Thus the basic reproduction number
BK /7 is dimensionless, and does not depend on the units used in describing the
model.

Another infectious disease model describes an epidemic in which infectives
either recover with immunity against reinfection or die of the disease. This
differs from the model (6.25) in that the rate vI of departure from the infective
class is now a rate of entry into a third class R of removed members. This gives
the system

S = —pSI
I' = BSI—~I (6.27)
R = ~I,

another model first described by W. O. Kermack and A. G. McKendrick [W. O.
Kermack and A. G. McKendrick, Contributions to the mathematical theory of
epidemics, Proc. Royal Soc. London 115 (1927), 700-721]. We may discard the
third equation of this system since R is determined once S and I are known.
We separate variables in the first equation of (6.27) and rewrite it as

S/
g = 615
which we may integrate to give

nS((0) —nS(t) = 6/0 I(s)ds.

This equation does not give a solution of (6.27) because I is not known, but it
is a valid relation that yields useful information about solutions when combined
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with the result

S(0) — S(t) — I(t) = 3 /0 I(s)ds

of integrating the equation
(S+1) =-—I

obtained by adding the first two equations of (6.27) (see Section 7.5.2).

6.4.2 Drug dosage

When a dosage of a drug is administered to a patient, the concentration of the
drug in the blood increases. Over time, the concentration decreases as the drug
is eliminated from the body. The question we would like to model is how the
concentration of drug in the blood changes with repeated doses of the drug.

Experimental evidence indicates that the rate of elimination is proportional
to the concentration of drug in the bloodstream. Thus we assume that, if C(¢)
is a function representing the concentration of drug in the blood at time ¢, its
derivative is given by

C'(t) = —qC(t).

Here ¢ is a positive constant, called the elimination constant of the drug. We
assume also that when a drug is administered, it is absorbed completely immedi-
ately. This is certainly at best an approximation to the truth, probably a better
approximation for a drug injected directly into the bloodstream than for a drug
taken by mouth. Let us assume that the drug is administered regularly at fixed
time intervals of length 7' with a dose capable of raising the concentration in
the blood by A. Then if we begin with an initial dose A at time ¢ = 0, C(¢)
satisfies the initial value problem C’(t) = —¢C(t), C(0) = A until the second
dose. Thus for 0 < ¢ < T, we have C(t) = Ae™ 9", and just before the second
dose at time T, C(T~) = Ae 7.

We let C; be the concentration at the beginning of the ith interval and R;
the residual concentration at the end of the ith interval; we have shown that
C1 = A, Ry = Ae™ 9T, After the second dose, Cy = A + Ae™ 9T = A(1 +e~97).
The residual concentration at the end of each interval is the concentration at
the beginning of the interval multiplied by e~97" and the dose at the beginning
of the next interval is this residual concentration plus A. Thus we obtain

Co=A(1+ e*‘IT), Ry = A1+ equ)equ _ A(equ + e—2qT>'
Next we see that
Cy = A+ Ale” T +e720) = A(1+e T e 20T, Ry = A(e™ 1 e 21 e %1,

We may give a simpler expression for each of these by using the formula for the
sum of a geometric series,

2 3 n L—pnt!
1+r"+r°+...+7r =T
—r
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to obtain
1 —e 34T 1= e—34T

— — —q —
Cg_Al—equ, R3—A€ 1—67‘1T'

From this we may conjecture (and prove by induction) that for every positive
integer n,

1— efan 1— efan

_ - = _ —qTr -
C"_Al—e*qT’ R, = Ae [~ o=l

As n — oo, e T — 0 because e~ 97 < 1. Thus C,, and R,, approach limits C
and R respectively as n — oo, and

A Ae—1T

Czl—e*qT’ T 1-edT

It is easy to see that both the initial and residual concentration increase with
each dose but never exceed the limit values. For example, if a drug with an
elimination constant of 0.1 hours™' is administered every 8 hours in a dosage

of 1 mg/L, the limiting residual concentration is % = 0.816 mg/L.

If the time interval between doses is short, e97 is close to 1, and the ratio
% of residual concentration to dose is
e~ T 1
el el _|

which is large. On the other hand, if the time interval between doses is long,
each R, is close to zero and each (), is close to A; we have a concentration of A
gradually dissipating to almost zero and then a repetition of the same process.

6.4.3 Allometry

Let z(t) and y(t) be the sizes of two different organs or parts of an individual
at time ¢t. There is considerable empirical evidence to suggest that the relative
growth rates %fl—f and %Z—% are proportional. This means that there is a constant
k, depending on the nature of the organs, such that

ldy _ lde

2 _kZ 2
y dt x dt (6.28)

The relation (6.28) is called the allometric law. The single equation (6.28) does
not provide enough information to determine = and y as functions of ¢, but we
can eliminate ¢ and obtain a relation between x and y. If we consider y as a
function of x, then according to the chain rule of calculus,

dy _dy jde
de — dt/ dt

Combining (6.28) and (6.29) we have

(6.29)

d
dy _,y

dxr T
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which is easily solved by separation of variables to give logy = kfnz + a, and
finally
y = eFineen — ghet — cpk, (6.30)

In order to determine the constant ¢, we need the values of z and y at some
starting time.

In experiments, one might measure both x and y at various times and then
use these measurements to plot /n y against n x, that is, to plot the experimen-
tal data on logarithmically scaled graph paper. According to the relation (6.30),
the graph should be a straight line with slope k and y-intercept a = fnc. Be-
cause of experimental error, the points may not line up perfectly, but it should
be possible to draw a line fitting the data reasonably well. One can then mea-
sure the slope and y-intercept of the line to determine the constants k£ and c¢ in
the relation (6.30). A more accurate procedure would be to use the method of
least squares to estimate the slope and y-intercept of the line.

6.5 Qualitative Properties of Differential Equa-
tions

We have seen some instances in which all solutions of a differential equation, or
at least all solutions with initial values in some interval, tend to the same limit
as t — oo. Two examples are the (separable) linear differential equation with
constant coefficients
y = —ay+0b (6.31)
for which every solution approaches the limit % as t — oo provided a > 0 (Sec-
tion 7.3), and the logistic differential equation (6.8) for which every solution with
positive initial value approaches the limit K as t — oo (Section 7.3) if » > 0. In
applications we are often particularly interested in the long-term behavior of so-
lutions, especially since many of the models we develop will be complex enough
to make finding an explicit solution impractical. In this section, we describe
some information of this nature which may be obtained indirectly, without ex-
plicit solution of a differential equation. Properties of solutions obtained without
actually finding an expression for the solutions are called qualitative properties.
We shall study only differential equations which do not depend explicitly on
the independent variable ¢, of the general form

Y =9(y) (6.32)

Such differential equations are called autonomous. We will always assume that
the function g(y) is sufficiently smooth that the existence and uniqueness the-
orem of Section 7.2 is valid, and there is a unique solution of the differential
equation (6.32) through each initial point. An autonomous differential equation
is always separable, but if the integral [ % is difficult or impossible to evalu-
ate, solution by separation of variables is impractical. In Section 7.3, when we
established the method of separation of variables, we pointed out the possibility
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of constant solutions which do not come from separation of variables. It will
turn out that examination of these constant solutions is of central importance
in the qualitative analysis.

In order to analyze the behavior as t — oo of the solutions of the differential
equation (6.32), and how this is determined from the nature of the constant solu-
tions, we will need to use some properties of autonomous differential equations.
We will describe these properties and illustrate them by referring to the logistic
equation (6.8), and then we will combine them to give a general procedure for
describing the behavior as ¢ — oo of all solutions of an autonomous differential
equation by examining the constant solutions. For simplicity, we shall consider
only non-negative values of ¢, and we will think of solutions as determined by
their initial values for ¢ = 0.

Property 1: If 5 is a solution of the equation g(y) = 0, then the constant
function y = 7 is a solution of the differential equation y’ = g(y). Conversely,
if y = ¥ is a constant solution of the differential equation ¢y = g(y) then 7 is a
solution of the equation g(y) = 0.

To establish this property, which we have already used in Section 7.3, we
need only observe that because the derivative of a constant function is the zero
function, a constant function y = § is a solution of (6.32) if and only if g(g) = 0.
A solution 7 of g(y) = 0is called an equilibrium or critical point of the differential
equation (6.32), and the corresponding constant solution of (6.32) is called an
equilibrium solution.

Example 1. Find the equilibrium points and equilibrium solutions of the logis-
tic differential equation (6.8).

Solution: For the logistic differential equation, g(y) = ry (1 — %), and the so-
lutions of g(y) = 0 are y = 0 and y = K. Thus 0 and K are the only equilibria,
and y = 0,y = K are the corresponding equilibrium solutions of the logistic
differential equation. O

The graphs of equilibrium solutions of an autonomous differential equation
(6.32) are horizontal lines which separate the ¢t — y plane into horizontal bands
of the form

{ty)[t=0,9 <y <wy2}

where y; and yo are consecutive equilibria of (6.32), with no equilibrium of
(6.32) between y; and ys. See Figure 6.3 in Example 2 for an illustration.

Property 2: The graph of every solution curve of the differential equation
y' = ¢g(y) remains in the same band and is either monotone increasing [y (t) > 0]
or monotone decreasing [y (t) < 0] for all t > 0, depending on whether g(y) > 0
or g(y) < 0 respectively in the band.

Suppose that y; and ys are consecutive equilibria of (6.32) and that y; <
y(0) < ya. If g(y) is indeed smooth enough to apply the existence and uniqueness
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theorem of Section 7.2, then the graph of a solution cannot cross either of the
constant solutions which form the boundaries of the band — or else at the
crossing there would be a point in the t — y plane with two solutions passing
through it, violating the uniqueness. Therefore the solution must remain in
this band for all ¢ > 0. If, for example, g(y) > 0 for y;3 < y < y2, then
y'(t) = g{y(t)} > 0 for ¢t > 0, and the solution y(¢) is monotone increasing. A
similar argument shows that if g(y) < 0 for y13 < y < y2, the solution y(t) is
monotone decreasing.

If y(0) is above the largest equilibrium of (6.32), the band containing the
solution is unbounded, and if g(y) > 0 in this band, then the solution y(¢) may
be (positively) unbounded and does not necessarily exist for all ¢ > 0. Likewise,
if y(0) is below the smallest equilibrium of (3) and if g(y) < 0 in the band
containing the solution, then the solution may be unbounded (negatively) and
may fail to exist for all ¢ > 0.

Example 2. Describe the bands for the logistic differential equation (6.32) with
r > 0, and find which solutions are increasing.

Solution: Since there are two equilibriay = 0 and y = K, there are three bands
to consider (Figure 6.3). If y > K (Band 1), the function g(y) = ry (1 — %)
is negative, and therefore solutions y(t) of (6.8) with y(0) > K are decreasing
for all t. If 0 < y < K (Band 2), the function g(y) is positive, and therefore
solutions y(t) with 0 < y(0) < K are increasing for all t. If y < 0 (Band 3),
g(y) is negative, so that solutions y(t) with y(0) < 0 are decreasing for all ¢. O

y
Band 1
y(t) decreasing
K ,,,,,,,,,,,,,,,,,,,,
Band 2
y(t) increasing
0 t
Band 3
y(t) decreasing

Figure 6.3: The t — y plane divided into bands by the equilibria of the logistic
equation
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Property 3: Every solution of the differential equation ' = g(y) which
remains bounded for 0 < ¢ < co approaches a limit as ¢ — oco.

This property is an immediate consequence of Property 2 and the fact from
calculus that a function which is bounded and monotone (either increasing or
decreasing) must approach a limit as ¢ — co. In order to show which solutions of
a given differential equation have a limit, it is necessary to show which solutions
remain bounded. A solution may become unbounded positively (i.e., y(t) —
~+00) if it is monotone increasing when y is large. In many applications, g(y) < 0
for large y, and in such a case every solution remains bounded, because solutions
which become large and positive must be decreasing. If, as is also frequently the
case in applications, y = 0 is an equilibrium and only non-negative solutions
are of interest, solutions cannot cross the line y = 0 and become negatively
unbounded (i.e., y(t) — —o0). In many applications, y stands for a quantity
such as the number of members of a population, the mass of a radioactive
substance, the quantity of money in an account, or the height of a particle
above ground which cannot become negative. In such a situation, only non-
negative solutions are significant, and if y = 0 is not an equilibrium but a
solution reaches the value zero for some finite ¢, we will consider the population
system to have collapsed and the population to be zero for all larger ¢t. If this
is the case we need not be concerned with the possibility of solutions becoming
negatively unbounded even if y = 0 is not an equilibrium.

Example 3. Show that every solution of the logistic differential equation (6.8)
with y(0) > 0 approaches a limit as ¢t — occ.
Solution: For the logistic equation, g(y) = ry (1 — %). As we have remarked in
Example 2, g(y) < 0 for y > K. Therefore every positive solution is bounded
and by Property 3 has a limit as t — oo. O

We have observed from the form of the solutions of the logistic differential
equation that every solution with positive initial value approaches the limit K
as t — oo. We are now in a position to deduce this information without having
to solve the differential equation, by considering the question of what values are
possible limits for solutions of an autonomous differential equation.

Property 4: The only possible limits as ¢ — oo of solutions of the differen-
tial equation y' = ¢g(y) are the equilibria of the differential equation.

To see why this property is true, we use the fact from calculus that if a
differentiable function tends to a limit as ¢ — oo, then its derivative must tend
to zero. If a solution y(t) of ¥ = g(y) tends to zero, then by the continuity of
the function g(y) we have

0= lim y'(t) = lim g{y(t)} = g{ lim y(t)}.

Thus lim;_. y(t) must be a root of the equation g(y) = 0, and hence an equi-
librium of (6.32).
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Example 4. Show that every solution of the logistic differential equation (6.8)
with y(0) > 0 has limit K as ¢t — oc.

Solution: We have seen in Example 3 that every solution of (6.8) with y(0) > 0
has a limit, and according to Property 4 a limit must be either K or 0. However,
the limit 0 may be ruled out, as from Example 2 solutions whose initial values
are positive and close to zero must be monotone increasing and therefore tend
away from zero. Thus every solution of the logistic equation with positive initial
value approaches the limit K. Figure 6.4 illustrates the behavior with r = 2,
K=2 0

2.5+

y(t)1.5

0.5+

0 ""02 04 06 08 1 12 14 16 18 2
t

Figure 6.4: Some solutions of the logistic equation (6.8) with r =2, K =2

In applications, the initial condition usually comes from observations and
is subject to experimental error. For a model to be a plausible predictor of
what will actually occur, it is important that a small change in the initial value
does not produce a large change in the solution. For example, the solution
of the logistic differential equation with initial value zero remains zero for all
values of ¢, but every solution with positive initial value, no matter how small,
approaches the limit K as ¢ — 0co. Because of its extreme sensitivity to changes
in the initial value, we do not ascribe practical significance to the equilibrium
zero as a limiting value for solutions of the logistic equation.

An equilibrium g of (6.32) such that every solution with initial value suffi-
ciently close to § approaches § as t — oo is said to be asymptotically stable. If
there are solutions which start arbitrarily close to an equilibrium but move away
from it, then the equilibrium is said to be unstable. For the logistic differential
equation (6.8) the equilibrium y = 0 is unstable, and the equilibrium y = K is
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asymptotically stable. In applications, unstable equilibria have no significance,
because they can be observed only if the initial condition is “just right”.

Property 5: An equilibrium 5 of ¢ = ¢g(y) with ¢’(¥) < 0 is asymptotically
stable; an equilibrium g with ¢’(7) > 0 is unstable.

To establish this property, we note that if 3 is an equilibrium with ¢'(7) <
0 (g(y) has a negative slope at y = ¥), then g(y) is positive if y < ¥ and
negative if y > 7 (Figure 6.5(a)). In this case solutions above the equilibrium
decrease toward the equilibrium, while solutions below the equilibrium increase
toward the equilibrium. This shows that an equilibrium y with ¢'(y) < 0 is
asymptotically stable. By a similar argument, if ¢’(3) > 0, solutions above the
equilibrium increase and solutions below the equilibrium decrease, with both

moving away from the equilibrium (Figure 6.5(b)).

y'=g(y) y'=g(y)
(a) (b)

Figure 6.5: Equilibria § with (a) ¢'(y) <0, (b) ¢'(§) >0

Example 5. For each equilibrium of the logistic differential equation (6.8),
determine whether it is asymptotically stable or unstable.

Solution: We have g(y) = ry (1— %), ¢'(y) = r — 2% =r(1- 2%) Since
g (K) = —r < 0, the equilibrium y = K is asymptotically stable, and since
g'(0) =r > 0, the equilibrium y = 0 is unstable. O

The properties we have developed make it possible for us to make a complete
analysis of the asymptotic behavior, that is, the behavior as t — oo, of solutions
of an autonomous differential equation (6.32) merely by examining the equilibria
and the nature of the function g(y) for large values of y. We begin by finding all
the equilibria (roots of the equation g(y) = 0). An equilibrium y with ¢’(y) < 0
is asymptotically stable, and all solutions with initial value in the two bands
adjoining this equilibrium tend to it. An equilibrium g with ¢’(g) > 0 is unstable
and repels all solutions with initial value in the two bands adjoining it. An
equilibrium 3 with ¢’(y) = 0 must be analyzed more carefully. If g(y) is negative
for values of y above the largest equilibrium, then no solutions become positively
unbounded. If g(y) is positive for values of y above the largest equilibrium,
then this equilibrium is unstable, and solutions with initial value above this
equilibrium become unbounded. If ¢g(y) is negative for values of y below the
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smallest equilibrium, then this equilibrium is likewise unstable, and solutions
with initial value below this equilibrium become negatively unbounded.
A convenient way to display the qualitative behavior of solutions of an au-
tonomous differential equation (6.32) is by drawing the phase line. We draw
the graph of the function ¢g(y) and on the y-axis we may draw arrows to the
right where the graph is above the y-axis and to the left where the graph is
below the y-axis. The reason for doing this is that where the graph is above the
axis g(y) is positive and therefore the solution y of (6.32) is increasing, while
where the graph is below the axis g(y) is negative and therefore the solution y
of (6.32) is decreasing. The points where the graph crosses the y-axis are the
equilibria, and we can see from the directions of the arrows along the axis which
equilibria are asymptotically stable and which are unstable. The phase line is
the y-axis viewed as the line on which the solution curve moves, thinking of ¢ as
a parameter. Thus the solution is described by the motion along the line, whose
direction is given by the arrows. The graph of Figure 6.6 describes a situation

in which there are asymptotically stable equilibria at y = —1 and y = 2, and an
unstable equilibrium at y = 0.

