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Abstract

Recent theory has examined the way in which vaccination strategies are expected to influ-
ence the evolution of parasite virulence. Most of this work has assumed that vaccination is
imposed on a homogeneous host population. However, host populations are typically com-
posed of different types of individuals, with each type responding differently to infection.
Moreover, actual interventions often focus treatment on those hosts that are likely to suffer
the most ill effects of a particular disease. Here we consider the epidemiological and evo-
lutionary consequences of interventions that focus vaccination on individuals expressing
the greatest susceptibility to infection and/or the greatest vulnerability to mortality once
infected. Our results indicate that predictions are very sensitive to the nature and degree of
heterogeneity in susceptibility and vulnerability. They further suggest that accounting for
realistic kinds of heterogeneity when contemplating targeted treatment plans and policies
might provide a new tool in the design of more effective virulence management strategies.
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Introduction

The host—parasite literature of the last decade or so bears
witness to a growing interest in how ecological and
epidemiological factors influence pathogen evolution
(Galvani 2003). One of the key directions of recent research
in this area is in determining how pathogen evolution
might be most effectively managed through public-health
interventions (Dieckmann ef al. 2002). Perhaps the most
studied intervention is the use of imperfect vaccines
(McLean 1995; Gandon et al. 2001, 2003; Ganusov & Antia
2006), and much of the common intuition within this field
has been shaped by the results of models that assume all
hosts within a population respond identically to infection
(Frank 1996; but see Regoes et al. 2000; Ganusov et al. 2002;
Gandon 2004). A variety of theoretical results have now
been derived from such models, and these clearly demon-
strate that the epidemiological and evolutionary consequ-
ences of vaccination depend critically on what facets of the
disease are altered by the vaccine (Gandon et al. 2001, 2003;
Ganusov & Antia 2006; Gandon & Day 2007).
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In contrast, there has been remarkably little work done
exploring the epidemiological and evolutionary conse-
quences of vaccination in host populations that are hetero-
geneous. This is surprising, as susceptibility and vulnerability
are often key determinants of public-health vaccination
strategies when vaccine stocks are in short supply, or when
the cost of universal coverage is prohibitive. In particular,
groups with a high probability of becoming infected, and /
or of dying once infected, are often preferentially targeted
for treatment. For example, prior to seasonal flu and pneu-
monia outbreaks, public health agencies typically focus
their efforts on protecting those individuals with naive
or compromised immune function (Spika et al. 1999; van
Essen et al. 2003). While the immediate, mortality-reducing
benefit of preferentially protecting high-risk individuals
has been documented (Voordouw et al. 2004), and the
population-level epidemiological consequences of such
strategies studied to some degree (Longini et al. 1978; Patel
et al. 2005; Weycker et al. 2005), the evolutionary con-
sequences remain unexplored.

Multiple factors can contribute to within-population
heterogeneity in susceptibility and vulnerability, includ-
ing age (Ashman et al. 1999; Gomez et al. 2005), gender
(Morales-Montor ef al. 2004; Imahara ef al. 2005), nutritional



486 P. D. WILLIAMS and T. DAY

status (Slater & Keymer 1988; Bhaskaram 2002) and con-
comitant infection with other pathogens (Cox 2001). Such
factors structure populations into different risk classes, so
that a given strain of pathogen will produce a range of
transmission/virulence phenotypes across the different
host types. Eventually, theoretical treatments of specific
forms of heterogeneity tailored to specific diseases will be
required if evolutionary biology is to contribute meaning-
ful suggestions to public policy. Here, however, we intend
to take a first pass at exploring the qualitative evolutionary
consequences of targeted vaccination through the use of a
simple generic ‘toy’ model.

The main results of this study are based on an extension
of a standard S-I (susceptible-infected) epidemiological
model to include two classes of hosts that differ in their
susceptibility to infection and/or their vulnerability to
mortality once infected. We consider the situation in which
only a single class is vaccinated, but where coverage within
that class is 100%. This is an extreme case, but it allows for
a largely analytic treatment of the situation. Moreover, it
does reflect plausible intervention policies for a number
of diseases, which typically recommend blanket coverage
within certain high-risk groups. (Center for Disease
Control Website: http://www.cdc.gov/flu/professionals/
vaccination/pdf/targetpopchart.pdf). We use this model
to explore the epidemiological and evolutionary con-
sequences of altering the efficacy of a vaccine that acts
on various components of disease transmission and/or
mortality. Our results demonstrate that heterogeneities
in the host population with respect to disease susceptib-
ility and vulnerability can be important determinants of
evolutionary and epidemiological predictions.

Modelling host heterogeneities

Our model is of the SIS-type (presented in the expressions
below) similar to that presented in Anderson & May (1991)
wherein a host population, maintained by a constant inflow
of uninfected individuals, is subjected to a microparasitic
infection:

8 = Ay — Chyly + Apl)S, — 8,5, + 741 (1a)
S, = Ay = Oyl + Apply)S, = 8,5, + 7,1, (1b)
Iy = Ovly + Apnly)S, — o] (10)
I, = Oyl, + Apyly)S, — 0], a1d)

Here S;, j=1, 2, are two distinct susceptible host types that
are maintained by the constant input rates, Aj, due to factors
like reproduction and immigration. Given a sufficient contact
with an infected host of class k, class j susceptible hosts
become infected at a rate determined by the transmission
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Fig. 1 Box diagram of the susceptible—infected—recovered (S-I-S)
model with two host types. Solid arrows indicate transitions
between susceptible and infected classes, while dotted arrows
indicate per capita exit rates due to mortality.

coefficient 7‘]‘1« where the double subscript is meant to
indicate that this transmission probability generally depends
on the risk-classes of both the susceptible and the infected
hosts. Class j infected hosts die due to infection at rate v;
and clear the infection at a per capita rate v, after which
they are no longer susceptible to the disease. Defining 3, as
the background mortality rate of host typej, that is, the rate
of mortality experienced in the absence of infection with
the pathogen of interest, the total exit rate from infected-
class j is given by o, =8, +v; +v; (Fig. 1). Note that by setting
A, =(1-9),A,=gAand §, = d,, where g is the proportion of
the population that is vaccinated, we recover a standard
model in which vaccination is imposed on a homogeneous
population (Gandon efal. 2001; Gandon & Day 2007).
Conditions for the local stability of the endemic equilibrium
of the system in expression 1 are given in Appendix L.

In accordance with numerous theoretical works (e.g.
Anderson & May 1979; 1982; Ewald 1983; Lenski & May
1994; Taylor et al. 1998; Day & Burns 2003), as well as a grow-
ing body of empirical evidence (Ebert 1994; Mackinnon &
Read 1999; Messenger et al. 1999; Quinn et al. 2000; Ferguson
et al. 2003; Van der Goot ef al. 2003), we assume that para-
site strains face a fitness trade-off between probability of
transmission and transmission duration. Mechanistically,
such a trade-off arises when both transmission and virul-
ence covary positively with the degree to which a parasite
strain exploits its hosts. We therefore assume that parasite
strains are defined by a genetically determined exploita-
tion strategy, €, which in turn defines a given strain’s trans-
mission probability and virulence. We follow other standard
works by modelling virulence as a linearly increasing func-

tion of the pathogen’s host-exploitation strategy, v; = wg,
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where ;> 0. A single strain of parasite can therefore
produce levels of virulence that differ across the two
host types, reflecting the host types’ differing abilities at
resisting or repairing parasite-induced damage.

For transmission coefficients, we first note that the Xjk are
each the product of a between-host contact rate (assumed
constant for all types and scaled to 1), and the probability
of successful transmission. Transmission probability can
be further partitioned into components governed by the
susceptibility of the host receiving the infection, n;, and the
infectivity of the donor host, 3;, respectively. The per-capita
rate of infection of class j-susceptible hosts can therefore be
written as 1]]-([3111 +B,1,). Here n;is a positive constant that
depends only on the state of the susceptible hosts, with
larger values indicating a greater susceptibility to becoming
infected. The parameters 3, quantify the relationship between
the rate at which a parasite strain exploits a given host and
the degree to which that host then becomes infectious.
We again follow other works in supposing an increasing,
but saturating, functional form for B, given by 8,e/(8,& + c),
c>0.Here6, > 0is a constant that determines the rate at which
a given host, infected with a parasite strain with exploita-
tion strategy €, produces infectious particles. For a given
level of exploitation, a larger 6, thus results in greater in-
fectious particle production, perhaps reflecting a host’s
compromised ability to resist parasite replication (Table 1).

We further assume that background mortalities for the
two types of host are similar, and set 8, =98,=39. This
implies that the factor responsible for the enhanced suscep-
tibility and vulnerability of class 2 hosts causes very little
mortality when acting alone, as is the case with, for exam-
ple, infection with the protozoan Toxoplasma gondii, which
usually poses a health risk only to those with compromised
immunity (Pfaff & Candolfi 2003). Similarly, typically
harmless infections with the Epstein-Barr virus can lead to
Burkitt’s lymphoma when hosts are co-infected with malaria
(Burkitt 1969). It also reasonably approximates the interac-
tions between some diseases of relevance to public health,

Table 1 Notation and definitions of parameters and variables used

including HIV-tuberculosis. In this case, primary infections
by Mycobacterium tuberculosis in healthy individuals
usually induce very mild and transient disease symptoms,
with a yearly risk of reactivation of approximately 0.2%.
In contrast, HIV co-infected hosts suffer greater rates of
acute disease upon primary infection, as well as a 25- to
40-fold increase in the rate of disease reactivation (Dolin
et al. 1994; Sepkowitz et al. 1995). Also fitting this model are
syndromes of mild protein malnutrition and subclinical
deficiencies in numerous vitamins and micronutrients,
all of which can have little direct effect on mortality but
which are known to exert a powerful influence on immune
responses (Bhaskaram 2002; Field et al. 2002).

We use the system in expression 1 to model the situation
in which class 2 hosts are more susceptible to infection,
and/or more vulnerable to mortality once infected, than
those in class 1. In particular, class 2 hosts can experience
any combination of the following: (i) increased virulence
(i.e. for a given level of exploitation, parasite-induced mor-
tality is greater in I, than I, individuals); (ii) decreased rate
of parasite clearance; increased probability of contracting
the disease (given that contact with an infected host has
occurred); and (iii) increased probability of transmitting
the infection (due to the greater production of infectious
particles for a given level of exploitation). One possible
way to interpret this situation is to consider class 1 and 2
hosts as wealthy and poor, respectively, with the poor ones
being exposed to the secondary disease-modifying factor.
Given the aforementioned functional forms for virulence
and transmission, these susceptibilities and vulnerabilities
imply that the following inequalities all hold: 0 < o, < ®,,
0<7,<7%,0<n;<n,and 0< 6, <0,

In the following section, we use the model of expression
1 to explore the epidemiological and evolutionary conse-
quences of altering the efficacy of an imperfect vaccine that
is targeted at a particular host type. As with previous work
(e.g. Gandon et al. 2001), we consider vaccines whose epide-
miological effects are to: (i) reduce a host’s probability of

Parameter

or variable Definition

A Constant input rate of susceptible hosts of typej

€ Exploitation strategy of pathogen; determines virulence and infectiousness

n; Susceptibility of type j hosts to acquiring infection given contact with an infected host