Figure 6.6: A phase line superimposed on the corresponding graph of g(y)

Example 8. Describe the asymptotic behavior of solutions of the differential
equation (6.31).

Solution: Here g(y)

= —ay+b, ¢'(y) = —a. The only equilibrium is y = . If
a > 0, this equilibrium is asymptotically stable, and g(y) < 0 if y is large and
positive, g(y) > 0 if y is large and negative. This means that every solution
is bounded and approaches the limit g. If a < 0, however, the equilibrium is
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unstable. Further, since g(y) > 0 above the equilibrium and g(y) < 0 below the
equilibrium, every solution is unbounded, either positively or negatively. O

Example 9. Describe the asymptotic behavior of solutions with y(0) > 0 of the
(6.33)

differential equation
y =y(re’¥ —d),

where r and d are positive constants.
Solution: The equilibria of (6.33) are the solutions of y(re=¥ — d) = 0. Thus

there are two equilibria, namely y = 0 and the solution g of re™¥ = d, which is
y=4{n%. Ifr <d, y <0, and only the equilibrium y = 0 is of interest. In this
case, g(y) < 0 for y > 0, and solutions with y(0) > 0 decrease to 0 (Figure 6.7).
If r > d, we define K to be n7, so that the positive equilibriumis y = K. We
may now rewrite the differential equation (6.33) as y' = ry (e7¥ — e~ *). For
the function g(y) = ry (e7¥ —e %), we have ¢'(y) = r(e™¥ —e &) —ryev
and ¢'(0) = 7(1 — e ) > 0, implying that the equilibrium y = 0 is unstable.
The equilibrium y = K is asymptotically stable since ¢'(K) = —rKe ¥ < 0.
All positive solutions are bounded, because g(y) < 0 for y > K. Thus every
solution with y(0) > 0 tends to the limit K, while the solution with initial value

zero is the zero function and has limit zero (Figure 6.8). O

| 0.25

Figure 6.8: A phase line and graph of

Figure 6.7: A phase line and graph of
g(y) for (6.33), with r > d

g(y) for (6.33), with r < d

We see that the solutions of (6.33), which has been suggested as a population
growth model with per capita birth rate re™¥ and per capita death rate d,
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behaves qualitatively in the same manner as solutions of the logistic equation.
Some other differential equations which exhibit the same behavior have been
proposed as population models. The original formulation of the logistic equation
was based on a per capita growth rate which should be a decreasing function of
population size, positive for small y but negative for large y. It is not difficult
to show that every population model of the form (6.32) for which the per capita
growth rate is a decreasing function of the population size y, and which is
positive for 0 < y < K and negative for y > K, has the property that every
solution with y(0) > 0 approaches the limit K as t — co.

In many applications, the function g(y) has the form ¢(y) = yf(y), which
has the effect of guaranteeing that y = 0 is an equilibrium. Then ¢'(y) =
f(y) +yf (y). At the equilibrium y =0, ¢’(0) = f(0) and at a nonzero equilib-
rium g with f(g) =0, ¢'(¥) = ¥ f(y). Thus the equilibrium y = 0 is asymp-
totically stable if f(0) < 0 and unstable if f(0) > 0; a nonzero equilibrium ¥ is
asymptotically stable if f'(§) < 0 and unstable if f/'(y) > 0. We shall restate
this result formally as a theorem.

EQUILIBRIUM STABILITY THEOREM: An equilibrium 7 of ¢/ =
g(y) with ¢’(3) < 0 is asymptotically stable; an equilibrium 3 with ¢’(y) > 0 is
unstable. The equilibrium y = 0 of ¥/ = yf(y) is asymptotically stable if f(0) <
0 and unstable if f(0) > 0, while a nonzero equilibrium ¥ is asymptotically
stable if f'(y) < 0 and unstable if f'(y) > 0.

6.6 Some Qualitative Applications

The results of the previous section make it possible to obtain information about
the behavior of solutions of differential equations without having to solve to find
solutions explicitly. This is of importance in many applications not only because
it is often much easier to analyze a differential equation qualitatively than to
solve it analytically but also because it enables us to describe the behavior of
solutions in terms of general properties of the differential equation rather than
in terms of the specific functions in the differential equation. For example, in the
previous section we mentioned several differential equations used as population
models and having the property that every positive solution approaches the
same limit. While the logistic differential equation has often been used as a
population model, it is only one of many possibilities.

6.6.1 Population growth with harvesting

We consider a situation in which a population grows according to a logistic law
but members are removed from it at a constant rate in time. For example,
the population of deer in Wisconsin is reduced each hunting season by a fixed
number determined by the state agency which issues hunting permits. We will
assume that H members of the population are removed in unit time and that
the rate of removal is uniform (not seasonal as in deer hunting). The constant
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H is called the harvest rate, and this type of removal is called constant-yield
harvesting. Then the population size satisfies a differential equation of the form

y =ry (1 - %) - H, (6.34)

where r, K, and H are positive constants. While this problem can be solved
explicitly by separation of variables, the integration must be handled by exam-
ining three different cases depending on the values of the constants. It is simpler
(and probably more informative) to carry out a qualitative analysis.

The equilibria of (6.34) are the solutions of ry — =y* — H = 0, or

HK
v —Ky+—=0 (6.35)
T

/ 4HK
K+ 4\[K? - — ] (6.36)
(i) K2 - 2K > gor H < ™K

T 4

These are given by

1
y=3

We must distinguish three cases:

s 2 4HK _rK
(11) K —T—OOI'H—T,

(iii) K2 — 42K < gor H > £,
The number and nature of the equilibria are different in the three cases.

In case (i) there are two distinct equilibria given by (6.36), and it is clear
that one, which we shall call y;, is smaller than % while the other, which we
shall call y, is larger than £. If we let g(y) = ry — £y? — H, then ¢/(y) =
r—2y =2 (5 _y) Thus¢'(y) >0ify < & and ¢'(y) < 0ify > £. We now
see from Property 5 of Section 7.5 that an equilibrium § of (6.34) with § > &
is asymptotically stable while an equilibrium g with § < % is unstable. More
specifically, in case (i), we see that y; is unstable while yo is asymptotically
stable.

Since g(y) < 0 for 0 < y < w1, a solution y(¢) with 0 < y(0) < y1 is
monotone decreasing and reaches zero in finite time. When this happens, we
consider the population to have been wiped out and the model to have collapsed.
If y(0) > w1, the solution y(¢) approaches the limit yo as ¢ — oo. This is
illustrated in Figure 6.9 with r =2, K =2, H = %.

In case (ii) there is a single equilibrium £ which is a double root of (2), and
g’(%) = 0. The equilibrium stability theorem does not apply here, but we can
rewrite g(y) as

() = TQTKi T, +TK7T K\?
g\y)=ry Ky 1 Ky Y 1)~ Ky B) )
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we see that g(y) < 0if y # £. Thus every solution is monotone decreasing, and

solutions starting above % approach the equilibrium %, while solutions starting
below % reach zero in finite time. This behavior is illustrated in Figure 6.10

with r =2, K =2, H = 1.

In case (iii) the roots of (6.35) are complex and there are no equilibria of
(6.34). Since g(y) has no real zeroes and g(0) = —H < 0, g(y) < 0 for all y.
Thus every solution is monotone decreasing and reaches zero in finite time; the

population is wiped out no matter what the initial population size is, as shown
in Figure 6.11 with r =2, K =2, H = 1.5.

0 05 1 15 3 25 3 07703 04 06 08 1 12 14 16 18 2 0 05 1 15 3 25

Figure 6.9: Solutions to  Figure 6.10: Solutions  Figure 6.11: Solutions
(6.34), H < rK/4 to (6.34), H =rK/4 to (6.34), H > rK/4

As a function of H the limiting population size behaves in the following way
for suitably chosen initial population sizes. For H = 0 the limiting population
size is K for every positive initial population size. As H increases from 0 to
%, the limiting population size yo decreases monotonically from K to K/2,
for all initial conditions y(0) > y;. For H = % the limiting population size
is %, provided y(0) > % However, for H > %, the population size reaches
zero in finite time for every initial population size, meaning that the population
is wiped out. Thus the limiting population size decreases continuously (from
K to £) as H increases from 0 to rK /4, and then jumps to zero as H passes
through K /4. Such a discontinuity in the limiting behavior of a system is called
a (mathematical) catastrophe. The corresponding biological catastrophe is the
wiping out of the population in finite time as H increases continuously through
a critical value, in this case rK/4.

For any general population model of the form y' = ¢g(y) whose per capita
growth rate is a monotone decreasing function of population size and positive
for small y but negative for large y, the response to constant yield harvesting is
similar. The process is modelled by the differential equation

Yy =gly) —H. (6.37)
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For such models, the limiting population size is positive if H is less than a
critical harvest rate H., which is the maximum value of the function ¢(y), and

jumps to zero as H passes through H.. In the logistic case, H. = max, ry (1 — %)
rK
T .

6.6.2 The spread of infectious diseases

In Section 6.4 we formulated the differential equation
I' = (BK —)I - oI, (6.38)

where I(t) is the number of infective individuals in a population at time ¢, as a
model for the spread of a communicable disease. As (6.38) is a logistic equation,
we were able to use the solution of this equation found in Section 6.3 to describe
the asymptotic behavior of solutions.

The qualitative results obtained in Section 6.5 make it possible for us to
describe the asymptotic behavior of solutions of (6.38) without solving. The
differential equation (6.38) has the form I’ = ¢g(I) with

g(I) = (BK —y)I = BI*, ¢'(I) = (BK — ) — 201

There are two equilibria, solutions of g(I) =0, given by I =0 and I = K — 5’5
However, if K /v < 1, the second equilibrium is negative and has no epidemio-
logical meaning. Since ¢'(0) = SK — ~, the equilibrium I = 0 is asymptotically
stable if BK —~ < 0, i.e., if BK/y < 1, and unstable if SK/v > 1. Since
9'(K — 3) = —(BK — 1), the equilibrium I = K — J is asymptotically stable
if BK/~ > 1. Thus there is always a single asymptotically stable equilibrium,
I=0ifK/y<land I = K—% if BK/~ > 1. The quantity SK /-~ is called the
disease’s basic reproduction number, usually denoted by Ry. If Ry < 1, every
solution of (6.38) approaches the equilibrium I = 0, called the disease-free
equilibrium; the disease tends to die out. If Ry > 1, every solution of (6.38)
approaches the equilibrium I = K — % > 0, called the endemic equilibrium:;
the disease persists in the population.

We can interpret the expression for Ry biologically by recalling from the orig-
inal discussion in Section 7.4 that an “average” infective makes SK potentially
infective contacts in unit time and remains infective an average of 1/ units
of time. Therefore Ry = [BK/v represents the average number of secondary
infections caused per infected individual before recovery (hence the term ba-
sic reproduction number). If each infection is able to replace itself and more
(Rp > 1), then we should expect the disease to persist, while if each infection
cannot, on average, replace itself before the individual recovers (Rg < 1), then
we would say the disease is doing a poor job of reproducing itself and should
die out. This kind of insight illustrates the reason why such mathematical mod-
els are useful. For this model, one might be able to make this same argument
without going through all the details of a qualitative analysis, but not so for the
more complicated models which arise in studying the problems of interest to us.
Mathematical results give rise to biological insights, and that is our motivation.
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6.7 Some exercises

In each of Exercises 1-2, assume that the population size satisfies a simple
growth law.

1.

10.
11.

12.

13.

14.
15.

Suppose that the birth rate of a given population is 0.36 per member per
day with no deaths. If the population size on day zero is 50, what is the
population size 10 days later?

Suppose a population has 173 members at ¢t = 0 and 262 members at
t = 10. Estimate the population size at ¢t = 5.

If the half-life of a radioactive substance is 30 days, how long would it take
until 99 % of the substance decays?

In a sample of uranium 238, it is found that 0.02867 % of the mass disin-
tegrates in 10 years. Find the half-life of uranium 238.

How old is a fossil in which 85 % of the carbon 14 has disintegrated?

* Show that the solution of the initial value problem y' = ay, y(to) = ¢ is
y(t) = cealt=to),

Show that y = (¢ —t2)~2 is a solution of the differential equation y' = ty?
for every choice of the constant c.

Show that y = ¢t is a solution of the differential equation y = y/t for
every choice of the constant c.

1
2

Among the family of solutions y = (¢ —t2)~2 of y/ = ty3, find the solution

such that y(0) = 1.
Find the solution of ¢ = ty3 such that y(0) = 0.

Show that the solution of the initial value problem 3’ = ty3, y(0) = —1 is
1
y=—(1-1*)"z.

Among the solutions y = }fﬁii of the differential equation y' = $(y* — 1),

find the ones which satisfy the initial conditions y(0) = 1, y(0) = 0, and
y(2) =0.

Show that if § is a constant such that f(¢,§) = 0 for all ¢, then y = § is a
constant solution of ¢y = f(¢,y).

In each of Exercises 14-17, find the solution of the given differential equa-
tion.
y =ty
r_t
b=y
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16. ' = —2ty

17. y = ¥
In each of Exercises 18-20, find the solution of the given differential equa-
tion which satisfies the given initial condition.

18. y' =t?y, y(5) =1

19. ¢ = y(0) =1

20. ¥ = —2ty, y(0) = wo

21. Suppose a population satisfies a logistic model with » = 0.4, K = 100,
y(0) = 5. Find the population size when ¢ = 10.

22. Find the limit as ¢ — oo of the solution of the initial value problem
Y =-y+1,y(0)=0.

23. Find the limit as ¢ — oo of the solution of the initial value problem
¥ = —y+1,y(0) = 100.

24. Find two solutions of the initial value problem 3’ = 3y2/ 3. y(0) = 0.

25. Find all differentiable functions f(t) such that | fo s)ds for all
t>0.

26. Find all continuous (not necessarily differentiable) functions f(t) such that

fo s)ds for all t > 0.

For each of the differential equations in Exercises 27-32, draw the phase
line, find all equilibria and describe the behavior of solutions as t — oco.

27. ¢y =y

28. ¢y =—y

29. ¢ =3

30. ¥ =y(1 —y)(2—y)

3Ly = —y(1—y)(2—y)

32,y =9y +1)
For each of the differential equations in Exercises 33-34, describe the be-
havior of solutions with y(0) > 0.

ry(K—
33. y = UCw)
4.y =ry [1 - (%)9]
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Chapter 7

Systems of Ordinary
Differential Equations

In the previous chapter we saw how to model and analyze continuously changing
quantities using differential equations. In many applications of interest there
may be two or more interacting quantities—populations of two or more species,
for instance, or parts of a whole, which depend upon each other. When the
amount or size of one quantity depends in part on the amount of another, and
vice versa, they are said to be coupled, and it is not possible or appropriate to
model each one separately. In these cases we write models which consist of sys-
tems of differential equations. In this chapter, we will find that the quantitative
and qualitative approaches we used to analyze individual differential equations
in Chapter 7 extend in a more or less natural way to cover systems of differen-
tial equations. Extending them will require some basic multivariable calculus,
principally the use of partial derivatives and the idea of linear approximation.

7.1 The Phase Plane

Our purpose is to study two-dimensional autonomous systems of first-order dif-
ferential equations of the general form

y = Flyz2) (7.1)

Usually, it is not possible to solve such a system, by which we mean to find y
and z as functions of ¢ so that

y(t) = Fy(t),2(1), 2'(t) = Gly(t), 2(t))

for all ¢ in some interval. However, we can often obtain information about the
relation between the functions y(t) and z(t). Geometrically, such information is
displayed as a curve in the y — z plane, called the phase plane for this system

105
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An equilibrium of the system (7.1)) is a solution (Yso,200) of the pair of
equations

F(y,2)=0, G(y,z)=0.

Geometrically, an equilibrium is a point in the phase plane. In terms of the
system (7.1), an equilibrium gives a constant solution y = Yoo, 2 = 2o Of
the system. This definition is completely analogous to the definition of an
equilibrium given for a first-order differential equation in Section 7.5.

The orbit of a solution y = y(t), z = z(t) of the system (7.1) is the curve
in the y — z phase plane consisting of all points (y(t), z(t)) for 0 <t < co. A
closed orbit corresponds to a periodic solution because the orbit must travel
repeatedly around the closed orbit as ¢ increases.

There is a geometric interpretation of orbits which is analogous to the inter-
pretation given for solutions of first-order differential equations in Section 7.2.
Just as the curve y = y(t) has slope v/ = f(t,y) at each point (¢,y) along its
length, an orbit of (7.1) (considering z as an implicit function of y) has slope

dz 2 G(y,z2)

dy v Fly.2)

at each point of the orbit. The direction field for a two-dimensional autonomous
system is a collection of line segments in the phase plane with this slope at each
point (y, z), and an orbit must be a curve which is tangent to the direction
field at each point of the curve. Computer algebra systems such as Maple and
Mathematica may be used to draw the direction field for a given system.