B; Infectiousness of type j infected hosts given contact with a susceptible host

5 Disease-independent background mortality rate experienced by typej hosts

Y Per capita rate of clearing an infection by type j infected hosts

V; Per capita rate of morality due to infection suffered by typej infected hosts (i.e. virulence)

o Total per capita exit rate of type j infected hosts from infected class

0; Host-specific parameter determining degree to which pathogen exploitation results in typej host mortality (i.e. v, = ® €)
6; Parameter determining degree to which pathogen exploitation results in typej host infectiousnAess (i;e, B =6g /(0€+c))
f; Proportion of the total equilibrium force of infection that is due to typej infected hosts (i.e. BL;/ (B;1; + B,1,))
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becoming infected (infection-blocking treatment); (ii) reduce
disease transmission from infected hosts (transmission-
blocking treatment); (iii) diminish a pathogen’s virulent
effects given an infection occurs (antitoxin treatment); (iv)
reduce a parasite strain’s ability to replicate within host
tissue (growth-suppressing treatment); and (v) enhance a
host’s ability to rid itself of infection via a successful
immune response (clearance-augmenting treatment).

Targeted intervention strategies

Measuring intervention costs and benefits

Ideally, treatment strategies address the epidemiological
interests of communities as well as the individuals that
compose them. For rapidly evolving pathogens, this also
includes accounting for evolutionary consequences at both
these levels of population organization. Accurate assessment
of the costs and benefits of a given intervention thus
requires some collection of measures to determine when
these organizational and /or temporal interests conflict.
Protecting the most vulnerable hosts of a population has
obvious benefits at the individual level over short timescales,
but how do such interventions translate to the population
or community level over intermediate, or epidemiological,
timescales? Moreover, how does this influence parasite
evolution over long timescales, which can alter both
individual and population level effects of the intervention?

Epidemiological effects

Various epidemiological statistics can be used to measure
the impact of a disease at the population level. Here we
consider the effect of increased efficacy of the various
vaccine types on the proportion of the total population that
is infected, or disease prevalence. Letting the population
equilibrium value of a variable X be indicated by X, this is
given by Q = I/N, where N'=§ +1 is the total equilibrium
population size, with $=$, + S, and I =1, +I,.
Asindicated in Table 2, infection-blocking, transmission-
blocking and clearance-augmenting vaccines are all pre-
dicted to reduce disease prevalence, regardless of which
host type is targeted. Such treatments act to diminish the
spread of infection by reducing either the likelihood of host-
to-host transmission (infection-blocking and transmission-
blocking) or the mean transmission time of a given infection
(clearance-augmenting). In either case, all three vaccine
types increase equilibrium numbers of both susceptible
host types while reducing the numbers of both infected
types (Appendix II). Reduced prevalence then follows from
the fact that 0Q/dp; =< Sol/ ap; - oS/ dp;, where p; is the effi-
cacy of the vaccine type of interest targeted at type j hosts.
Why does not a similar argument hold for antitoxin and
growth-suppressing vaccines? The answer is most easily

Table 2 The effects of increased efficacy of the various vaccine
types on disease prevalence, Q, (in the absence of parasite evolution)
and the ESS level of host exploitation, &*. The leftmost column
identifies the manipulated vaccine type, while the remaining
columns give the predicted effect of an increase in the efficacy of
the vaccine type in question on disease prevalence (middle
column) or the ESS (rightmost column). Each of these remaining
columns is partitioned into two sub-columns, separated by a
dashed line, the leftmost of which gives the effect of increasing the
efficacy of a vaccine that targets type 1 hosts. Similarly, the
rightmost member of each pair identifies the effect that results
from targeting type 2 hosts. A ‘T or “}’ symbol indicates that an
increase or decrease, respectively, is predicted

Disease ESS
Vaccine type prevalence exploitation
Infection-blocking N 2 o1
Transmission-blocking Lol 2 -
Anti-toxin T ) N
Growth-suppressing Lol N T
Clearance-augmenting Lol ™ ' )

illustrated by noting that, by expressions 1c,d , the equilib-
rium number of type j-susceptible hosts can be written as
§j = otjf/-/hjj, where f] = ijj/([i]fl + Bzfz) is the propor-
tion of the (equilibrium) force of infection that is due to class
j infected hosts. Virulence reduction in a particular type
not only increases the equilibrium number of both types of
infected hosts, but it also increases the proportion of the
force of infection that is due to the targeted type (since
infected hosts of this type increase the most; Appendix II).
We thus have that df;/dp; >0, which in turn implies that
9 j /dp, <0 for k#j. In other words, antitoxin vaccines
targeted at a particular type always lead to a decrease in
the number of susceptible hosts of the untargeted type.
On the other hand, such manipulations do not necessar-
ily reduce susceptible host numbers of the focal host type.
Since increasing the efficacy of an antitoxin vaccine
changes the number of susceptible hosts of the targeted
type according to the sign of dS,/dp; = S,(df;/ op;/f; + oo,/
dp;/ o), focal susceptible host numbers will increase when
the term in the ()’ braces is positive, and decrease other-
wise. Numerical calculations indicate that both outcomes
are possible (Fig. 2a, ¢, e, g). In fact, it is possible for the total
susceptible host population size to increase after the
application of an antitoxin vaccine targeted at type 1 hosts
(Fig. 2¢). Such an outcome might initially seem counter-
intuitive, as any reduction in the rate at which infections
are terminated in a homogeneous population is predicted
to decrease the total number of susceptible hosts, given by
S = o/\. This unexpected behaviour can be explained by
noting that decreased virulence in type 1 hosts skews
the proportion of infections more towards type 1 hosts

© 2007 The Authors
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20000 [ (a) (b) Fig. 2 Change in total numbers of different
03r susceptible host types (a, c, e and g) and
15000 025l disease prevalence (b,d,f and h) after the
application of an antitoxin vaccine with
0.2 50% efficacy targeted at type 1 (a—d; blue
10000 \/‘ lines), or type 2 (e-h; red lines), hosts. Solid
e 0.15 blue and red lines in (a, ¢) and (e, g),
hlsl respectively, show the time evolution of
50 100 150 200 %0 100 150 200 type 1 susceptible host numbers after
(c) (d) vaccination, with dashed lines showing
19000 075 type 2 susceptible hosts and solid black
17000 T lines indicating total susceptible host num-
15000 bers. Common prevaccination parameters
” P 0748 | for all calculations are A; = A, = 1000, B, =
g T o B, = 0.003, § = 0.02. Remaining prevaccin-
g 4000 ke e oo g ation parameters are: (a,b) 1, =1, = 0.01,
b g v;=0.25,v,=0.5,7,=0.1and y,=0.01; (c, d)
% 50 100 150 200 ;5)_ 50 100 150 200§ =m,=0.05, v, =0.005 v, =001,y =5
£ 20000  (€) 2 a5 and Y, =1. (e, f) same as in (a, b), except that
g 8 v, =0.5and v, =0.25. (g, h) n; =1, =0.05,
3 0 o3 v;=0.01,v,=0.025and 7, =7, = 1.
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0.25
10000 02
\f 0.15
\ -—
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8000 [ (9) o0s9 . (M
6000
0.87
4000
50 100 150 200 50 100 150 200
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(df;/9p; > 0), so that an increased number of infected type
1s clear the infection and recover their susceptible status. If
this rate of clearance is sufficiently high, the production of
susceptible hosts through recovery can outweigh the
increased production of infected hosts due to the increased
transmission time afforded by the antitoxin vaccine
(Fig. 2¢). Despite this effect, disease prevalence increases
with antitoxin vaccine efficacy in all examples. Moreover,
a similar effect cannot occur when type 2 hosts are tar-
geted, since in that case df;/dp, <0, but by assumption
Y, <V, so that increased recovery cannot occur (Fig. 2g).
The situation with growth-suppressing vaccines is more
equivocal, as the two component’s effects — reduction of
virulence and reduction of transmission — can act in opposite
directions on disease prevalence and can either increase
(Fig. 3a) or decrease (Fig.3c) susceptible host numbers.
Nevertheless, such interventions, regardless of which type is
targeted, typically act to reduce disease prevalence, although
such reductions are typically quite moderate (Fig. 3b, d).
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Evolutionary effects

We now move on to consider how targeted vaccination
influences selection pressures on parasite exploitation
strategies, and hence transmission and virulence traits. In
a homogeneous host population, the ES (evolutionarily
stable) level of exploitation by a parasite, €, is given by the
solution to B'/B-o'/o=0, where the X’ denotes the
derivative of X with respect to exploitation strategy. This
states that the marginal benefit, '/, and cost, o’/ a, of an
increase in host exploitation must be balanced at the ESS
(evolutionarily stable strategy) (Frank 1996). In the hetero-
geneous setting determined by the system in 1 (a—d), an
analogous expression is given by

E[E _ &'} 0, b))

where all terms are evaluated at the ES exploitation level,
and E[] denotes the expectation over the probability
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(@) (b) Fig.3 Change in the total numbers of
3500 //—— 0.96 | different susceptible host types (a and c)
/,_( and disease prevalence (b and d) after the
3000 0.95| application of a growth-suppressing vaccine
2500 | with 50% efficacy targeted at type 1 (a, b;
g 1 094l blue lines), or type 2 (c, d; red lines), hosts.
£ 500 | 3 Solid blue and red lines in (a) and (),
R k5 respectively, show the time evolution of
g 50 100 1:,)0 200 g 50 100 150 200 type 1 susceptible host numbers after
© % vaccination, with dashed lines showing
’% © § (@) type 2 susceptible hosts and solid black lines
§ 3500 ¥ a 096 T indicating total susceptible host numbers.
@ ~— Common prevaccination parameters for all
8000 095 calculations are A, = A, = 1000, 1, =1,=0.05,
2500 Y, =1, % =0.1 and § = 0.02. Transmission
-1~ 0.94 f parameters are given by B; = v;/(v; + 3).
R A Remaining (prevaccination) parameters are:
(a, b) v; =0.005 and v, = 0.02; (¢, d) v; =0.01

50 100 150 200 50 100 150 200 andv,=0.01.

Time (years)

distribution given by f,. An incremental change in vaccine
efflca?y ’Fargeted at type j hosts, p; Fhen causes the ES
exploitation strategy to change according to

b o B % apaf{aa][ﬁﬁ]}
dp]- Bi o; apj o, 04 Bz B1
@)

where again all terms on the right-hand side are evaluated
ate*.

The first term on the right of expression 3 quantifies the
direct effect of a change in p; on the marginal benefits
(B; /B ].) and costs (o;/ o) of host exploitation. The second
term is the indirect effect that arises from changes in the
proportion of the force of infection due to type 1 hosts (the
df;/dp; term) and a second component that quantifies exist-
ing variability across the different host types in transmission,
virulence and clearance rates (the term in the ‘{ }" braces).
Note that the inequalities that arise due to the unequal
susceptibility and vulnerability of the different host types
guarantee that this second component is positive, so that
the sign of the indirect effect is given by the sign of of; /dp;.
Table 2 presents the predicted direction of evolution in ESS
parasite exploitation given an increase in efficacy of a
particular vaccine type, with some examples confirming
the predictions presented in Fig. 4.