Example 1. Describe the orbits of the system

Solution: If we consider z as a function of y, we have

dzi/ ;Y
dy—z/y——z.

Solution by separation of variables gives

/zdz:—/ydy,

and integration gives % = —% + c. Thus every orbit is a circle y? + 22 = 2¢

with centre at the origin, and every solution is periodic. O

To find equilibria of a system (7.1), it is helpful to draw the nullclines, namely
the curves F(y,z) = 0 on which ¢ = 0, and G(y, 2) = 0 on which 2/ = 0. An
equilibrium is an intersection of these two curves.
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7.2 Linearization of a System at an Equilibrium

Sometimes it is possible to find the orbits in the phase plane of a system of
differential equations, but it is rarely possible to solve a system of differential
equations analytically. For this reason, our study of systems will concentrate
on qualitative properties. The linearization of a system of differential equations
at an equilibrium is a linear system with constant coefficients, whose solutions
approximate the solutions of the original system near the equilibrium. In this
section we shall see how to find the linearization of a system. In the next section
we shall see how to solve linear systems with constant coefficients, and this will
enable us to understand much of the behavior of solutions of a system near an
equilibrium.
Let (Yoo, 200) be an equilibrium of a system

y = F(y2) (7.2)
2 = Gy, 2)

that is, a point in the phase plane such that
F(Yoos 200) =0, G(Yoo, 200) = 0. (7.3)

We will assume that the equilibrium is isolated, that is, that there is a circle
centered around (Yoo, 2oo) Which does not contain any other equilibrium. We
shift the origin to the equilibrium by letting ¥ = Yoo + u, 2 = 200 + v, and
then make linear approximations to F' (Yoo + %, oo + v) and G (Yoo + U, Zoo + v).
The difference here between a one-dimensional system and a two-dimensional
one is that the linear approximation in two or more dimensions uses partial
derivatives. Our approximations are

Q

F (Yoo + U, 200 +v)
G (Yoo + U, 200 +0)

F (Yoo, Zo0) + Fy(yom Zoo)U + F2 (Yoo, 200)v (7.4)
G(yom ZOO) + Gy(yom ZOO)U + Gz(yoo, ZOO>U

Q

with error terms h; and hg respectively which are negligible relative to the linear
terms in (7.4) when v and v are small (i.e., close to the equilibrium).

The linearization of the system (7.2) at the equilibrium (Yoo, 200) is defined
to be the linear system with constant coefficients

/

o= Gy(yoo’ ZOO)U + Gz(yooa Zoo)'U-

To obtain it, we first note that ¥’ = v/, 2/ = ¢/, and then substitute (7.4) into
(7.2). By (7.3) the constant terms are zero, and for the linearization we neglect
the higher-order terms h; and ha. The coefficient matriz of the linear system
(7.5) is the matrix of constants

Fy(yOOaZOO) Fz(yooazoo)
Gy (yoo, Zoo) G, (yoo; Zoo)
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In population models, this matrix is often called the community matriz of the
system at equilibrium. Its entries describe the effect of a change in each variable
on the growth rates of the two variables.

Example 1. Find the linearization at each equilibrium of the system

Yy =A-PByz —py, 2 =Pyz—(v+up:z

(This corresponds to the classical Kermack-McKendrick SIR model for a possi-
bly endemic disease, which we shall study in Section 8.4. Here y corresponds to
the number of susceptible, uninfected individuals, z to the number of infected,
infective individuals, A to the birth rate, u to the death rate and 8 and v to
the infection and recovery rates, respectively.)

Solution: The equilibria are the solutions of A = y(6z + u), 2(By) = (v + p)z.
To satisfy the second of these equations, we must have either z = 0 or Sy = y+pu.
If z = 0, the first equation gives y = A/u. If z > 0, the second equation gives
By = v+ p. Since

0 0
ay [—Byz — pyl = =Bz — p, Ep [—Byz] = — By,
0 0
ay [Byz — (v + p)z] = Bz, % Byz — (v +p)z] = By — (v + p),

the linearization at an equilibrium (yo0,200) 18

/

u = (8200 + )u — BYoov,
Vo= Bzt + (5yoo - (”Y + /L)U-

At the equilibrium (A/u, 0) the linearization is
A
u = —pu—pF—v
1
A
vo= f e (v + v

At the other equilibrium with I > 0 the linearization is

/

W= (BT pu— (ot )
vV = plou O

An equilibrium of the system (7.2) with the property that every orbit with
initial value sufficiently close to the equilibrium remains close to the equilibrium
for all ¢ > 0, and approaches the equilibrium as t — oo, is said to be locally
asymptotically stable. An equilibrium of (7.2) with the property that some
solutions starting arbitrarily close to the equilibrium move away from it is said
to be unstable. These definitions are completely analogous to those given in
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Section 7.5 for first-order differential equations. We speak of local asymptotic
stability to distinguish from global asymptotic stability, which is the property
that all solutions, not merely those with initial value sufficiently close to the
equilibrium, approach the equilibrium. If we speak of asymptotic stability of an
equilibrium we will mean local asymptotic stability unless we specify that the
asymptotic stability is global.

The fundamental property of the linearization which we will use to study
stability of equilibria is the following result, which we state without proof. The
proof may be found in any text which covers the qualitative study of nonlinear
differential equations. Here we suppose F' and G to be twice differentiable, that
is, smooth enough for the linearization to give a correct picture.

LINEARIZATION THEOREM: If (y, 200 ) is an equilibrium of the system

Y =F(y,2), 2 =Gy 2)

and if every solution of the linearization at this equilibrium approaches zero
as t — oo, then the equilibrium (yso, 2oo) is (locally) asymptotically stable.
If the linearization has unbounded solutions, then the equilibrium (Yoo, 2oo) is
unstable.

For a first-order differential equation 3y’ = ¢(y) at an equilibrium y, the
linearization is the first-order linear differential equation v’ = ¢'(yoo)u. We
may solve this differential equation by separation of variables and see that all
solutions approach zero if ¢'(yoo) < 0, and there are unbounded solutions if
d' (Yoo) > 0. We have seen in Section 7.5, without recourse to the linearization,
that the equilibrium is locally asymptotically stable if ¢’(y~) < 0 and unstable
if ¢'(yoo) > 0. The linearization theorem is valid for systems of any dimension
and is the approach needed for the study of stability of equilibria for systems of
dimension higher than 1.

Note that there is a case where the theorem above does not draw any conclu-
sions, namely the case where the linearization about the equilibrium is neither
asymptotically stable nor unstable. In this case, the equilibrium of the original
(nonlinear) system may be asymptotically stable, unstable, or neither.

Example 2. For each equilibrium of the system
Y=z Z=-20"-1)z—y

determine whether the equilibrium is asymptotically stable or unstable.

Solution: The equilibria are the solutions of z = 0, —2(y* — 1)z — y = 0, and

thus the only equilibrium is (0,0). Since a%[z] =0, %[z] =1, and

0 0
o720 — Dz —yl = —dyz — 1, ——[-2(y" -~z —y] = -2(y* - 1),
Jy 0z
the linearization at (0,0) is ' = Ou + lv = v, v = —u + 2v. We can actually

solve this system of equations outright by using a clever trick to reduce it to a
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single equation. We subtract the first equation from the second to give (v—u)’ =
(v —wu). This is a first-order differential equation for (v — u), whose solution is
v—u = cret. This partial result is already enough to tell us that the equilibrium
is unstable, as since the difference between u and v grows exponentially, at least
one of them must therefore grow exponentially as well. As there are unbounded
solutions, we conclude that the equilibrium (0,0) is unstable. O

7.3 Solution of Linear Systems with Constant
Coefficients

We have seen in the preceeding section that the stability of an equilibrium of a
system of differential equations is determined by the behavior of solutions of the
system’s linearization at the equilibrium. This linearization is a linear system
with constant coefficients (recall that a linear system has right-hand sides linear
in y and z). Thus, in order to be able to decide whether an equilibrium is
asymptotically stable, we need to be able to solve linear systems with constant
coefficients. We were able to do this in the examples of the preceding section
because the linearizations took a simple form with one of the equations of the
system containing only a single variable. In this section we shall develop a more
general technique.

The problem we wish to solve is a general two-dimensional linear system
with constant coefficients,

Yy = ay+ bz, (7.6)
2 =cy+dz,
where a, b, ¢, and d are constants. We look for solutions of the form
y=YeM, z=_ZeM, (7.7)

where A, Y, and Z are constants to be determined, with Y and Z not both zero.
When we substitute the form (7.7) into the system (7.6), using v/ = A\Ye,
2 = MZe*, we obtain two conditions

\Yer = aY e 4 bZet,
AZeM = cYeM + dZet,
which must be satisfied for all ¢. Because e* # 0 for all ¢, we may divide these

equations by e to obtain a system of two equations which do not depend on
t, namely

AY =aY +bZ,
N\ =cY +dZ
or
(a—N)Y +bZ =0, (7.8)

Y+ (d-NZ=0.
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The pair of equations (7.8) is a system of two homogeneous linear algebraic
equations for the unknowns Y and Z. For certain values of the parameter A
this system will have a solution other than the obvious solution Y =0, Z = 0. In
order that the system (7.8) have a non-trivial solution for Y and Z, it is necessary
that the determinant of the coefficient matrix, which is (a — X)(d — X) — be, be
equal to zero (this result comes from linear algebra). This gives a quadratic
equation, called the characteristic equation, of the system (7.6) for A. We may
rewrite the characteristic equation as

A — (a+d)X\ + (ad — be) = 0. (7.9)

We will assume that ad — be # 0, which is equivalent to the assumption that
A = 0 is not a root of (7.9). Our reason for this assumption is the following:
If A = 0 is a root (or, equivalently, ad — bc = 0) the equilibrium conditions
will reduce to a single equation since each equation is a constant multiple of
the other and there is effectively only one equilibrium equation. Consequently,
there will be a line of non-isolated equilibria. We do not wish to explore this
problem in part because the treatment of non-isolated equilibria is complicated
and in part because it is not possible to apply the linearization theorem of the
previous section when the linearization of a system about an equilibrium is of
this form.

If ad — be # 0, the characteristic equation has two roots A\; and Ay, which
may be real and distinct, real and equal, or complex conjugates. If A\; and A,
are the roots of (7.9), then there is a solution (Y1, Z;) of (7.8) corresponding
to the root A1, and a solution (Y2, Z2) of (7.8) corresponding to the root Ag.
These, in turn, give us two solutions

y = }/16)\115, y = Zle)\lt

y = Y2€A2t, y = Z2€)\2t

of the system (7.6). We note that if A is a root of (7.9), then equations (7.8)
reduce to a single equation. Thus we may make an arbitrary choice for one of
Y, Z and the other is then determined by (7.8).

Because the system (7.6) is linear, it is easy to see that every constant
multiple of a solution of (7.8) is also a solution and also that the sum of two
solutions of (7.8) is also a solution. It is possible to show that if we have two
different solutions of the system (7.6), then every solution of (7.6) is a constant
multiple of the first solution plus a constant multiple of the second solution. By
“different” we mean that neither solution is a constant multiple of the other.
Here, if the roots A\; and Ag of the characteristic equation (7.9) are distinct, we
do have two different solutions of (7.6), and then every solution of system (7.6)
has the form

y = K Y1eMt + KyYaer2t, (7.10)
z = KlZle)‘lt + K2Z2€A2t

for some constants Ky and K. The form (7.10) with two arbitrary constants
K, and K3 is called the general solution of the system (7.6). If initial values
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y(0) and 2(0) are specified, these two initial values may be used to determine
values for the constants K; and Ks, and thus to obtain a particular solution in
the family (7.10).

Example 1. Find the general solution of the system
Yy =—y—22, Z=y—4z

and also the solution such that y(0) = 3, z(0) = 1.

Solution: Herea = —1,b= —2,c =1, d = —4, so that a+d = —5, ad—bc = 6,
and the characteristic equation is A2 45\ 46 = 0, with roots A\; = —2, Ay = —3.
With A = —2, both equations of the algebraic system (7.8) are Y — 27 = 0,
and we may take Y = 2, Z = 1. The resulting solution of (7.6) is y = 2e~2,

z = e 2. With A\ = —3, both equations of the algebraic system (7.8) are
Y — Z =0, and we may take Y = 1, Z = 1. The resulting solution of (7.6) is
y = e 3 2 = e 3. Thus the general solution of the system is

Yy = 2K e + Kzefgt, 2= Kie 2t + Kye 3.

To satisfy the initial conditions, we substitute t = 0, y = 3, z = 1 into this form,
obtaining a pair of equations 2K; + Ko = 3, K1 + Ko = 1. We may subtract the
second of these from the first to give K1 = 2, and then Ky = —1. This gives, as
the solution of the initial value problem,

“2 o8t L 9.2 _ 3t

y =4e

In the language of linear algebra, \ is an eigenvalue and (Y, Z) is a corre-
sponding eigenvector of the 2 x 2 matrix

a b

a=[e
Note that a + d is the trace, denoted by trA, and ad — be is the determinant,
denoted by detA, of the matrix A. The sum of the eigenvalues of A is the trace,
and the product of the eigenvalues is the determinant. This is seen easily by

writing (7.9) as
A2 —trAXN 4 detA =0
We will consider vectors to be column vectors, that is, matrices with two

rows and one column. Suppose the matrix A has two distinct real eigenvalues
A1, A2 with corresponding eigenvectors

] )

respectively (this approach can also be used if Ay = A2 provided there are two
independent corresponding eigenvectors). We define the matrix

7
r=l 7
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and then if we make the change of variable

o)=r =12 20

the system (7.6) is transformed to the system
v = \u (7.11)

Vo= Aw
Since the system (7.11) is uncoupled, it may easily be solved explicitly to give
u=KeMt, v=Kye!

We may then transform back to the original variables y, z to give the solution
(7.10). The linear algebra approach gives the same result that was obtained by
our initial approach of trying to find exponential solutions. Since it is construc-
tive, it does not make use of the result which we stated without proof that if we
have two different solutions of the system (7.6), then every solution of (7.6) is
a constant multiple of the first solution plus a constant multiple of the second
solution.

If the characteristic equation (7.9) has a double root, the method we have
used gives only one solution of the system (7.6), and we need to find a second
solution in order to form the general solution. In order to see what form the
second solution must have we consider the special case ¢ = 0 of (7.6). Then
(7.6) becomes

/

= ay—+bz, (7.12)

7 = dz.

Then the eigenvalues of the corresponding matrix A are a and d; if a = d the
characteristic equation has a double root. However, the assumption ¢ = 0 means
that we can solve the system (7.12) recursively. Every solution of the second
equation in (7.12) has the form

z = Zeo
and we may substitute this into the first equation to give
Y =ay+ bZe™
This first order linear differential equation is easily solved. We multiply the
equation by e~ to give
ye ™ — aye™ = pZeldm)! (7.13)
If @ # d, integration of (7.13) gives

yefat _ de e(dfa)tf +Y
—a
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where Y is a constant of integration. From this we obtain the solution

bz
y = 7edif 4 Yeat

2 = Ze¥

which is equivalent to the solution (7.10) obtained earlier; note that here A\; =
a, )\2 =d.

A more interesting case arises when a = d, so that the two roots of the
characteristic equation are equal. Then (7.13) becomes

ye ™ —aye ™ =bZ (7.14)

and integration gives
ye "t =bZt+Y

where Y is a constant of integration. From this we obtain the solution

y = bZte™ 4 Ye

2z = Ze¥

This suggests that if there is a double root A of the characteristic equation the
needed second solution of (7.6) will contain terms te*! as well as et It is possible
to show (and the reader can verify) that if A is a double root of (7.9), we must
have A = 2+¢ and in addition to the solution y = Y1, 2 = Z1e* of (7.6) there
is a second solution, of the form

y= Yo+ Yit)eM, z=(Zy+ Zit)eM
where Y7, Z; are as in (7.8) and Ya, Z, are given by
(a—N)Ys+bZy = Y7,
Yo+ (d— N2y = Z;.
Thus the general solution of the system (7.6) in the case of equal roots is

y = (K1Y1 + Ky Ys)eM + KoYiteM, (7.15)
z = (K1Z1 + KQZQ)G)\t + nglte)‘t.

Note that if (7.9) has a single root and b = 0, then A = ¢ = d, and we have
Y1 =0, Z; = cYs, so that the general solution becomes

Yy = ng)‘t, z = K4e)‘t + chte)‘t,

where K35 = KoY, and Ky = cK1Ys + KoZy are arbitrary constants. Likewise
if (7.9) has a single root and ¢ =0, then A =a =d, Z; =0, Y1 = bZ, and the
general solution reduces to

y = KseM + bKgte, 2z = Kge
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with arbitrary constants K5 = bK1Z5 + KoYs and Kg = K2 Z5. If b and ¢ are
both zero, the system becomes uncoupled

Y =ay, 7 =dz

and is easily solved by integration to give y = K1e%, z = Kye®. This is the so-
lution in all cases, regardless of whether the characteristic equation has distinct
roots or equal roots.

Example 2. Find the general solution of the system

Yy =z Z=-y+2z
and also the solution such that y(0) = 2, z(0) = 3.
Solution: Since a =0,b=1,c=—-1,d=2, we have a +d =2, ad — bc = 1.
The characteristic equation is A2 — 2\ + 1 = 0, with a double root A = 1. With
A = 1, both equations of the system (7.8) are Y — Z = 0, and we may take
Y =1, Z =1 to give the solution y = e!, z = e’ of (7.6). Substituting these
values into the equations for Y3, Zs, we find that they reduce to the single
equation —Ys + Zs = 1, so we may take Yo = 0, Zy = 1. Equations (7.15) now
give the general solution y = Kje! + Kotet, z = (K; + Kz)e! + Kstet. To find
the solution with y(0) = 2, 2(0) = 3, we substitute ¢ = 0, y = 2, z = 3 into this
form, obtaining the pair of equations K7 = 2, K1 + K3 = 3. Then K5, =1, and
the solution satisfying the initial conditions is y = 2e? + tet, z = 3¢’ + tet. O

From a linear algebra perspective we may make a change of variable of the
system (7.6) just as in the case where we had two eigenvectors. We define the
matrix

o i Y
P= |71 ZQ]
with
v
_Zl

an eigenvector of the matrix A as before, but with

H

chosen arbitrarily, except that the determinant of P must be non-zero. Then
under the change of variable

o=r =12 20

the system (7.6) is transformed to a system of the form (7.6) with ¢ = 0 which
may be solved explicitly, as we have seen.
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A

is the solution of the system of linear equations

A particularly clever choice of

aYo +bZ; = AYo+Y;
Yo +dZs = Ny+Ys

It is possible to show that this system always has a solution. With this choice
of Ya, Zs, the system (7.6) is transformed to

/

v o= Mu+tw (7.16)

vo= v

If we solve the system (7.16) recursively by the method used to solve the system
(7.12) and the solution is then transformed back to the original variables, we
obtain the solution (7.15).

Another complication arises if the characteristic equation (7.9) has complex
roots. While the general solution of (7.6) is still given by (7.10), in this case
the constants \; and A\e are complex, and the solution is in terms of com-
plex functions. Complex exponentials, however, can be defined with the aid of
trigonometric functions (e? = cos § + isin @ for real 6), so it is still possible to
give the solution of (7.6) in terms of real exponential and trigonometric func-
tions. In this case, if the characteristic equation (7.9) has conjugate complex
roots A = a + i3, where a and (3 are real and 8 > 0, equations (7.10) become

y= (K11 + KaY3)e“ cos Bt + i(K1Y] — KoYs)e® sin f3t,
z = (K1Z1 + KQZQ)eat [¢0)] 6t + z(KlZl - KQZQ)eat sin 6t

We can eliminate the imaginary coefficients by defining Q1 = i(K; — K3), Q2 =
Ki + Ks, and taking (a — \;)Y; + bZ; = 0 for ¢ = 1, 2 from (7.10) to arrive at
the form

y= Q1bet sin Bt 4+ Q2be®t cos ft,

z= —[Qi(a— )~ Q20]e* sinft + [Q18 — Q2(a — a)]e cos (.

Example 3. Find the general solution of the system
Yy =2z, 2 =y+2z

and also the solution with y(0) = —2, 2(0) = 0.

Solution: We have a =0, b = —2, ¢ = 1, d = 2, and the characteristic equation
is A2 — 2\ + 2 = 0, with roots A = 1 £ 4. The general solution is then

y=—2Ke'sint — 2Kse' cost, z= (K; — Ky)e'sint+ (K; + K)e' cost.
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To find the solution with y(0) = —2, z(0) = 0, we substitute t = 0, y = —2,
z = 0 into this form, obtaining —2Ks = —2, K7 + Ko = 0, whose solution is
K, = —1, Ky = 1. This gives the particular solution

y = 2¢'sint — 2e’ cost, z= —2e'sint. O

In many applications, especially in analyzing stability of an equilibrium, the
precise form of the solution of a linear system is less important to us than the
qualitative behavior of solutions. It will turn out that often the crucial question
is whether all solutions of a linear system approach zero as t — co. The nature
of the origin as an equilibrium of the linear system (7.6) depends on the roots of
the characteristic equation (7.9). If both roots of (7.9) are real and negative then
the solutions of (7.6) are combinations of negative exponentials. This implies
that all orbits approach the origin and the origin is asymptotically stable. If
the roots of (7.9) are real and of opposite sign, then there are solutions which
are positive exponentials and solutions which are negative exponentials. Thus
there are solutions approaching the origin and solutions moving away from the
origin, and the origin is unstable. If the roots of (7.9) are complex, the orbits
approach the origin if their real part are negative. We conclude that the origin is
an asymptotically stable equilibrium of (7.6) if both roots of (7.9) have negative
real part and unstable if at least one root of (7.9) has positive real part.

Solution of systems of linear differential equations with constant coefficients
can be carried out more economically with the use of vectors and matrices. A
System

yl = a11x1 —|— a12X9 —|— . —|— A1nTn
/
y2 = ag1x1 —|— a22X9 —|— . —|— a2nTn
/
Yp = Am1T1+ Gm2T2+ ...+ QymnTy

may be written in the form

y = Ay, (7.17)

where A is an n X n matrix and y and 3y’ are column vectors,

ai; a2 ... Qin U

a21 a2 ... QG2n Y2
A= . . ) Y=

an1 an?2 o Anmn, Yn

We attempt to find solutions of the form y = e*c with ¢ a constant column

vector. Substituting this form into (7.17) we obtain the condition

XeMe = Aette,
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or

Ac = e

Thus A be an eigenvalue of the matrix A and ¢ must be a corresponding eigen-
vector. If the eigenvalues of A are distinct, this procedure generates n solutions
of (7.17) and it can be shown that every solution is a linear combination of
these solutions. This explains the exponential solutions that we obtained. If
there are multiple eigenvalues of A, it may be necessary to obtain additional
solutions, and these will be exponential functions multiplied by powers of ¢. If
some eigenvalues are complex, the corresponding complex exponential solutions
may be replaced by products of exponential functions and sines or cosines.

7.4 Stability of Equilibria

In order to apply the linearization theorem of Section 8.2 to questions of stability
of an equilibrium, we must determine conditions under which all solutions of a
linear system with constant coeflicients

Yy = ay + bz, (7.18)
2 =cy+dz

approach zero as t — 0o. As we saw in Section 8.3, the nature of the solutions
of (7.18) is determined by the roots of the characteristic equation

M — (a+d)\ + (ad — bc) = 0. (7.19)

If the roots Ay and A of (7.19) are real, then the solutions of (7.18) are made
up of terms e** and e*2?, or eM? and teM! if the roots are equal. In order that
all solutions of (7.18) approach zero, we require A\; < 0 and A < 0, so that
the terms will be negative exponentials. If the roots are complex conjugates,
A = a %43, then in order that all solutions of (7.18) approach zero, we require
a < 0. Thus if the roots of the characteristic equation have negative real part,
all solutions of the system (7.18) approach zero as t— oo. In a similar manner,
we may see that if a root of the characteristic equation has positive real part,
then (7.18) has unbounded solutions.

It turns out, however, that it is not necessary to solve the characteristic
equation in order to determine whether all solutions of (7.18) approach zero,
as there is a useful criterion in terms of the coefficients of the characteristic
equation. The basic result is that the roots of a quadratic equation A2 4+ a3 A +
az = 0 have negative real part if and only if a3 > 0 and ay > 0. Applying
this to the characteristic equation (7.19) and the system (7.18), we obtain the
following result for linear systems with constant coefficients:

STABILITY THEOREM FOR LINEAR SYSTEMS: Every solution of
the linear system with constant coefficients (7.18) approaches zero as t — oo if
and only if the trace a + d of the coefficient matrix of the system is negative
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and the determinant ad — be of the system’s coeflicient matrix is positive. If
either the trace is positive or the determinant is negative, there is at least one
unbounded solution.

Example 1. Determine whether all solutions tend to zero or whether there are
unbounded solutions for each of the following systems:

(i) w=-u-2v, v =u-4v

(i) w=v, v =-u-2v

(iii) W =-2v, v =u+42v

Solution: (i) The characteristic equation is A> +5\+6 = 0, with roots A = —2,
A = —3. Thus all solutions tend to zero. Alternatively, since the trace of the
coefficient matrix is —5 < 0 and the determinant is 6 > 0, the stability theorem
gives the same conclusion. For (ii), the characteristic equation is A2 +2\+1 = 0
with a double root A = —1, and thus all solutions tend to zero. For (iii), the
characteristic equation is A2 — 2\ 42 = 0, and since the trace is positive, there
are unbounded solutions. As we indicated in the previous section, we could also
have drawn this conclusion from a phase portrait. O

If we apply the stability theorem for linear systems to the linearization

U = Fy(Yoos 200 )u + F(Yoo, 200)0; (7.20)

/

vo= Gy(yoo,zoo)u—l-Gz(yoo,zoo)v

of a system

Yy =F(y,2), 2 =Gy, 2) (7.21)
)

at an equilibrium (Yoo, 200 ), We obtain the following result.

EQUILIBRIUM STABILITY THEOREM: Let (Yoo, 200) be an equilib-
rium of a system y' = F(y, z), 2’ = G(y, z), with F' and G twice differentiable.
Then if

Fy(Yoos Z00) + Gz (Yoo, Z00) < 0 (7.22)

and
Fy(yom 200) G2 (Yoo Z00) = F2 (Yoo, ZOO)Gy(yOOa Zoo) > 0, (7.23)

the equilibrium (yeo, 200) is locally asymptotically stable. If either
Fy(yom ZOO) + Gz(yoo, ZOO) >0

or
Fy(yom Zoo)Gz(yoo; ZOO) - FZ(yom ZOO)Gy(yOOa ZOO) <0

the equilibrium (Yoo, 200) is unstable.



120 CHAPTER 7. SYSTEMS

Example 2. Determine whether each equilibrium of the system
y =2 Z=20"-1)z-y

is locally asymptotically stable or unstable.

Solution: The equilibria are the solutions of z = 0, 2(y*> — 1)z —y = 0, and
thus the only equilibrium is (0,0). Here F'(y, z) = z, with partial derivatives 0
and 1 respectively, and G(y, z) = 2(y? — 1)z — y, with partial derivatives 4yz — 1
and 2(y? — 1) respectively. Therefore the community matrix at the equilibrium

is

0 1

-1 =2
with trace —2 and determinant 1, as in Example 1(ii). Thus the equilibrium
(0,0) is locally asymptotically stable. O

Example 3. Determine whether each equilibrium of the system

y =yl =2y —2)
Z=z(1—y—22)

is locally asymptotically stable or unstable.
Solution: The equilibria are the solutions of y(1—-2y—=z) =0, z(1-y—2z) = 0.
One solution is (0,0); a second is the solution of y = 0, 1 —y — 2z = 0, which

27
fourth is the solution of 1 — 2y — 2z = 0, 1 —y — 2z = 0, which is (3
community matrix at an equilibrium (Yoo, 200) is

1 —4Yoo — 200 —Yoo
—Zoo 1 — Yoo — 4200

At (0,0), this matrix has trace 1 and determinant 1, and thus the equilibrium is
unstable. At (O,%), this matrix has trace —% and determinant —%, and thus the
equilibrium is unstable. At (%,O), this matrix has trace —% and determinant
—%, and thus the equilibrium is unstable. At (%,%), this matrix has trace —%
and determinant %, and thus this equilibrium is locally asymptotically stable.
O

The careful reader will have noticed that, like the linearization theorem of
Section 8.2, the equilibrium stability theorem given above has a hole of sorts in
its result, in that the theorem says nothing about the stability of equilibria for
which the trace and determinant lie on the boundary of conditions (7.22) and
(7.23)-in other words, for which the linearization has solutions which do not
approach zero as t — oo but stay bounded. The reason for this “hole” is that
in such cases, the linearization does not give enough information to determine
stability.

If all orbits beginning near an equilibrium remain near the equilibrium for ¢ >
0, but some orbits do not approach the equilibrium as ¢ — oo, the equilibrium
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is said to be stable, or sometimes neutrally stable. If the origin is neutrally
stable for the linearization at an equilibrium, then the equilibrium may also
be neutrally stable for the nonlinear system. However, it is also possible for
the origin to be neutrally stable for the linearization at an equilibrium, while
the equilibrium is asymptotically stable or unstable. Thus neutral stability of
the origin for a linearization at an equilibrium gives no information about the
stability of the equilibrium.

We have seen in Section 7.5 that a solution of an autonomous first-order
differential equation is either unbounded or approaches a limit as ¢ — co. For
an autonomous system of two first-order differential equations, these same two
possibilities exist. In addition, however, there is the possibility of an orbit which
is a closed curve, corresponding to a periodic solution. Such an orbit is called a
periodic orbit because it is traversed repeatedly.

There is a remarkable result which says essentially that these are the only
possibilities.

POINCARE-BENDIXSON THEOREM: A bounded orbit of a system of
two first-order differential equations which does not approach an equilibrium as
t— oo either is a periodic orbit or approaches a periodic orbit as t— oo.

It is possible to show that a periodic orbit must enclose an equilibrium point
in its interior. In many examples, there is an unstable equilibrium, and orbits
beginning near this equilibrium spiral out towards a periodic orbit. A periodic
orbit which is approached by other (non-periodic) orbits is called a limit cycle.
One example of a limit cycle involves the system

Y =yl —y*—2*) -z,
2 =z2(1—y* —2%) +y,

which has its only equilibrium at the origin. The equilibrium is unstable, and
Figure 7.1 illustrates the fact that all orbits not beginning at the origin spiral
counterclockwise [in or out] toward the unit circle y* + 2% = 1.

In many applications the functions y(t) and z(t) are restricted by the nature
of the problem to non-negative values. For example, this is the case if y(¢) and
z(t) are population sizes. In such a case, only the first quadrant y > 0, z > 0 of
the phase plane is of interest. For a system

Y =F(y,2), 2 =Gy, 2)

which has F(0,2) > 0 for z > 0 and G(y,0) > 0 for y > 0, then since y' > 0
along the positive z-axis (where y = 0) and 2z’ > 0 along the positive y-axis
(where z = 0), no orbit can leave the first quadrant by crossing one of the axes.
The Poincaré-Bendixson Theorem may then be applied to orbits in the first
quadrant. In such a case, the first quadrant is called an invariant set, a region
with the property that orbits must remain in the region.

If instead F' and G are identically zero along the respective [half-]axes, then
y =0for {y =0, 2z >0}, and 2/ =0 for {y > 0, 2 = 0}. In this case, orbits
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[\

_2,

Figure 7.1: Trajectories approaching a limit cycle

which begin on an axis must remain on that axis, and orbits beginning in the
interior of the first quadrant (with y(0) > 0, 2(0) > 0) must remain in the
interior of the first quadrant (i.e., y(t) > 0 and z(¢) > 0 for ¢ > 0). If there is
no equilibrium in the first quadrant, there cannot be a periodic orbit, because
a periodic orbit must enclose an equilibrium. Thus, if there is no equilibrium in
the first quadrant every orbit must be unbounded.

Example 4. Show that every orbit in the region y > 0, z > 0 of the system

/! Yyz
Yy _y(z_y)_erla

I Yz
z —4y+1 z

approaches a periodic orbit as t — oo.
Solution: We have ¢y = 0 when y = 0, and 2’ = 0 when z = 0, so orbits
starting in the first quadrant remain in the first quadrant. Equilibria are the

solutions of either y =0o0r2 —y = yﬁ, and either z = 0 or 4—3’1 =1.Ify =0,
we must also have z = 0. If 2 —y = yz?, we could have z = 0, which implies
y=2,0ry= %, which implies z = 29—0. Thus there are three equilibria, namely
(0,0), (2,0), and (%,%). By checking the values of the trace and determinant
of the community matrix, which is

— — Zoo _ Yoo
2= 2Yo0 — TRy Yoot
4200 4Yoo -1 ’
(Yoo +1)2 Yoot1

we may see that each of the three equilibria is unstable. In order to apply the
Poincaré-Bendixson Theorem, we must show that every orbit starting in the
first quadrant of the phase plane is bounded.
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To show this, we might like to show that ¢’ and 2" are negative when y and/or
z are sufficiently large, but a glance at the equations tells us this isn’t necessarily
so. Therefore we instead consider some positive combination of y and z whose
time derivative does become negative far enough from the origin. In particular,
consider the function V' (y, z) = 4y+ 2. If an orbit is unbounded, then along this
orbit the function V'(y, z) must also be unbounded. The derivative of V (y, z)
along an orbit is

d

2V W), 2] = 4/ (t) +2'(1) = 4y(2 —y) - =.

This is negative except in the bounded region defined by the inequality z <
4y(2 — y). Therefore the function V(y, z) cannot become unbounded, because
it is decreasing (dV/dt < 0) whenever it becomes large (z > 4y(2 — y), which is
true, for example, whenever V' > 9). This proves that all orbits of the system
are bounded. Now we may apply the Poincaré-Bendixson Theorem to see that
every orbit approaches a limit cycle. O

7.5 Some Applications in Population Biology and
Epidemiology

The formulation of models for two interacting species depends on the nature
of the interaction as well as on the assumptions about the behavior of each
population in the absence of the other population. In this section, we shall
examine a model for species in a predator-prey relation and an epidemic model
in which a population is divided into two classes.