By expression 3, it is obvious that interventions that only
multiplicatively affect transmission coefficients, that is
infection- and transmission-blocking vaccines, have no direct
effect on exploitation evolution, so that their effects are
completely determined by the way that the intervention
alters the equilibrium proportion of the force of infection
that is due to class 1 infected hosts (i.e. the sign of df; /dp)).
For both vaccine types, targeting type 1 infected hosts

reduces the contribution of type 1 hosts to the force of
infection, skewing this proportion towards type 2 hosts
and selecting for reduced exploitation (Appendix IV; blue
lines in Fig. 4a, b). Similarly, targeting the most susceptible
or vulnerable type 2 infected hosts enhances the value of
type 1 hosts and thus selects for increased exploitation (red
lines in Fig. 4a, b).

The remaining vaccine types all have positive direct
effects that promote the evolution of more exploitative
parasite strains (Appendix IV). However, under certain
conditions, the indirect effects of these vaccines can be neg-
ative. When this occurs, a lower level of ES exploitation is
favoured if the balance of the indirect and direct effects is
also negative. For example, when type 2 hosts are targeted
with an antitoxin vaccine, the resultant reduction in the
death rate of the vulnerable type enhances the contribution
of type 2 hosts to the force of infection which can result in
selection for a reduced level of exploitation (dashed red
line in Fig. 4¢).

Similar arguments hold for growth-suppressing vaccines,
although in this case reduced exploitation can result from
targeting either type 1 (blue dashed line in Fig. 4d) or type
2 (red dashed line in Fig. 4d) hosts. This is made possible
by the fact that the growth-suppressing vaccines act to
reduce both virulence in, as well as transmission from, the
targeted type. When targeting type 1 hosts, the effect of the
vaccine on virulence selects for increased exploitation,
while the transmission component effect acts to favour
reduced exploitation. When the transmission effect out-
weighs the virulence effect, the total indirect effect selects
for less exploitation. Of course, when indirect effects are
too small compared to the direct ones, increased exploita-
tion will result, regardless of the type targeted (solid lines
in Fig. 4d).

© 2007 The Authors
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(a) Infection-blocking
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(b) Transmission-blocking

Fig. 4 ESS exploitation as a function of: (a)
infection-blocking, (b) transmission-blocking,
(c) antitoxin, (d) growth-suppressing and
(e) clearance-augmenting vaccine efficacies.
Blue lines indicate vaccines that target type
1 hosts and red lines type 2 hosts. Solid lines
provide examples for one set of (prevacci-
nation) parameters given by: A, = A, = 1000,
6,=0.1,6,=02,k=3,v,=0.1¢,v,=02¢,7, =

— L

0.2 0.4 0.6 0.8 0.2

(c) Anti-toxin

ESS exploitation, e+

0.4

(d) Growth-suppressing

Y, =1,m;=0.001,m,=0.1, =0.02. Examples
exhibiting qualitatively different behaviours
areshown by the dashed lines. The parameters
used in these examples are the same as
above except where noted: v, = 0.5¢ for
type 2 antitoxin vaccine alternate example;
6, =0.001, v, =0.001e and vy, = v, = 0 for type
1 growth-suppressing vaccine alternate
example; y; = 50 and m; = 0.1 for type 2
growth-suppressing vaccine alternate exam-
ple; and 6, = 0.5, 1 and n, = 0.001 for type 1
clearance-augmenting alternate example.

Vaccine efficacy

(e) Clearance-augmenting

15 |
13 |

nt

Vaccine efficacy

Finally, clearance-augmenting vaccines basically have
the opposite effect of antitoxin vaccines, and so induce
opposite effects (Appendix IV). In this case, targeting a par-
ticular host type increases the relative contribution of the
other type to the force of infection. Targeting type 1 hosts
can therefore select for either increased (solid blue line in
Fig. 4e) or decreased exploitation (dashed blue line in
Fig. 4e), while targeting type 2 hosts must always increase
the ES exploitation level (solid red line in Fig. 4e).

Discussion

Natural host populations, including humans, are subject
to a diverse array of both biotic and abiotic stressors
that can greatly alter susceptibility and vulnerability to
infection by pathogens. Here we have considered some
of the epidemiological and evolutionary consequences
that such heterogeneity can have by analysing a model in
which the host population is composed of two types that
differ in these traits. Our results indicate that targeting a
particular host-type for treatment produces outcomes
that depend critically on the nature of pre-existing host

© 2007 The Authors
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heterogeneities, as well as the effect that altering disease
parameters has on the frequencies of the different infected
host types.

Quite generally, all of the treatments considered here
have a non-negative direct effect on ESS exploitation and
thus favour either no evolutionary change or increased virul-
ence. However, various targeted strategies (see Table 2)
can increase the relative contribution of the vulnerable/
susceptible class to the total force of infection, producing a
negative indirect effect. The total selective effect of a given
vaccine then depends on the balance of these positive
and negative components, and can sometimes resolve in
favour of reduced exploitation. For example, analytic work
(Appendix III) suggests that selection for reduced ex-
ploitation when targeting vulnerable type 2 hosts with
antitoxin vaccines is most likely to occur when the direct
effects of such an intervention are small, which occurs
when virulence in such hosts is relatively large. This expec-
tation is borne out in one of the numerical examples
presented (dashed red line in Fig. 4c).