7.5.1 Predator-prey systems

Let us consider the interaction of a prey species y and a predator species z.
We assume that in the absence of predators the prey population would obey a
logistic equation. We assume that the rate of prey consumption per predator
increases with prey population size but is bounded as the prey population be-
comes unbounded, that is, that there is a maximum rate of consumption per
predator no matter how plentiful the food supply. Beyond a certain point, the
prey population no longer limits the resources of the predators. For example,
we may assume that the rate of consumption of prey per predator has the form
y‘i—yA where ¢ and A are positive constants. We assume that in the absence
of prey the predator population would die out at an exponential rate. In the
equation for 2/, we also incorporate a term proportional to %5, representing
the conversion of food (prey) into predator biomass. This leads us to a model
of the form

y =ry (1 - i) - (7.24)
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The term ;5 in the first equation of (7.24) is called the predator functional
response, and the term 5 (replacing cyz) in the second equation of (7.24)
is called the predator numerical response; the constant % is the conversion effi-
ciency of prey into predators.

Here we have rewritten the natural decay rate of the predator population
in terms of J, which we can see from (7.24) is the minimum prey population
required to sustain the predator population (2’ > 0). As J decreases, so does
the rate at which the predator population would die out in the absence of the
prey. In the following two examples, we shall see that the parameter J (or,
equivalently, ) is capable of changing the nature of the system’s behavior.

Example 1. Determine the qualitative behavior of a predator-prey system
modelled by the differential equations

y’:y(l—i)— Yz
30 y+ 10’

7 =z Y —§
y+10 5)°

Solution: Equilibria are solutions of the pair of equations

Yy __Z —
y(l 20 y+10> 0, (7.25)

One equilibrium is given by y =0, z = 0. If 2 = 0, (7.25) implies

(1)

and thus another equilibrium is given by y = 30, z = 0. An equilibrium with y
and z both positive satisfies

Y z y 3

30 y+10 T y+10 5
The second of these equations is 5y = 3y + 30, or y = 15, and substitution into
the first equation gives 1 — % — 55 =0, 0or 2 =12.5. Thus a third equilibrium is

given by y = 15, z = 12.5.
We now use the equilibrium stability theorem of Section 8.4 with

y yz Yy 3
(v, 2) y( 30) z+10’ (v, 2) Z(y—l—lO 5)

Then the partial derivatives are

Y 10z Y
F == 1 — - — T Fz 5 = -
? Y
Gyly,2) = =

(y + 10)2’
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At the equilibrium (0,0), the community matrix is

5]
0 -2 |

and thus the equilibrium is unstable. At the equilibrium (30,0), the community
matrix is

-1 _%

o & ]

and since its determinant is —23—0 < 0 this equilibrium is also unstable. At the
equilibrium (15,12.5), the community matrix is

|:_l _§:|
5 5
1 )
3 0

and since this has trace —% < 0 and determinant 23—5 > 0, this equilibrium is
asymptotically stable. It is possible to show that every orbit with y(0) > 0
and z(0) > 0, not just those which start close to (15,12.5), approaches this
equilibrium. Thus predator and prey coexist here, with prey at half their natural
carrying capacity. O

Example 2. Suppose now that the environment of the pond in Example 2

improves in such a way that the predator fish tend to live longer (or die off
more slowly), so that the natural per capita mortality rate drops from % (in per
time units) to % Determine the qualitative behavior of this new predator-prey

system, modelled by the differential equations

y’:y(l—i)— Yz
30 y+ 10

2=z i —l
y+10 3)°

Solution: Equilibria are solutions of the pair of equations

As in Example 1, there is an equilibrium at (0,0) and a second, predator-free
(z = 0) equilibrium with y = 30. An equilibrium with y and z both positive
satisfies

Y z y 1

30 y+10 T y+10 3
The second of these equations is 3y = y + 10, or y = 5, and substitution into
the first equation gives 1 — % — 15 =0, or 2 =12.5. Thus a third equilibrium,

representing coexistence, is given by y =5, z = 12.5.
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The calculation of the community matrix is the same as in Example 1, except
that 2 is replaced by 3 in G(y, z). Thus the community matrix at (0,0) is

1 0
0o 1]

and this equilibrium is unstable. The community matrix at (30,0) is

5
12

[ 1 _1

]

s 0

Since this matrix has positive trace, the equilibrium (5,12.5) is also unstable,
and the system has no asymptotically stable equilibrium. In order to show that

all orbits in the first quadrant are bounded, we apply the technique introduced
in Example 4, Section 8.4, adding the two equations of the model to obtain

and since this has determinant —-% < 0, this equilibrium is unstable. The

community matrix at (5,12.5) is

’ Y z
o =u(1-55) -5
Thus y+ 2 is decreasing except in the bounded region defined by £ < y (1 — ?f’—o)
In order for an orbit to be unbounded, y 4+ z must be unbounded, and, as in
Example 4, Section 8.4, this is impossible since y+ z is decreasing whenever y+ z
is large. Thus all orbits in the first quadrant are bounded, and the Poincaré-
Bendixson Theorem may be applied to show that there must be a limit cycle
(with the equilibrium (5,12.5) in its interior) to which every orbit tends. Thus
the two species co-exist, but their population sizes fluctuate periodically. Some
orbits are shown in Figure 7.2. O

Examples 1 and 2 show that for a model of the form (7.24) there may be
periodic orbits, or every orbit may approach an equilibrium. Which behavior
occurs depends on the values of the parameters in the model rather than on the
form of the model.

7.5.2 An epidemiological model

In Section 7.4 we considered a model for the spread of an infectious disease in
which a population was divided into susceptibles and infectives; the underly-
ing assumptions were that there was a rate of contracting the infection which
depended on the number of susceptibles and the number of infectives, that
there was a rate of recovery depending on the number of infectives, and that
on recovery infectives returned to the susceptible class. In other words, it was
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Figure 7.2: Some orbits of the system in Example 2

assumed that there was no immunity against re-infection after recovery from
the infection.

In this example, we shall consider some models for the spread of infectious
diseases which include a third class, of removed members. Many diseases, espe-
cially diseases caused by viral agents, including smallpox, measles, and rubella
(German measles), provide immunity against re-infection.

We let S(t) denote the number of susceptibles, I(¢) the number of infectives,
and R(t) the number of removed members. We assume that the population has
constant total size K, so that S(t) +I(t) + R(t) = K. We will derive differential
equations expressing the rate of change of the size of each of the three classes,
but in each case one of the equations may be eliminated since we can use the
above relation to find S, I or R in terms of the other two. Thus we will obtain a
system of two differential equations to describe the spread of diseases for which
there is a removed class.

A model was proposed by W. O. Kermack and A. G. McKendrick [W. O.
Kermack & A. G. McKendrick, A contribution to the mathematical theory
of epidemics, Proc. Roy. Soc. London 115 (1927), 700-721] to explain the
rapid rise and fall of cases frequently observed in epidemics, including the Great
Plague of 1665-66 in England, cholera in London in 1865, and plague in Bombay
in 1906. This model is

S = —pSI,
I' =3SI —~I, (7.26)
R =~I.
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The only difference from the model of Section 7.4.1 (Equation (6.25)) is that
the term I now represents a rate of transition from the class I to the class R,
instead of a rate of return to the class S. The rate of recoveries in unit time
is 71, and the rate of transmission of infection from infectives to susceptibles is
BSI. Note that this model is only appropriate if the duration of an outbreak is
short enough that demographics (natural births and deaths) can be ignored.

We consider the model as a system of two equations, viewing R as determined
by S and I, R = K — S — I, since the first two equations do not involve R:

S = —BSI, (7.27)
I'=BSI —~I

The equilibria of the system (7.27) are the solutions of the pair of equations
BSI =0, BSI —~I = 0. The first of these implies that either S =0or I =0. If
S = 0, the second equation is satisfied only if I = 0, while if I = 0 the second
equation is satisfied for every S. Thus there is a line of equilibria (S ,0) with
Seo arbitrary, 0 < S, < K. If we compute the linearization of the system
(7.27)) at an equilibrium (Se,0), we obtain

u = —f3Ss,
’U/ = (6800 - FY) v,

and the linearization theorem of Section 8.4 cannot be applied.

In order to obtain an understanding of the qualitative behavior of solutions
of the system (7.27), we observe from (7.27) that S° < 0 whenever S > 0,
I > 0. This means that the function S(¢) decreases for all ¢. In addition, I’ < 0
whenever I >0, 5 <, while I’ <0if I <0, 3S >~. Thus if S(0) < %, S(t)
remains less than % for all t, and I(t) decreases to zero as t increases. However,
if 5(0) > 3, then I(t) increases so long as S > 1, and thus I(t) increases
initially before decreasing to zero. We think of introducing a small number of
infectives into a susceptible population so that I(0) = € > 0, S(0) = K —e. Then
if BK <, I(t) decreases monotonically to zero and the infection dies out. On
the other hand, if 8K > v, an epidemic occurs, as S(0) > 7 (for € small), so I(t)
increases to a maximum and then decreases to zero. This is another threshold
theorem of Kermack and McKendrick with the threshold quantity SK/v. This
threshold quantity distinguishes between two possible behaviors just like the
threshold quantity in Section 8.4, but the possible behaviors are not the same
as in Section 8.4.

One might suppose that the reason for the eventual disappearance of the
infection in the epidemic case is that all susceptibles become infected, but ob-
servations of epidemics indicate that this is not the case. The model (7.27) agrees
with observation in that it implies that the limiting value S(00) = lim¢—, oo S(t)
of every solution of the system (7.27) obeys S(co) > 0. We may see this by
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calculating
d v / / ~ S’ (t)
7 S(t) + I(t) 3 InSE)| = S'@)+I'(t)—= 50

= ST+ (38T — 1] ~ Z(=51) =0

(motivated by observing that S’ + I’ = —vI, and finding a function of S and I
whose time derivative is yI). Thus S(t) + I(t) — % InS(t) is a constant. Since
I(c0) = 0 and I(0) = 0, this gives

S@»_%mswgzam_%msw.

It follows that

1 50

S(0) — S(c0) = b o]

[mam_mamn:%

@2

and therefore

p_ |5

—= (7.28)

v 5(0) = 5(c0)
The quantity £S(0)/~ is known as the contact number. Not only does (7.28)
imply S(co) > 0, but it also gives a means of estimating the contact rate [,
which generally can not be measured directly. By making a serological survey
(testing for immune responses in the blood) in the population before and after
an epidemic, one may estimate S(0) and S(o0), and then (7.28) gives §/v. If
the mean infective period 1/v is known as well, then 5 can be calculated. The
contact rate § depends on the disease as well as on other factors such as the
rate of mixing in the population.

For example, the village of Eyam in England maintained isolation from other
villages during the Great Plague of 1665-66, and its population decreased from
350 to 83 during the course of the epidemic. There is reason to believe that there
were actually two separate epidemics,the first of which reduced the susceptible
population to 254. By substituting S(0) = 254, S(c0) = 83 into (7.28), we
obtain 5 1 254

83 -3
5 254_83—6.54><10 .
The infective period was 11 days, or 0.3667 months. Using a month as the
unit of time we obtain the estimate 5 = 0.0178. This data, with 7 initial
infectives, gives the phase portrait of Figure 7.3, traversed from right to left as
time progressed and the number of susceptibles decreased. Note that in this
case infected individuals were removed to the R class through death for the
most part, rather than recovery with immunity. Our simple model (7.27) still
describes this process, however different the interpretation may be, as the R
class of the model simply includes individuals no longer involved in the spread
of the disease.
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301

251

201

Figure 7.3: A phase portrait for model (7.27)

The criterion SK/v > 1 for the establishment of a disease can also be ex-
pressed as the requirement that the susceptible population density exceeds a

certain critical value % For fox rabies in Europe, observations indicate a crit-

ical population density of approximately 1 fox/km?; rabies dies out in regions
which are more sparsely populated. This data together with the average life
expectancy of 5 days for a rabid fox gives the estimate 3 ~ 72 km?/fox year.
In order to avoid an epidemic, it is necessary to reduce below 1 the quan-
tity SK /v, which is called the basic reproduction number and often denoted by
Rp. This may sometimes be achieved by immunization, which has the effect of
transferring members from the susceptible class to the removed class and thus
reducing S(0). If we immunize a fraction p of the susceptible population, we
would replace K by (1 — p)K, and this would give a basic reproductive number
BK(1 —p)/v. In order to make this basic reproductive number less than 1, we
require SK (1 — p)/~ < 1. This is equivalent to 1 —p < ﬁLK, orp>1-— ﬁlK
A population is said to have herd immunity if a sufficiently large fraction
has been immunized to reduce the basic reproductive number below 1 and thus
assure that the disease will not spread if an infective is introduced into the pop-
ulation. The only infectious disease for which this has actually been achieved
worldwide is smallpox. For measles, epidemiological data in the U.S. indicates
a basic reproductive number ranging from 5.4 to 6.3 in rural areas, requiring
vaccination of 81.5% to 84.1% of the population to achieve herd immunity. In
urban areas, the basic reproductive number ranges from 8.3 to 13.0, requiring
vaccination of 88.0% to 92.3% of the population. As measles vaccination is only
about 95% effective (for vaccination at age 15 months) and not all people are
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willing to allow vaccination, it is impossible in practice to achieve herd immu-
nity. For smallpox, the basic reproductive number is about 5, requiring 80%
vaccination to achieve herd immunity. This is feasible because the consequences
of smallpox are dire enough to encourage immunization.

It may be important to know the maximum number of infectives at any
given time, for example to be able to arrange enough facilities for isolation and
treatment. From the model (7.27), we know that the maximum of I occurs
when S = %, and also that the quantity S + I — %lnS is constant. Thus if ¢*
is the time when S = %, we have

S(t*) + I(t) — % InS(t*) = S(0) + I(0) — % In 5(0)

and g AT g
=4+ I(t") — =In= = 5(0) — = 1n S(0).
5 TIE) = 5ng =500) = 5 S(0)
From this we conclude that I(t*), the maximum number of infectives, is given
by
* g g g b0
I(t") =5(0) —=5InS00) + = = =50) - = —=n[BS(0)/v]. (7.29

()()5()5 5()55[()/]()
For the Great Plague in Eyam, this gives a maximum infective population of
30.4, confirmed by the phase portrait of Figure 7.3.

Y
In— —
B

7.6 Some exercises

In each of Exercises 1-3, describe the orbits of the given system.

1.y =y2? 2/ = z?
2.y =e % 2 =¢Y
3.y =ye*, 2 =yze Y

In each of Exercises 4-8, find the linearization of the given system at each

equilibrium.
4.y =y—z2,2 =y+2—-2
5.9 =z2=y+2-1
6. Y =z4+1,2 =9y>+2
7.y =22 -8y, 2 =y —2
8.y =e* 2 =¢¥

In each of Exercises 9-12, for each equilibrium of the given system deter-
mine whether the equilibrium is asymptotically stable or unstable.
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10.
11.
12.

13.
14.
15.
16.
17.
18.
19.
20.

21.

22.
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=2y, 2 = —=z2

y/
Y=y 2 =—z

y=-y 2 =y"—z

Y =y+z 2 =2-1

In each of Exercises 1320, find the general solution of the given system by
analytic solution, use a computer algebra system to examine the behavior

of solutions, and classify the origin as a node, saddle point, centre, or
spiral point.

Yy =y+52 2 =y—3z

Yy =y—=z2 =z

y =4y, 2 =2y +4z

Yy =y—=z 2 =4y —3z

Yy =y+2z, 2 = -3y+62
y =3y+5z, 2/ = —by+3z

/ /

y £ =Y

Il
©

y
Y=y+zz=2z

Obtain the general solution of the system y' = ay, 2’ = cy + az by solving
y' = ay, substituting the result into 2’ = cy + az and solving.

* Consider the system

/

= Yy—5
2 = 3y-—3z,

for which the condition ad — bc # 0 is violated.

(a) Show that every point of the line z = y is an equilibrium.

(b) Use the fact that 2/ = 3y to deduce that z = 3y + ¢; for some
constant c;.

(¢) Use the result of part (b) to eliminate z from the system and obtain
a first-order linear differential equation for y.

(d) Solve for y and obtain the solution y = —% + cze™?!, z = —=% +

3coe 2,

(e) Show that as t — oo every orbit approaches the point (—%-, —%-) on

the line of equilibria, and that the slope of the line joining this point
to any point on the orbit is the constant 3.



7.6.

23.
24.
25.
26.

SOME EXERCISES 133

(f) Use the information obtained to sketch the phase portrait of the
system.

In Exercises 23-26, for each equilibrium of the given system determine
whether the equilibrium is asymptotically stable or unstable.

/

=y—z,2 =y+2-2
/

=z,Z=y+2-1

'=z24+1,2 =y> +2

NS S SN
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Chapter 8

Double Integrals

8.1 Double integrals over a rectangle

In elementary calculus, the definition of the definite integral is motivated by
the idea of the area below a curve. Now we wish to introduce the concept of
the double integral, motivated by the idea of the volume below a surface. We
wish to describe the volume below a surface given by a function z = F(z,y) of
two variables above a region R of the xy-plane. In this section we consider the
special case in which the region R is the rectangle defined by the inequalities
a<xz<b c<y<d, where a,b,c,d are given constants with a < b and ¢ < d.
In the next section we shall extend the concept to more general plane regions
D.

First we partition the rectangle R into subrectangles by partitioning the
intervals a < x < b and ¢ < y < d. We partition the interval a < x < b into m
subintervals by defining

To=a<xr1<x2<--<ITy, =0b.

The i-th interval is x;—1 <z < x; [i = 1,2,...,m]. Similarly, we partition the
interval ¢ < y < d into n subintervals by defining

Y=c<pn<y2<- - -<y,=d.

The j-th interval is y;—1 <y <y; [ =1,2,...,n]. We now have mn rectangles,
described by

rij ={(x,y) [zic1 <o <@,y <y <yt
We let
Azj =z — 241 (i=1,2,...,m), Ay;=y; —yj-1 (j=1,2,...,n)
and then the area of the rectangle r;; is

AA;; = Az Ay; (i=12,....m;53=1,2,...,n).
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If F(x,y) is a non-negative function defined on the rectangle R, according to our
intuitive idea of volume the portion of the volume under the surface z = F(z, y)
over the rectangle r;; should be approximately

F(’U,l', ’UJ')AAJ' = F(’U,“ ’Ul)A.IlAyJ y
where u; and v; are any values such that
Tio1 < up <@y, Yi—1 S v <Yy

that is, where (u;, v;) is a point in the subrectangle r;;. This suggests that the
volume under the surface z = F(x,y) over the rectangle R should be approxi-
mated by the double sum of these expressions over both ¢ and j, and we define
the volume to be the limit of this sum as the lengths of all subintervals approach
zero, written
o= Axialgfgyjao Z F(u;, vi) Az; Ay; (8.1)
i,

provided this limit exists. We shall not go into detail about the nature of this
limit, which is a rather more complicated concept than the basic idea of the
limit of a function (which is itself a rather subtle idea). It is similar in nature
to the kind of limit involved in the definition of the definite integral.

The expression (8.1), while motivated by the idea of volume, is defined as
a limit of sum without using any geometric properties of volumes. We now
abstract from this idea and define the double integral of the function F(z,y)
over the rectangle R, written [ [, F(x,y)dA, by

// F(z,y)dA = lim Z F(u;,vj)Ax; Ay; (8.2)
R i,j

Ax;—0,Ay;—0

provided this limit exists. Also, as we are no longer constrained by our intuitive
idea of volume, we discard the assumption that F(z,y) > 0 over R. The limit
must be defined in such a way that it is independent both of the way in which
the lengths of the subintervals z;_1 <z < z; and y;_1 < y < y; tend to zero
and of the choice of the values u; and v;.

The definition (8.2) can be useful only if it can be shown that there is a
reasonable class of functions for which the double integral exists (i.e., for which
the limit (8.2) exists) and if we can develop techniques for calculating double
integrals. Obviously, a proof of the existence of the double integral requires an
understanding of the nature of the limit in the definition (8.2). For this reason,
we shall state a result on existence of the double integral with no attempt to
explain the ideas involved in the proof.

THEOREM 1. The double integral of a function F(z,y) over a rectangle R,
defined by (8.2), exists if the function F'(x,y) is bounded on the rectangle R
and is continuous at all points of R.

This result gives a substantial class of integrable functions and would be
sufficient for our purposes if we were planning to confine our attention to double
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integrals over rectangles. However, in order to define double integrals over more
general plane regions in the next section we need an even more general result
for double integrals over a rectangle. It will be necessary to consider the double
integral over a rectangle of a function which has points of discontinuity so long
as there are “not too many” points of discontinuity. By “not too many” points
of discontinuity we mean that the set of all points at which the function F(z,y)
fails to be continuous is a set of points in the plane having “zero area”. By a set
of points having “zero area” we mean a set of points which can be enclosed in
a collection of rectangles whose area can be made arbitrarily small. A smooth
curve is such a set, but it is possible to describe weird curves which do not
have “zero area”. The curves that we shall encounter all have “zero area”,
and the functions that we shall consider are all continuous except possibly on
a set of points having “zero area”. We shall not attempt to go into more detail
concerning these concepts, but shall merely state the generalization of Theorem
1 that we require for the next section.

THEOREM 2. The double integral of a function F(x,y) over a rectangle R
exists if the function F(z,y) is bounded on the rectangle R and is continuous
at all points of R except possibly a set of points having “zero area”.

The double integral has the following properties, analogous to the corre-
sponding properties for single integrals

//R[F(x,y)+G(x,y)]dA = //J%F(x’y)dA+/R/G(x’y)dA
//RkF(x,y)dA = k/R/F(x,y)dA (8.3)

//F(x,y)dA >0 if F(z,y) >0 onR
R

Here, F(z,y) and G(z,y) are any integrable functions and k is any constant.
These facts may appear to be “obvious” but their proofs depend on the nature
of the limit involved in the definition of the double integral and thus are not as
easy as one might think. A useful consequence of (8.3) is that if F(z,y) and
G(z,y) are integrable functions such that F(z,y) > G(x,y) at all points of R,

then
[ [ Fenin [ [ .

The definition (8.2) is too cumbersome to serve as a practical means for the
calculation of a double integral. It is possible to reduce the calculation of a
double integral to two successive calculations of single (definite) integrals. This
enables us to use techniques developed previously for the calculation of single
integrals in the calculation of double integrals.

We may calculate a double integral from the definition ((8.2) by summing
on ¢ for each fixed j and then summing the results on j. This amounts to
dividing the rectangle R into horizontal strips (indexed by j) and treating each
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horizontal strip separately. The sum

> F(ui,v)Az; (8.4)

=1

is a sum of the form used in the definition of the definite integral, and its limit
as Ax; — 0 1is

/b F(z,vj)dx. (8.5)

The calculation of ((8.2) requires the multiplication of each expression ((8.4) by
Ayj;, summation on j, and then a limiting process. If we replace ((8.4) by ((8.5)
in this procedure, we obtain

// (@ y)d :Ainiozl

The expression

b
/ F(x, vj)d:c] Ay; .

>

Jj=1

b
/ F(x,vj)d:c] Ay;

is itself a sum of the form used in the definition of the definite integral of the
function f: F(z,y)dz of y, and its limit as Ay; — 0 is

/j /jm,y)dx] ..

This suggests the validity of the equation
/ (z,y d:c] dy (8.6)

[ frwma- [

and it is possible to prove that the relation (8.6) is true provided the function
F(z,y) is bounded on the rectangle R and is continuous at all points of R except
possibly a set of points having “zero area”. The expression

/j /abm,y)dx] "

is called an iterated integral; it is calculated by first finding the definite integral
of F(z,y) with respect to x, giving a function of y, and then finding the definite
integral of this function of y with respect to y.

We could use a similar approach but summing first on j for each fixed ¢ and
then summing the results on %, or dividing the rectangle R into vertical strips.
This would give an iterated integral

/

d
/ F(x,y)dy] dx (8.7)
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and the double integral is also equal to this iterated integral.

THEOREM 3. If F'(z,y) is bounded on the rectangle R defined by a < x < b,
¢ <y < d and is continuous at all points of R except possibly at a set of points

having “zero area”, then
d rb
/ / F(z,y)dx | dy

[ [ 7o
/: /jm,wdy] "

It is important to remember that the limits of integration a and b belong
with the integration with respect to x and the limits of integration ¢ and d
belong with the integration with respect to y. The iterated integrals in (??) are
sometimes written without brackets in the forms

d b b d
//F(x,y)dfcdy, //F(x,y)dyd:c

and the order of integration is the same as the order of the “differentials” dx, dy.
In order to evaluate a double integral, one may evaluate either of the iterated
integrals, and it is possible that one is much more difficult than the other.

EXAMPLE 1. Evaluate [}, [(2?+2y)dA, where R is the rectangle 0 < z < 2,
1<y <3

Solution. We write the double integral as an iterated integral

/13 [/02(3:2—|—xy)d:c] dy

and evaluate, starting with the inner integral

2 2 r=2
9 T T4y 8
de = | — 4+ — =-+2y.
/o(x”ym [3+2L_0 3

Then

//R(x2+xy)dA = /13[§+2y]dy

8 L7 8 1
= |2 = —(241)=13=.
[3y+y]l (8+9) <3+> 33

We could equally well have integrated first with respect to y and then with
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respect to z,

/R/(x2+xy)dA =

T3

/ (2 + xy)dy] dx

LJ1

r 27y=3

2y + ﬂ] dx
2 J,0

9 r
_(33:2 + gx> — <x2 + %x)] dxr

(22% + 4x)dx

2
16
3 2 1
= |zz°+2z°| =—+8=13=
e
Observe that while the final result is the same, the intermediate steps in the
two approaches are not identical.

8.2 Double integrals over more general regions

If we attempt to define a double integral over a plane region D which is not a
rectangle in the same way as we defined a double integral over a rectangle, we
encounter a difficulty when we try to divide the region into rectangles. Wherever
the boundary of the region is not horizontal or vertical, there are rectangle which
are partly inside the region and partly outside the region

We will get around this difficulty by embedding the region D in a larger
rectangle R and forming the double integral over the rectangle R. This will
require extending the definition of the function to be integrated from D to the
larger region R in such a way that the double integral does not depend on the
choice of the rectangle R, and we do this in the obvious way — by defining the
function to be zero outside the original region D. Thus formally we define the

double integral
/ / F(z,y)dA
D

1. (i) Let R be a rectangle which contains the region D.

in the following way:

2. (i) Define the function F(z,y) on R by

A ) F(z,y) if (z,y) € D,
”Lw_{o if (x,y) ¢ D.

3. (iii) Define

/LF@@M:/@F@@M.
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For this definition to be useful we need to know that the integral [, [ F (z,y)dA
exists and that its value does not depend on the choice of the rectangle R, which
it is possible to prove provided the shape of the region D is not too complicated
and the function F(x,y) is reasonably well-behaved. We also need to know how
to calculate the integral [, [ F(z,y)dA as an iterated integral.

In Theorem 2 of the preceding section we stated the result that the double
integral [, [ F(x,y)dA exists if the function F'(z, ) is bounded on the rectangle
R and is continuous at all points of R except possibly a set of points having
“zero area”. If F(x,y) is bounded on the region D, then F(z,y) is bounded on
the rectangle R, because of the way in which the extension F(z,y) is defined.
Also, the points of discontinuity of £ (z,y) in R are the points of discontinuity
of F(x,y) in D together with the boundary points of D. If the set of boundary
points of D has “zero area”, and if the set of points of discontinuity of F(z,y)
in D has “zero area”, then the set of points of discontinuity of F (z,y) in R also
has “zero area”. Thus we obtain the following existence result from Theorem 2
of the preceding section.

THEOREM 1. If the function F(z,y) is bounded on the region D, if the
function F(x,y) is continuous at all points of D except possibly a set of points
having “zero area”, and if the boundary of D is a set of points having “zero

area”, then the double integral
/ / F(z,y)dA
R

In order to see how to write a double integral as an iterated integral, let
us consider a region D which is bounded above and below by smooth curves
y = g(z) and y = f(x) which intersect at x = a and x = b (Figure 8.1).

exists.

Y=g

Y =F()

Figure 8.1: A region bounded by two curves

We choose ¢ below the minimum of y = f(x) on a < x < b and d above the
maximum of y = g(x) on a < z < b to give a rectangle R described by the
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inequalities a < z < b, ¢ < y < d which contains D. According to the definition

(1),
//DF(x,y)dA = //RF(x,y)dA
_ /ab /Cdﬁ'(x,y)dy] dz

with F(x,y) defined by

) 0, c<y< f(x)
F(z,y) = { F(z,y), hi(z) <y <g(z)
0, ho(x) <y < d.

for every x, a < x < b. Then (8.3) gives

d f@) g(z)
/ F(z,y)dy = / F(x,y)der/f() Ff(z,y)dy

d
+ / F(z,y)dy
g(x)

f(=) g(x) d
= / Ody+/ F(:c,y)dy+/ Ody
c hy(z) g(x)

g(x)
= / F(z,y)dy.
(@)

Combining (8.2) and (8.4), we see that
bl rg(=@)
/ /F(:c,y)dA:/ / F(z,y)dy| dx.
D a |Jf(x)

EXAMPLE 1. Evaluate the integral [, [zydA, where D is the semicircle
givenby 0 <y<+v1—22 —1<z<1.

Solution. According to (8.5), the desired double integral is equal to the iterated

integral
1 Vi—z2?
/ [ / xydy] dr .
-1 |Jo

To evaluate the inner integral (with respect to y), we treat = as a constant, so
that

y=y/1-y*

zydy = %xyz’}yzo =3x(1—2?),

/\/ 1—22

0
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noting that the limits of integration depend on z. Then

1
// zydA = / 12(1 - 2?)dx
D 1

= %}il(x—xg)d:c
= i[5-2) =s6-D-G-l=0

If the region D is bounded by curves z = p(y) and = = ¢(y) which intersect
at y = c and y = d, then a double integral of a function f(z,y) over D can be
written as an iterated integral

[ [P ia- /j [ /pj:j’ F@,y)dx] ..

This leads to the possibility of two different iterated integrals each of which is
equal to the desired double integral. One of these integrals may be easier to
evaluate, and it may be necessary to try both to see which one is manageable.

It is essential to note that in an iterated integral of the form (8.5), with the
inner (first) integration with respect to y, the limits of integration in the inner
integral may depend on z but the limits of integration in the outer (second)
integration must be constants. Similarly, in an iterated integral of the form
(8.6) with the inner integration in the inner integral may depend on y (but not
on z) and the limits of integration in the outer integral must be constants.

EXAMPLE 2. Evaluate the iterated integral

/01 [/ylemzdx] dy.

Solution. As it is not possible to find an indefinite integral of e™*

2
, we convert

this iterated integral to a different iterated integral. In order to do this, we
must interpret the iterated integral as a double integral and identify the region
D of integration. In this case, we may see that the region is given by y < x <1,
0 <y <1, and thus is bounded by the cures z =y and x = 1 for 0 < y < 1.
Another description of this region is as the region bounded by the curves y = z
and y =1 for 0 <2z <1. Thus we may write the iterated integral as

1 x 1 —
2 21 Y=T
/ [/ e " dy] dx = / [yefm } dz
0 0 0 y=0
1
2
= / re ¥ dr.
0

To evaluate this integral, we must make the substitution u = 22, so that z = 0
corresponds to u = 0, x = 1 corresponds to u = 1, and g—; = 2z. The integral



146 CHAPTER 8. DOUBLE INTEGRALS

becomes

Figure 8.2: A triangular region of integration

A type of iterated integral that arises frequently in applications is the integral
of a function over an infinite triangular region.

EXAMPLE 3. Show that

/Ooo [/Ox F(x,ydy] dr = /Ooo [/yoo F(x,ydaj] dy.

Solution.The given integrals are iterated integrals corresponding to a double

integral over the infinite triangular region bounded by the lines y = 0,y = =
(Figure 8.2). The iterated integral on the left side describes integration with
respect to y (vertically) from 0 to x followed by integration with respect to
z (horizontally) over all positive . The iterated integral on the right side
describes integration with respect to x (horizontally) from y to oo followed by
integration with respect to y (vertically) over all positive y. Since both these
iterated integrals describe integration over the same region, they are equal.

8.3 Some exercises

In each of Exercises 1-4, evaluate the given iterated integral.
21
1. fo [fo (1- y2)dy} dx
1 2 2
2 Jy [Jo = y?)dz] dy

3. J? [ff(a:? + %+ l)d:c] dy
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12.

13.

14.

15.

16.

17.
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. fol [fol(l — xy)dy} dzx.

In each of Exercises 5-8, evaluate the given double integral over the given
rectangle R.

S [rl=yP)dA, 0<z<2,0<y<1
.ffo2y2dA, -1<x<1,-2<y<0
.ffRyemydA, 0<z<1,0<y<2

.ffoefmydA, -1<x<1,0<y<1

. Evaluate the double integral [}, [ f(z,y)dA, where R is the rectangle 0 <

2 <1,0<y<1and f(z,y) is defined by

e’ ife >y

f(x’y)_{o ifz <y

In each of Exercises 10-13, evaluate the given iterated integral (transform-
ing to another iterated integral if necessary)

f02 flﬂ xyd:c] dy
fol :fol/y yemyd:c} dy
f02 szm@x + y)dy} dzx

fol :fo 1—e? \/1 —y2dy} dx

In each of Exercises 14-17, evaluate the given double integral over the
region D described by the given inequalities.

, <x<20<y<4
[Ipdd, vy Yy
J[pdd, 1<y<e”,0<z<2
ffD(x+y)dA, ?<y<z,0<z<l

ffD(3:2—|—y2)dA, 0<y<a2?,0<x<2.
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18. Show that if f(z) is a function y having a continuous second derivative
and such that f(xzo) = f'(x0) = 0, so that

ro - [ 7 ()
f@) = /;f’(t)dt— / [/x:f”(u)du] i,

f@) = [ @ v,

0

then

[Hint: Interchange the order of integration.]

19. By writing
“dt
1t

Inu =

and interchanging the order of integration, evaluate

/ Inudu .
1



Chapter 9

Expansions of Functions in
Power Series

In Section 2.5 we described the linear approximation of a function f(z) at a
point zp, and we made use of the linear approximation in various ways. The
underlying idea was that near xg the function f(x) could be approximated by
the linear function

f(xo) + (x — 20) f'(20),

and that some properties of the function could be inferred from properties of
this simpler linear function.

In this chapter we extend the idea of linear approximation to approximation
by polynomials. Such approximations may be expected to be closer (having
smaller error) than linear approximations. In addition, we will obtain explicit
estimates for the error in an approximation. Later in the chapter we shall study
the properties of infinite series, culminating in the representation of a function as
the sum of an infinite series of powers of (z —x), or as the limit of a polynomial
approximation as the degree of the polynomial increases.

9.1 The Mean Value Theorem

The mean value theorem says that under suitable conditions, the secant line
joining two points (a, f(a)) and (b, f(b)) on the graph of a function y = f(z)
is parallel to the tangent line to the curve y = f(x) at some point ¢ between
a and b. Recall that the idea of the linear approximation was to approximate
the graph of the curve y = f(x) by the tangent line at = a. In the mean
value theorem we have equality rather than approximation but we pay a price
because we do not know the point c.