Furthermore, even if the net evolutionary outcome of a
vaccination programme is inevitably increased virulence,
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these results demonstrate that host heterogeneity can be
exploited through targeted vaccination to minimize these
detrimental effects. For instance, with antitoxin or growth-
suppressing vaccines, the indirect effect resulting from
targeting the vulnerable population is always negative.
Such a targeting strategy is therefore predicted to always
ameliorate the detrimental effects of pathogen evolution,
whereas targeting the robust population will always
exacerbate them (Appendix IV).

It is worthwhile comparing some of the findings here
with those of some earlier models. Previous studies based
on imposing vaccination on an initially homogeneous
population have found that infection- and transmission-
blocking treatments leave ESS exploitation unchanged (or
generally select for its decrease if superinfection occurs),
while antitoxin and growth-suppressing vaccines typically
select for increased exploitation (Gandon et al. 2001, 2003;
Gandon & Day 2007). These results follow from expression
3 above, since for an initially homogeneous population,
the indirect effects term vanishes so that selection is
completely determined by direct effects.

In contrast, the results of the present model suggest that
these vaccine types can produce very different predictions
when imposed in a targeted fashion on a host population
heterogeneous in vulnerability and susceptibility. Of par-
ticular note is the possibility for antitoxin vaccines to select
for reduced exploitation when targeted at the most vulner-
able type (Appendix III; dashed red line in Fig. 4c). This
suggests the intriguing possibility that such vaccine types
can still be usefully employed even when virulence man-
agement is a major concern. Similarly, by focusing on the
most robust class with infection- or transmission-blocking
vaccines, virulence escalation can be averted (Appendix
III; Fig. 4a, b) while still enjoying the positive epidemiolo-
gical benefits offered by this kind of intervention.

That increased clearance selects for increased ESS host
exploitation is a standard finding from models without
host heterogeneity (May & Anderson 1983; Kakehashi &
Yoshinaga 1992; Lenski & May 1994; Frank 1996; Ebert &
Weisser 1997; Day & Proulx 2004; Porco et al. 2005). This is
typically understood in terms of the costs and benefits
of host exploitation: increased clearance reduces the
cost of virulence to the parasite, resulting in selection for
increased exploitation (but see Day & Proulx 2004; Day
& Gandon 2005). Again, under certain circumstances (for
example, little variation between host types in virulent
effects of the pathogen), targeting the least-susceptible
type of host with a clearance-augmenting vaccine might
provide beneficial epidemiological results while avoiding
undesirable evolutionary consequences (dashed blue line
in Fig. 4e).

One final general finding of this analysis is that none of
the vaccine types unequivocally promote the evolution of
more benign parasite strains when the most vulnerable

and/or susceptible class of host is targeted for treatment.
Indeed, increasing the efficacy of three of the five vaccine
types considered (infection-blocking, transmission-blocking
and clearance-augmenting) leads to the evolution of a
higher ES exploitation strategy. Such evolutionary out-
comes can considerably undermine the benefits, obtained
at the level of the individual host, of protecting the most
vulnerable and/or susceptible host types.

Epidemiology and evolution

The total influence that a particular intervention has on
epidemiology must take into account both initial epide-
miological effects as well as the long-term effects that result
due to parasite evolution. Again looking at disease
prevalence, Q, this total effect is given by

dQ  0Qde*  0Q
=——+

22 = 4
dp;  dedp;, dp;

where p; is vaccine efficacy, (0Q/de)(de*/dp;) is the evolu-
tionary effect and 9€2/dp; the initial epidemiological effect.
An ideal intervention is one that provides benefits across
the different levels of host population organization and
across different timescales. This occurs when it induces: (i)
an initially beneficial epidemiological effect, 9Q2/dp; < 0;
(ii) an evolutionary benefit at the level of individual hosts,
de#/dp;<0; and (i) an epidemiological benefit at the
population level after accounting for evolutionary change,
0Q/de >0, so that the total evolutionary epidemiological
effect is negative.

In the present case, it is easy to find examples where this
last condition fails to be met (Appendix IV). When this
occurs, interventions with beneficial evolutionary effects at
the individual level will lead to an evolutionary increase in
disease prevalence, which diminishes any initial epidemi-
ological benefit of the treatment. Such conflicts can have
important implications for disease management schemes.
For example, while targeting either host type with infec-
tion- or transmission-blocking vaccines reduces disease
prevalence, evolutionary effects are opposed: de*/dp; is
negative if treatment targets type 1 hosts and positive if
type 2 hosts are targeted (Table 1). If dQ/0de >0, then the
direction of the evolutionary effect of these vaccines on dis-
ease prevalence is simply given by the sign of de*/dp;, or by
the sign of —de*/dp; if 9Q/de <0. In either case, targeting
one host type will lead to an evolutionary reduction in par-
asite exploitation but an erosion of the initial epidemiolog-
ical benefit of the treatment, while targeting the other host
type will produce the opposite effect of increased exploita-
tion with a concomitant evolutionary reduction in disease
prevalence. Under these kinds of circumstances, determin-
ing which host type should be targeted requires a more
precise quantitative analysis of which treatment type
presents the lesser of two evils.
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Alternative model interpretations

The heterogeneities considered here assume that one host
type is most susceptible to becoming infected, most
infectious when infected, least likely to clear the infection
and most vulnerable to the mortality effects of the infection.
While this is quite plausible for a broad class of clinically
relevant situations (e.g. Cox 2001), other cases of importance
require that the enhanced vulnerabilities and susceptibilities
be shared across host types. For example, it is well known
that young children both acquire and shed the influenza
virus at greater rates than other age groups, and are thus
the primary drivers of disease transmission (Longini ef al.
1982). On the other hand, the age group comprising those
over 65years typically suffers the greatest degree of
morbidity and mortality due to influenza (Thompson et al.
2003). Evolutionary analysis of this type of situation then
leads to an expression identical to expression 3 of the text,
with type 1 hosts having the higher transmission rates and
type 2s suffering the highest mortality. The major difference
is that the inequalities that guaranteed that the sign of the
indirect effects term is given by the sign of df; /dp;no longer
hold. This is because increased vulnerability of type 2 hosts
still gives (o /a1, — ai/0;) > 0, but the greater infectiousness
of type 1 hosts now means that —(8//B, — p;/B,) < 0. The
sign of the sum of these two quantities is therefore no
longer obvious and nothing definite can be said regarding
the sign of the indirect effects term, so that evolutionary
predictions are equivocal in this case.

However, it may well often be the case that the second-
ary factor responsible for disease heterogeneity (age in the
influenza example) is associated with an increased risk of
mortality even in the absence of the focal disease, which
implies that 6, > §,. If this added risk is big enough, it will
overwhelm the effect of increased disease-induced
mortality in the type 2 hosts, so that the inequality
(0 /0, — 0i7/0,) < 0 will then hold. In turn, this implies
that the sign of the indirect effect will be given by the
sign of —df, /dp;, reversing all the predictions of the main
text. When this occurs, the epidemiologically sensible
strategy of targeting type 1 hosts with transmission—blocking
vaccines or type 2 hosts with antitoxin vaccines are both
predicted to lead to the evolution of higher pathogen
exploitation rates. In any case, the contrasting results of
this section with the findings of the main text strongly argue
that accurate forecasting of the evolutionary consequences
of various disease interventions will likely require intimate
knowledge of the heterogeneities to disease effects present
in host populations.

The work and predictions presented here also come with
a number of important caveats. First, for simplicity, all
analyses here have focused on evolutionary equilibria,
although it should be noted that the transient dynamics of
parasite exploitation strategies can differ significantly
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from their eventual ES values as equilibria are approached
(Gandon et al. 2001; Day & Proulx 2004; Day & Gandon
2005; Gandon & Day 2007). Moreover, the time required to
achieve an evolutionary equilibrium can be extremely
long, so that shorter-term evolutionary effects may have
major implications for public-health issues (Mackinnon &
Read 2004). This necessitates a perspective that incorpor-
ates these away-from-equilibrium effects into assessments
of disease impact in order to formulate comprehensive
management schemes. Recent progress along these lines
has been achieved through the reformulation of virulence
evolution theory within a framework based on Price’s
equation (Day & Proulx 2004; Gandon & Day 2007). This
work has revealed some interesting qualitative aspects of
virulence evolution in response to different parameter
changes. A potentially quite informative extension of this
approach would be to include the different types of host
heterogeneity considered here.

A second issue is that the analytic evolutionary analysis
presented (Appendix III) is strictly valid only locally, so
that the derived predictions only hold for small perturba-
tions near vaccine efficacies of zero. Although these local
predictions can, and often do (see Fig. 4), extend to larger
perturbations, they can also fail (e.g. dashed red line in
Fig. 4d). A more complete analytic treatment would thus
need to consider higher-order terms in the expansion of the
ESS exploitation as a function of the various vaccine efficacies.

It should also be noted that the purpose of the model
presented here is to demonstrate some of the generic
epidemiological and evolutionary implications of host
heterogeneities in susceptibility to infection and/or
vulnerability to mortality. More detailed models of
particular types of heterogeneity would need to consider
such details as vaccine-induced changes in age structure
when susceptibility and vulnerability vary with age,
or the ways that multiple diseases affect the equilibrium
densities of one another, and how these are influenced
by the various vaccine types.

A final point of importance concerns the types of situa-
tions under which the results reported here might be
applicable. Although we have used the language of vacci-
nation strategies throughout this work, many of the results
obtained extend to other types of disease-influencing inter-
ventions. For example, reduced susceptibility of a targeted
host type could equally well be achieved through mechan-
ical means, as is the case with the use of bed nets in malaria
prevention programmes. Again using malaria as an example,
the administration of oral prophylactics might reasonably
approximate the effects of exploitation-reducing or clearance-
augmenting vaccines. Similarly, behavioural interventions,
like the quarantining of infected hosts, could be viewed as
analogues of transmission-blocking vaccines, while various
types of medical attention might be equivalent to virulence
reduction.
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In many cases, these various interventions will be
administered in an effectively targeted fashion. For exam-
ple, depending on the disease and geographical region,
those groups most at risk of health complications might be
given the highest priority access to treatment. Alterna-
tively, treatment may only be available to individuals in
the highest socio-economic groups. Moreover, for many
important human diseases in developing nations, access to
medical treatment and/or disease prophylaxis typically
varies between populations as well (Brentlinger et al. 2007).
Together, these circumstances allow for a potentially use-
ful experimental component to investigations of the evolu-
tionary effects of targeted interventions. An increasingly
popular practice in evolutionary ecology studies is to uti-
lize extant geographical variation in some environmental
parameters predicted to influence the evolution of a trait of
interest (e.g. Endler 1995). If the trait also varies across
populations, this then provides the impetus for further
investigations into a possible causal relationship between
the two. The application of this template to the present con-
text would thus require a comparison of the virulence of
pathogen strains collected from across a region character-
ized by differential availability of medical resources. Such
comparisons are made simpler by the existence of localized
genomic regions encoding for proteins that facilitate host
exploitation. Candidate genes responsible for such viru-
lence factors have been identified in numerous pathogens
(Levin 1996), including the malaria parasite Plasmodium
falciparum (Jensen et al. 2004), allowing for the direct assay
of virulence differences between clones.