The mean value theorem is one of the most important results in calculus
because it is needed to prove several results which may be considered obvious.
However, proofs in mathematics must be pinned down; the word “obvious”

149
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in mathematics often means “I’'m sure it must be true but I don’t know how
to prove it”, and sometimes “obvious” statements turn out to be false. For
example, it was thought for many years that a function which is continuous
everywhere must be differentiable except possibly at a finite number of points.
This is not true; there are examples of functions which are continuous at every
point but do not have a derivative at any point. Intuition in mathematics can
lead one astray, and complete proofs are essential. This does not mean that
every fact in every mathematics course must be established rigorously, but it
does mean that there should be an awareness of the need for proofs. It also
means that statements of theorems should include the hypotheses under which
the theorem is valid.

THEOREM 1 (Mean Value Theorem). If the function f(z) is continuous on
the closed interval ¢ < x < b and if it has a derivative f’(z) on the open interval
a < z < b, then there exists at least one number ¢ with a < ¢ < b such that

Fo)= ), 91)

An equivalent formulation of the relation (9.1) is

fb) = f(a) + (b= a)f (o). (9-2)

If we replace a by xo and b by z in (9.2), we obtain

f@@) = flzo) + (z = wo) f'(0),

which we should compare with the linear approximation idea, that f(z) is ap-
proximated by (not equal to)

f(zxo) + (x — x0) f' (o)

The point of the mean value theorem is that there is a number ¢, not that
one should find it.

EXAMPLE 1: Let us apply the mean value theorem to the function f(z) =
e~ * which is continuous and differentiable for all z, —co < = < oo, and has
derivative f’(x) = —e™*. Thus, taking x¢ = 0, for every x we have, according

to the mean value theorem,

for some ¢ between 0 and z. If x > 0, so that ¢ > 0,0 <e™© < 1, and

0<l—-e*<uz.

The mean value theorem is useful for proving many “obvious” results in
calculus. One example of an “obvious” theorem whose proof requires the use
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of the mean value theorem is the fact that if the derivative of a function is
positive on an interval then the function is increasing on the interval. This
result is needed in curve sketching, to translate information about the sign
of the derivative into information about the nature of the graph. There is a
corresponding fact that if the derivative of a function is negative on an interval
then the function is decreasing on that interval.

In studying the indefinite integral we make heavy use of the fact that the only
functions whose derivative is identically zero are constant functions, another
result whose proof requires the mean value theorem. This is the justification for
the use of a constant of integration; if we have one function with a prescribed
derivative, then every function with the same derivative may be obtained by
adding an arbitrary constant.

Another way of looking at the mean value theorem is to consider the form
(9.2) as consisting of two parts, namely an explicit estimate f(a) for f(b) and an
error term (b—a)f’(c) which is undetermined because ¢ is not known exactly. If
we think of a as a fixed base point and b as a variable, for example by replacing
a by xo and b by x, we may write (9.2) in the form

f@@) = f(zo) + (2 = z0) f'(c) (9-3)

with ¢ between zg and z. Recall that the linear approximation to f(z) [Section
2.5] is
f(@o) + (z = 20) f'(20), (9.4)

but this is an approximation to f(x) without an error estimate. We think of
(9.3) as a less refined approximation f(xg) to f(z) but with the error estimate
(x —x0) f'(c). In the next two sections, we shall extend the mean value theorem
to give the linear approximation along with an error estimate, as well as higher
order approximations.

A partial extension, less precise than the result to be obtained in the next
section, may be obtained by applying the mean value theorem a second time in
(9.3) to f'(c), obtaining

f'(e) = f'(xo) = (¢ = 0) f"(d) (9.5)
for some d between xy and c. Substitution of (9.5) into (9.3) gives
f@) = flzo) + (x — zo)[f(x0) + (c — x0) f"(d)] (9.6)

= f(xo) + (x — o) f'(x0) + (x — x0)(c — 20) f" ().

The relation (9.6) gives f(z) as the sum of the linear approximation (9.4) and
the error term
(x —x0)(c — z0) f"(d), (9.7)
Taylor’s theorem, to be described in the next section with give f(x) as the
sum of the linear approximation (9.4) and an error term with a different form.
The error term (9.7) is at most M|z — z¢|?, if |[F"(d)] < M for 29 < d < =z,
since |¢ — xg| < |z — o] and this estimate is sufficient for many applications.
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9.2 Taylor Polynomials

The linear approximation to a function f(z) at a point xg, introduced in Section
2.5, may be described as the linear function which has the same value and the
same derivative as f(z) at zg. If we attempt to find a linear function, or

polynomial of degree 1,
Pi(z)=co+ 1z (9.8)

such that
Pi(z0) = f(z0), Pi(xo) = f'(x0),

we have two equations to determine the coefficients ag and a;. The condition
Pl (.Io) = f(xo) giVGS

Cco + c1xg = f(xo), (99)
and since Pj(z) = ¢ the condition PJ(xg) = f'(x¢) gives
Cc1 = f/(xo). (910)

Substitution of (9.10) into (9.9) gives
co = f(zo) — crwo = fzo) — 2o f’ (o)
and then we obtain

Pi(x) =co+cx = f(xo) —xof (w0) + ['(xo)x
f(xo) + (z — o) f'(w0),

which is the linear approximation. The algebra would have been simpler if we
had written the linear function Pj(z) in the form

Pi(z) = ag + a1(xz — xo). (9.11)

Then the condition Pj(z¢) = f(z¢) would give

apg = f(xo) (912)
and since Pj(z) = a, the condition P|(zg) = f'(xo) would give
a1 = f'(xo).

In this section, we consider polynomial approximations to a function f(x)
obtained by specifying conditions at a base point xy. For example, let us find the
quadratic (of degree 2) polynomial P5(z) which has the same value, derivative,
and second derivative as f(z) at zo. If we write

Py(x) = ag + a1 (x — z0) + az(z — x0)?. (9.13)
The condition Pa(xg) = f(xo) gives

ap = f(zo). (9.14)
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Since Py(z) = a1 + 2az(x — x0), the condition Pj(zg) = f'(z0) gives
a]; = f/(.Io). (915)
Since Py () = 2az, the condition Py (xo) = f"(x0) gives 2a3 = f"'(x¢) or

as = %f//(.fo). (916)

Substitution of (9.14), (9.15), (9.16) into (9.13) gives

Poe) = Fwo) + (& — w0)f (o) + 2 (e~ 20" (@o). (9.17)

Because the conditions (9.14), (9.15) are the same as (9.11) (9.12) respectively,
comparison of (9.13) with (9.8) shows that the constant and linear terms in
P, (z) are the same as constant and linear terms in P; (). Thus the quadratic ap-
proximation Py(z) is the linear approximation P (x) plus an additional second-
degree term.

We may carry this process further. The polynomial Ps(x) of degree 3 such
that

Ps(x0) = f(x0), P3(zo) = f'(x0), P5'(x0) = f"(x0), P3"(x0) = f" (x0)

is given by

Py) = f(z0) + (2 = 20) (o) + 5 (& — 20)* " (z0) + (& — 20)° 5" (o).

To see this, we assume the form
P3(x) = ap + a1 (x — 20) + az(x — 20)? + az(z — x0)> (9.18)

and solve for the coefficients ag, a1, a2, ag. The calculation of ag, a1, as is exactly
the same as in (9.14), (9.15), (9.16). To find a3, we differentiate (9.18) three
times, obtaining

Pj(x) = a1+ 2aa(z — x0) + 3az(x — x0)?
Pl(z) = 2as+ 3.2a3(x — o)
P/ (z) = 3.2as,

and then use the condition P§’(xo) = f"'(x0) to obtain

1 " 71 "
55" @) = 1" (o).

asz =
For purposes of extension, it is convenient to write this in the form

1
as = gf///(xo).
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[Recall that if k is a positive integer, k! means the product of the integers from
ltok,sothat 11=1,21=1-2=2,31=1-2.-3=6,41=1-2-3-4= 24, etc;
it is conventional to define 0! = 1.]

We now define the Taylor polynomial of degree n for f(x) at the base point
xo as the polynomial P,(x) of degree n such that

Po(x0) = f(x0), Pi(w0) = f'(w0), .., P (wo) = ) (o). (9.19)

As a polynomial of degree n has (n+1) coefficients the (n+1) conditions (9.19)
determine the polynomial P, (z) completely. If we follow the same process for
determining coefficients as we have used in the cases n = 1, 2, 3, we obtain

P.(z) = f(xo)+ (z — z0) f/(lx!()) +(z — x0)2% +--- (9.20)
() (4
+ (z-— xo)"if n(' 0).

EXAMPLE 1. Calculate the Taylor polynomials of degrees 1,2, 3, and 4 for
the function f(x) = e® at the base point 0.

Solution. Since the derivative of every order of e” is e
the formula (9.20) gives

* with value 1 at x =0,

2

X X X
r 2?23 4 22 g3 gt

In fact, we may easily see that

x  x? z" " gk
k=0

EXAMPLE 2. Use the approximations obtained in Example 1 to estimate the

value of e.

Solution. Since e is the value of the function e* for x = 1, we calculate as

approximations Py(1) =1+ 4 =2, Pp(1) =1+ L+ L =21 Py(1)=1+ 4 +

F+ 5 =22 P(1)=1+4+ &+ %+ 4 =24 =27083.

As we know a value for e, namely 2.71828. .., we might conjecture that the
approximation P, (x) to f(x) becomes more accurate in general as n is increased,
and that we may approximate the value of a function as accurately as we wish
by making the degree of the approximating Taylor polynomial large enough.
To validate (or disprove) such a conjecture we would need an estimate of the
error in the approximation (the difference between the function and the Taylor
polynomial) and how it depends on the degree n of the Taylor polynomial. An
approach to the general error estimate question will be developed in the next
section, but it may be possible to obtain an explicit formula for the error for
some functions.
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EXAMPLE 3. Find the Taylor polynomial P, (x) of the function f(z) = =

1-x
at the base point 0.
Solution. We have
1
fa)=——, f0)=1
1
f/('r): (1_$)25 f/(o)_l
2
f//('r) - (1_$)35 f//(o)_z
3-2
[ (z) = m, f7(0)=3
and we may see that in general,
(*) k! (k) |
[H(x) = m, SH(0) = kL.
Thus the Taylor polynomial of degree n is
2 3! !
Pu(z) = 1+$+i$2+5x3+-~+%x"
= l4+at+2?+-- 42" (9.21)

It is possible to obtain a different but equivalent expression for P,(z) in
Example 3 above by a device used for summing a geometric series. We multiply
the equation (9.21) by z, obtaining

rPy(r) =z + 2%+ + 2" + 2"t (9.22)
and subtract (9.22) from (9.21) obtaining
(1—2z)P,(x) =1— 2"

Thus

1 anrl

Po(z) = - .
() l-z 1-—-2
The relation (9.23) says that the difference between the function f(z) =1/1 —

njml . From this explicit formula for the error

(9.23)

and the Taylor polynomial P, (z) is &
we see that if |z| < 1, so that 2! — 0 as n — oo, the error decreases to zero
as n — oo. Thus on the interval —1 < z < 1, the Taylor polynomial P, (z)
approximates the function f(z) = 1im with an error which approaches zero as
n — oo.

The main uses of Taylor polynomial approximations are not to estimate the
value of a function at a given point. Currently available technology, such as
inexpensive electronic pocket calculators, provides easier methods. The impor-
tance of Taylor polynomials is in approximating functions over an interval, and
this will require error estimates which are valid over an interval.



156 CHAPTER 9. POWER SERIES EXPANSIONS

EXAMPLE 4. Find the Taylor polynomial P,(z) of the function f(z) =
¢n(1 + x) at the base point 0.
Solution. We have

flx) = m(l+2x), fO0)=(ml=0
f@) = e FO)=1
'@ = G ;1@2, 7(0) = -1
" —1)(=2 2! "
i = TS -t o=
In general,
—1)!
F9@) = (0 S 90 = (e -
Thus the Taylor polynomial is
r 22 I3 n—1)!
P = g
' xQ' x3 ' " '
= x—?‘i‘?—"'-i-(—l)nil;.

EXAMPLE 5. Find the Taylor polynomial P, (z) of the function f(z) =e™*
at the base point 0.
Solution. We have

fl@) = e [f(0)=1

f@) = e, fo)=-1
ffl@) = e f7(0)=1
f///(x) — _efx, f///(o — _1
9 (x) e, M) =1 etc

Thus P,(x) is an alternating sum
) 2?2 23 2
—x+§—§+z+"'

EXAMPLE 6. Find the Taylor polynomial P,(z) of the function f(z) =
(1 + z)? at the base point 0.
Solution. We have

f@) = (+ap, f0)=1

f@) = p(l+z)P7', f(0)=p
f(x) = plp—1)A+=z)P2  f'(0)=pp-1)
@) = plp—Dp—-2)1+z)P%  f"(0)=pp—-1)(p—2).
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Thus

-1
1, Pi(x)=14+pzx, Pyz)=1+pz+ Maﬁ

2!
—1 -2
p(p )(p )x3, etc..

s
—
8
S~—
I

(p—l)x2+

p
14 px+ 20 3l

I
o)
8
S~—"
I

Note that if p is a positive integer, f*)(0) = 0 for k > p + 1 because

fR0) =pp-1p—2)(p-k+1).

Thus P,(x) is a polynomial of fixed degree p for every n > p. However, if p is
not a positive integer, P, (x) will always have degree n no matter how large n
is. Although we speak of P,(z) as a polynomial of degree n, it is possible for
P, () to be a polynomial of degree less than p.

We conclude with an example of a function which we can not evaluate di-
rectly, for which the Taylor polynomials give a useful means of approximating
values of the function.

EXAMPLE 7. Finc21 the Taylor polynomials of degree 0,1,2, and 3 of the
function f(z) = [, e~" dt at the base point 0, and use them to estimate f(0.2).
Solution. We have

f@) = / et £(0) =0
fla) = e, f)=1

[(x) = —22e™, ['(0)=0
) = —2ae ™ —(2z)(=22)e ", f(0) = —2.
Thus
Pi(z) = z, P(0.2)=0.2
Py(z) , Py(0.2)=0.2
2 3
Pi(w) = w—ga®=u- % P5(0.2) = 0.2 — 0.00267 = 0.19733.

The values Py(0.2), P1(0.2), P»(0.2), P5(0.2) are the respective approximations
to f(0.2) = [ e dt.

9.3 Taylor’s Theorem
We have calculated Taylor polynomials for a given function, thinking of them as

approximations to the function. The questions which we explore in this section is
how good an approximation to f(x) is the Taylor polynomial P, (x). The Taylor
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polynomial P, (z) at base point xg is designed to approximate the function f(x)
as well as possible at the base point zg, being defined by the conditions that
P, (z) and its derivatives up to order (n — 1) should be respectively equal to
f(z) and its derivatives up to order (n — 1) at the point x9. We shall obtain
an estimate for the difference between f(x) and P, (z) on an interval containing
xg, and this will measure the accuracy of the approximation on that interval.
Let us define

Ry (z) = f(x) = Pa(z) .
Then R, (z) is the error made in approximating f(z) by P,(z), and is the
quantity which we wish to estimate. We may interpret the mean value theorem
as saying

Ro(x) = (z — z0) f'(c)
for some point ¢ between xy and x, and we may interpret the relation (7) of
Section 4.1 as saying

Ry(x) = (z — zo)(c — x0) f"(d)

for points ¢ and d with ¢ between ¢y and x and d between xy and c¢. Taylor’s
theorem expresses Ry, (z) in terms of the values of f("+1)(t) as t ranges over the
interval from zg to x.

Taylor’s Theorem. Suppose that f(t), f'(t),..., f**+D(t) are continuous on
x9 <t < x, where n is a given positive integer. Let

" (n) T
Pae) = (o) + (@ a0)f (wo) + (@~ a0 LT 4 g g g L)
Rn(z) = f(z)— Pu(z).
Then £ +1)( )
R,(z) = m(x ) (9.24)

for some point ¢ between zy and x.

We do not give the proof of Taylor’s theorem, which may be found in many
calculus texts. The form (9.24) for R,(x) is known as the Lagrange form of
the remainder. Just as in the mean value theorem (which is the case n = 0 of
Taylor’s theorem), the actual value of ¢ is not important. The bounds given by
(9.26) below provide a more useful version of Taylor’s theorem as an estimate
of Ry (z).

Corollary to Taylor’s Theorem. If

|Fm @) < M (9.25)

for all ¢ between x¢ and z, then the remainder R, (x) satisfies the estimate

Ru(a)] < —2

o _ n+1 9
< (n+1)!|x xo|" . (9.26)



9.3. TAYLOR’S THEOREM 159

The proof of this corollary is an immediate consequence of (9.25) since
[f () < M.

EXAMPLE 1. Estimate the error in approximating e™® by 1 — x on the
interval 0 < x < 1.

Solution. We take f(x) = e ®x and use the base point 0. Then we may consider
1 — x as the Taylor polynomial of degree 1. Since f”(x) =e™*, and e”* < 1 for
0 <1, the estimate (9.26) with n = 1 gives

1

1 2
[By(2)] < glaf < 5 = 05.

EXAMPLE 2. Estimate the error in approximating e™ by 1 —x + 9”2—2 on the
interval 0 < x < 1.

Solution. As in Example 1 we take f(z) = e® and use the base point 0. Then
l—xz+ % is the Taylor polynomial of degree. Since |f®)(z)| < 1for 0 <z <1,
the estimate (9.26) with n = 2 gives

x

1, 5 1
|Ra(z)| < §|$| <g= 0.167.
Thus for 0 < z <1 we have
2
e =142 — —| <0.167

In fact,
_ X

EXAMPLE 3. Obtain a bound for the error in the estimate 0.19733 for

00'2 e’ dt [Example 7, Section 5.2].

Solution. The estimate 0.19733 was obtained from the Taylor polynomial of
degree 3. Thus we must estimate R3(0.2). In Example 7, Section 5.2 with

f@) = [y e~ dt, we found
" _ o —x? 2 —g?
() = =27 +4ate™™ .
Therefore,

fB@) = dze +8ze " + (4$2)(—2{E>€7I2

= 12z — 82l = efx2(12x — 8z%).
For 0 <z < 0.2 we have

|f(4)($)| = e*x2|12x— 82| < |12z — 8z3).
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It is not difficult to verify that the function 12z — 822 is monotone decreasing
for 0 < 2 < 0.2, from 0 at = = 0 to -2.335 at = = 0.2. Thus |f*(z)| < 2.336
for 0 < z < 0.2. Now the estimate (9.26) with n = 3 gives

2.336

Ry(0.2)] < ==

(0.2)* = 0.0001557.

This shows that 0.2
’ / et dt —0.19733 < 0.0001557,
0

or that [)* e~*" is between 0.19733—0.00016 = 0.19717, and 0.19733+0.00016 =
0.19749.

9.4 The Taylor Series of a Function

In Example 3, Section 5.2 we calculated the Taylor polynomial P, (x) of degree
n for the function

as
Pz)=1+2+2%+ -+ 2"
We also calculated the difference between f(x) and P,(x), obtaining
1 anrl

l+z+a’+- - +a"= - :
l-z 1-2

so that
f(x) = Pu(a) + &

1—2

It is possible to prove that z"*1 — 0 as n — oo for each x with —1 < 2 < 1, or
|z] < 1, and from this we see that the difference between the function f(x) and
the Taylor polynomial P, (z) tends to zero as n — oo for every x in the interval
—1 < z < 1. This means that, at least formally, we can write
f(z) = lim P,(x)
n—oo

or

1 2 — k

on the interval —1 < z < 1.
In Example 1, Section 5.2, we calculated the Taylor polynomial P,(x) of
degree n of the function

f(z) =¢"
as
p 1 T x2 z" D gk
(1) = +ﬂ+§+"'+ﬁ_zﬁ'

k=0
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In Section 5.3, we established Taylor’s theorem, estimating the difference be-
tween a function f(z) and its Taylor polynomial P,(x). According to this
theorem, if we write

f(x) = Po(z) + Ra(x),

then the “remainder” R, (z) is given by

(n+1)
f (C) anrl

@) = 23

for some ¢ between 0 and z. For the function f(z) = e”, the derivative of every
order is e and the remainder takes the form

eC

(n+1)!

R, (z) = Tt

On any interval —A < x < A, since |c| < |z| we have

z| eAAn+1

|
€ n+1
" <

(n+1)!

It is possible to show that A"*!/(n 4+ 1)! — 0 as n — oo for every A > 0, and
this implies that the remainder R, (z), and therefore the difference between the
function f(z) and the Taylor polynomial P,(z), tends to zero as n — oo for
every x in an interval —A < x < A with A arbitrary. Thus, at least formally,
we can write

[ Bn(z)] <

f(z) = lim P,(x)

n—oo
or o
2 k
T _ £ T ... _ r
=l+qty =g
k=0

on any interval —A < z < A, and therefore on the interval —oo < z < oo.
In general, we have seen in Section 5.3 that if the function f(x) has deriva-
tives of all orders, then it has a Taylor polynomial

/ " (n)
P,(z) = f(0)+ @x + / 2(!()) o4+ / n!(()) x™ (9.27)
/M0
- kz:;) I

for every non-negative integer n. We now define the Taylor series of f(x) (with
base point 0) as lim P,(x), represented symbolically as
n—oo

lim P,(z) = i 1) zF (9.28)

In particular, we have shown that the Taylor series of the function 1/(1 — x) is
> iz and that the Taylor series of the function e® is Y - ¥ /k!. Because
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the remainder R, (z) in Taylor’s theorem for each of these functions approaches
zero on some interval, we have also shown that the Taylor series for each function
represents the function.

Similarly, we may define the Taylor series of f(z) with base point xg as

o p(k)(p
Z S (@) k(' 0) (z — z0)". (9.29)
k=0

When we write lim P,(x), we mean the function of z whose value for any
n—oo

given x is the limit of the sequence of numbers P, (z). For those values of x for
which this sequence has a limit, a function P(xz) is defined by

> £(k) (4
P(z) = lim Py(x) = > fT(!O)(x — zo)".

k=0

We wish to study the relation between this function P(x) and the originally
given function f(z). In particular, we wish to investigate the extent to which
functions can be combined algebraically, differentiated, and integrated by per-
forming these operations on the Taylor series of the functions.

We may use the same approach for many other functions. If f(z) is a
function whose derivatives of all orders exist on some interval we can use (9.28)
to construct the Taylor series of f(), obtaining a power series Y-, arz® whose
coefficients are given by

(k)
ak:fk!(o) (k=0,1,2,..)).

In order for the Taylor series of a function f(z) to converge to the function f(x),
it is necessary that
lim R, (x)=0. (9.30)

n—oo

According to Taylor’s theorem,

(n+1)
f (C) anrl

) = 570,

for some ¢ between 0 and x. If there is a number M, independent of n, such
that
|F 0] < M (9-31)

for ¢ in some interval, then
|x|n+1

|Rn(z)] < M(n—|—1)!

|x|n+1
and because lim ———
and thus that the Taylor series of f(x) converges to f(z) on the interval. Even if

= 0, this shows that lim R, (z) = 0 on that interval
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(9.31) is not satisfied, it is possible that (9.30) may be satisfied on some interval.
A function for which (9.30) holds on some interval containing 0 in its interior
is said to be analytic at 0; an analytic function is one which can be expanded
in a Taylor series and which is the sum of its Taylor series on some interval
containing 0 in its interior.

All the functions which we shall encounter are analytic, and we will normally
not check the details of proving that (9.30) holds. However, the reader should
not assume that every function possessing derivatives of all orders is analytic.
The standard counter-example is

- ez x#0
ro={ o7 170

It is possible to calculate the derivatives of this function and to show that
fk)(0) = 0,(k =0,1,2,...). Thus all terms of the Taylor series of f(x) have
coefficient 0, and f(x) is a non-zero function whose Taylor series is the zero
series. Obviously the Taylor series converges for all x; equally obviously, the
Taylor series does not converge to f(x) except at = 0.

Some of the Taylor series expansions we can derive from calculations made
earlier are

z2 23 2t
Inl+2z) = x-— 5 + 377 + - - [Exzampled, Sectionb.2]
—1 —1)(p—2
I+z)» = 1+px+ p(p2| >x2 + p(p 3)|(p >x3 + - - [Example6, Sectionb.2]
2 3
e = 1+ % + xT + z—| + - - [Exzamplel, Sectionb.2]

All these functions are analytic at 0, with the expansion valid if —oco < x < 00
for e*, and if =1 < z < 1 for In(1 + z). For (1 + x)P the expansion is valid if
—1 < x < 1 unless p is a positive integer, in which case the series terminates
and becomes a polynomial, valid for —oo < = < oco. In general, the Taylor
series (with base point 0) of an analytic function converges to the function on
an interval —R < < R for some number R called the radius of convergence
of the series. It is possible to have R = oo, as for the function e”, or to have a
finite value of R, as for the functions 1/(1 — z),In(1 + z), and (1 + z)? (if p is
not a positive integer).

Our principal reason for studying the Taylor series expansions of functions
is that it is possible to perform operations on functions by performing the same
operations on their Taylor series, treating Taylor series as if they were polyno-
mials and operating term by term. This is possible both for algebraic operations
and the calculus operations of differentiation and integration. It is possible to
establish the following results.

THEOREM 1. Let f(x) be a function having a Taylor series expansion
> reo axz® which converges to f(z) and let g(z) be a function having a Tay-
lor series expansion Y -, bxaz® which converges to g(z), both expansions being
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valid on some interval —R < x < R, so that
fl@) =) aa®, gl@)=) ba*, (2| <R).
k=0 k=0

Then

o0

Z(ak —+ bk):Ek

k=0

fl@)g(z) = (Z akxk> (Z bkxk>
k=0 k=0

= (ap + a1r + agx® + - ) (bobrx + boz’z - - )
aobo + (aobl + Cle()){E + (aon + Clel + a2b0)$2 + e

o0

= E Ck:Ek,

e=0

f(@) +g(x)

k
where C = ZE:O agbk,g.

Ho@)} = ao+aig(@)+azg(x)’ + -
= a0+a1{b0+b1x+b2x2~-~}+a2{b0+b1x+b2x2+-~~}+~~~

flx) = Z kapxh—1
k=0

/Oxf(x)dt = /Oliaktk] dt—ki:ak /Oxtkdt

k=0
> a
k
T 1$k+1
k=0

with all expansions being valid for —R < z < R.

EXAMPLE 1. Find the Taylor series expansion of xe®.
Solution. While we could obtain the desired expansion by calculating successive
derivatives at 0 of the function xe”, it is easier to begin with the expansion

ex:Z— (—o0 <z < 0)

and multiply by x; multiplication by x has the effect of raising each exponent
in the series by 1. Thus




9.4. THE TAYLOR SERIES OF A FUNCTION 165
and this representation is valid so all z.
EXAMPLE 2. Find the Taylor series expansion of the function [ et dt.
Solution. We begin by writing

b_q, 1 23
Then we replace t by —t2 to give

2ttt

et =1
Finally, we integrate term by term to give

T 3 5 7
2 x x x
/etdt:x— — 4
0

5. 11 5.2 7.3l

with this expansion being valid for all . [Compare Example 7, Section 5.2.]
We have dealt exclusively with expansions at the base point 0, using the
form (9.28) with powers of z. We can also expand functions in Taylor series
at a base point xg, using the form (9.29) with powers of (z — ). A function
having a Taylor series expansion at the base point xy which converges to the
function on some interval with zg in its interior is said to be analytic at .

EXAMPLE 3. Find the Taylor series expansion of the function f(z) =1/(1—
x) at the base point —1 and determine its interval of validity.

Solution We have seen in Example 4, Section 5.2 that f'(z) = ﬁ, f'(z) =
ﬁ, and in general that f*)(z) = # Substituting x = —1, we obtain
f(=1) = 3, f'(-1) = 55, and in general fHE(=1) = 2,f+!1. Thus the Taylor
series expansion at the base point —1 is

r(_ r(_ (=) (—
fen+ Lo ey L0 e e L ey
11 1 ) 1
= tmEt+mE+t)?+ 2k+1($+1)k+
- Z%.(x‘gl)k

This is a geometric series with first term 1/2 and ratio (x + 1)/2. Thus it
converges to the sum
1

1—=H 2 (z41)

N [=

provided#<1,or—1<%H<1,or—2<x+1<2,or—3<x<1.
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9.5 Convergence of Power Series

In Example 1, Section 5.2, we showed that the Taylor polynomial P, (z) for the
function e* with base point 0 is

x 22 3 x™ m gk
TR TR ) D3
k=0

Thus the Taylor series of the function e® is

3 ”“"—' (9.32)

Viewing (9.32) purely as an infinite series, paying no attention to its relation to
the function e®, we may ask for what values of x it converges. We will see that
the series (9.32) converges absolutely for all z, —oo < 2 < co. This means that
the series defines a function f(x) of x for —oco < x < oo, namely the function
whose value at x is the sum of the series of x. What is the relation of this
function f(x) to e®?

As we have seen in Section 5.1, since

e = Z o + R, (z)
k=0

and the remainder R, (z) — 0 as n — oo on every interval —A < z < A with
A > 0, the function f(z) represented by the power series (9.32) must be e”.
Thus the Taylor series of e converges to e® on every closed bounded interval
—A<z <A

We may use the same approach for many other functions. If f(x) is a function
whose derivatives of all orders exist on some interval, we may construct the
Taylor series of f(x), obtaining a power series

(o)
E akxk,
k=0

with af = %(k =0,1,2,---). It is possible to prove that if we define

1 . (477

= = 1m _
: Ak+1
hIﬂkgﬁoo|—E;—| k—oo Qka1

[, (9.33)

(provided this limit exists), then the power series converges if |z| < R, that
is, for z in the interval —R < z < R. Actually, a stronger statement is true,
namely that the series converges absolutely, that is, the series of absolute values

o0
> lallz*
k=0
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converges. Even if the limit (9.33) does not exist, it is possible to show that
every power series » .~ arz® has a radius of convergence R such that the
series converges absolutely if || < R and (if R is finite) diverges if |z| > R.
For |z| = R, that is for x = £R, the series may converge or diverge. The
interval —R < < R on which the series converges is known as the interval
of convergence. Since the Taylor series (9.32) for the function e* converges for
all x, the radius of convergence R is infinite and the interval of convergence is
—o0 < x < o0.

EXAMPLE 1. Find the interval of convergence of the Taylor series 1 + z +
x? + -+ of the function 1/(1 — x).

Solution. We know that this geometric series converges for |z| < 1 and diverges
for |x| > 1. Thus the interval of convergence is —1 < x < 1. Observe that the
function 1/(1 — ) is defined on a larger interval —oo < x < 1 than the interval
of convergence of its Taylor series. However, the Taylor series represents the
function only on the interval —1 < z < 1. In Section 5.2 we obtained the explicit
expression z"71/(1 — z) for the remainder R, (z) in the Taylor approximation
of this function. Because lim, o |2|*™ = 0 if |2| < 1, lim,— o Rn(x) on the
interval of convergence of the Taylor series and thus

1 o0
— => 2k (-l<z<). (9.34)
k=0

EXAMPLE 2. Find the interval of convergence of the power series Y o, klz*
Solution. Calculation of R using (9.33) gives R = 0, and thus the series diverges
if |z| > 0. For = 0, the series converges because all terms of the series are
zero, but there is no interval on which the series converges.

EXAMPLE 3. Find the interval of convergence of the Taylor expansion of the
function f(z) =1/(1 — x) at the base point —1.
Solution. We have seen in Example 4, Section 5.2 that the Taylor series expan-

sion at the base point —1 is
i 1 (z+1\"
2 2 ’

k=0

and also that this is a geometric series with first term % and ratio . Thus it

1
2
converges to the sum
1

1—zf 2 (z+1)

N

provided#<1,0r—1<%H<1,or—2<x+1<2,or—3<x<1.
Alternately, we may use (9.33) to calculate R = 1.
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CHAPTER 9. POWER SERIES EXPANSIONS

9.6 Some exercises

1.

10.
11.
12.

13.

Is it possible to find a differentiable function f(z) with —1 < f'(z) <1
for all z, f(0) =0, and f(1) =27

Show that the equation 2 + ax +b = 0 with a > 0 and b arbitrary can
not have more than one real root.

Consider the function f(z) = £ for which f(0) = —1, f(2) = 3 and
f'(x) < 0for all z. Is it possible to find ¢, 0 < ¢ < 2 such that f(2)—f(0) =
2f'(c)? If not, why does this not contradict the mean value theorem?

(Generalized mean value theorem). Let f(x) and g(z) be differentiable
functions for a < x < b. By applying the mean value theorem to the

function F(x) = {f(b) — f(a)}g(x) — {g(b) — g(a)} f(x) show that

f) = fla) _ f'(o)
g(b) —gla)  g'(c)

for some ¢, a < c < b.

(Mean value theorem for integrals). By applying the mean value theorem
to the function F(z) = [* f(t)dt show that [’ f(t)dt = (b — a)f(c) for
some ¢, a < ¢ < b.

In each of Exercises 5-7 find the Taylor polynomial of the given function
f(zx) of the given degree n at the base point 0.
e*I

T , n=3

f@)
f@) = (1+2)12, n=3
f(@)

T ze®*, n=3

In each of Exercises 8-11 find the Taylor polynomial of the given function
f(zx) of the given degree n at the given base point .

fl)=Inz, n=3, zp=1

f('r)ZQma n:3a :CO_l

fl@)=a'? n=3 w=1

flx)=e* n=3, :co—%.

(a) Find the Taylor polynomial P, (z) of the function f(z) = HLI at the

base point 0.
(b) Obtain an expression for f(x) — P,(x).
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14.

15.

16.

17.
18.
19.
20.

21.

22.
23.

24.

25.

26.
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Find the Taylor polynomial Py(x) of the function f(z) = e®” at the base
point 0

(a) directly from the definition

(b) by finding the Taylor polynomial of the function e* and then replacing
x by z2.

Estimate the error in approximating the given function f(z) = xe® by the
Taylor polynomial Ps(z) with base point 0 on the interval 0 < z < 0.1

How good is the approximation 1+ z + % for €” on the interval |z| < 0.17

In each of Exercises 16-19, find the Taylor series expansion of the given
function f(z) and the interval on which this expansion is valid.

Define the function F'(x) to be the sum of the power series
k+2

z::(_l)k k+1

k=0

(a) Find the power series expansion of the function G(z) = F(z)/z

(b) Find the power series expansion of the function G'(z) and find ex-
plicitly (in closed form) the sum of this series.

(c) Integrate the result of part (c) to find G(z) (noting that G(0) = 0).
(d) Find F(x) = G(z) in closed form

In each of Exercises 21-26, determine the values of = for which the given
series converges absolutely.

2020 kak
Ziozo(_l)kxk

oo (=D g
Py

1+px+ p(ng)ﬂf2 + p(pflg)!(pﬂ)xs 4t p(p*1)~];(!pfk+1)xk 4