An added virtue of this approach is that it would require
minimal adaptation of already established molecular tech-
niques and community-level protocols commonly used in
epidemiological studies of infectious diseases (Conway 2007).
Given the insights that this method has yielded in other
evolutionary studies (Reznick & Ghalambor 2005), it is
reasonable to hope that valuable information might also
be gleaned in this setting as well. The importance of
formulating public-health policies that include effective
virulence management programmes, in conjunction with
the widespread practice of targeting the most vulnerable
hosts for disease intervention, suggests that this idea
at least warrants further consideration.
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Appendix I

Setting expressions 1(a-d) equal to zero and solving the resulting equalities gives

L o ., A, 3
§;=—Lfandl=—"1— - —Pf (A1-1)
A @ = By,

for j=1, 2, as implicit expressions for the endemic equilibrium values of susceptible and infected hosts. Here
fi =B, I i/ By I, + B,1I,) is the proportion of the force of infection, at equilibrium, that is due to class j infected hosts. This can
be expressed in terms of model parameters by solving the quadratic equation ? — (4, + A, + 1f; + A, = 0, which gives

(A + Ay +1) = (A, + A, + 1 — 44,
A X2

fi = a2 5 , (A1-2)

where A = Ajkjjyffl/oc]»x, x=98, —yd,, ¥y =v,/y, and y; =m0, - yj)/ocj, as the only admissible root.

Local stability of this endemic equilibrium is established when the system in expression 1, linearized about the equilib-
rium, has all eigenvalues with the negative real parts. To determine the conditions under which this holds we utilize the
Liénard-Chipart (L-C) stability criterion (Jury 1982). Since the system in expression 1 is four-dimensional, the characteristic
polynomial of the linearized system has the form z# + 2,23 + 4,22 + a,z + a,. The L-C criterion then states that necessary and
sufficient conditions for local stability are that all the a; as well as the term M = a,a,a, - aga3 — a? be positive.

Evaluating the Jacobian, , of the system in expression 1 at the above equilibrium, gives

i n B
_[61 + _lQJ 0 Vi oufy  —LEouf;
i 1
n B
0 {8+ 2 _B_l(xzfz Y2~ Oofy
] = Y1 2 B (A1-3)
n
y—zq 0 —04f; B_jalfl
n B

] 0 y_jq i“zfz —0,fy ]
where g = B,y,1,/f,. From this the coefficients of the characteristic polynomial can be calculated as
ay = 04fy + 0, f; + 0, + 0, + (—nl =M, Jq (Al-4a)

W
4, = TG, +35,)+ 5.5, + [ou% + 0y, dm, +d,m, + 0, foM, + 0L ;T + Th‘;z 6]}], (A1-4b)
Y 1 Y W
4, =T8,5, + 0, (Y + o) + 0,8, + 0 fi8,my + 0,8,y + 0,8,y + [0‘1“2% ‘*'zo‘znlyz ]q q, (Al-4c)
W Y U b
and
o = (X](Xz[slfzyz + 0,14 " y_zq]q/ (A1-4d)
i Y

where T = a,f, + a,f;. Since g > 0 whenever the endemic equilibrium exists, all these terms are positive. Substituting these
expressions into M and expanding the resulting expression in powers of 4 shows that the second condition of the L-C
criterion also holds.
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Appendix II

Using expression (A1-2), an increase in the efficacy of a vaccine targeted at typej hosts, p;, alters f, according to

o flaAz/E)p]- —fZE)Al/E)pj

= s (A2-1)

p; ' (- A
where
%: A, am/apj + aB1/an B 3(11/81?,- N o,y ay/apj , (A2-2a)
ap] n; Bl & x Yy
Wy _, M /p;  9Bi/Op;  9ou/dp; 8y %Y/, , (A2-2b)
aP] m Bl & X y
a_y _ (_1)f+1y Bn]/ap] 3 ’Y] (ayj/ap] _ BOL]/Q)P]] , (A2-2¢)

j N o -y v %

and it is straightforward to show that the (f2 — A,)x term is negative. How changes in the various efficacies alterf; can then
be derived from (A2-1) by substituting (1 - ’cj)nj, a- p.j)Bj, a- Pj)Vj/ a- ‘Vj)\’j/ and Bj((l - \uj)s), or(1+ Gj)Yj/ for n; B, Vi Vi and
B, or Y respectively, according to whether vaccination is infection-blocking, transmission-blocking, antitoxin, growth-
suppressing or clearance-augmenting, and replacing 2% with the efficacy of interest. This gives:

1 Infection-blocking vaccine

W f2f A .
Of DM FRYTS <o for | =

- / (A2-3a)
9t (A -1)(ff - ADx >0 j=2
2 Transmission-blocking vaccine
_1)yH A=A, .
O _ COM AU A <0 =1 (A2-3b)
ap.j (l_“'j) (f1 -A) >0 j=2
3 Anti-toxin vaccine
R0 - fyit . d0,/9p, -
% = (_1)J+1f12#(f]_5_ + )L].]j],)f—p] >0 for ] 1 (A2-3¢)
ap; (f2 — Apx a <0 j=2
4 Growth-suppressing vaccine
Cfa -y (00 /dy,  AB./ow, ) oo /ow Y, . i =
O _qym . f (£, + By, 1 )| L Bi/0w; |, 2%4/9V; Y, Ayl | <0 for /=1 (A2-3d)
Iy, (ff = Adx | o B; % 9 0 -
5 Clearance-augmenting vaccine
2£8 -1 . .
i = (i f Y ¥ <0 for j=1 (A2-3e)

do; (f2 — ADx o; >0 j=2

How the different intervention types alter the equilibrium numbers of the different susceptible and infected host types
can then be calculated by differentiating the equilibrium expressions of (A1-1), giving

N * n B;

and

ol —av./ap.. 805 /ap.

oy _ ZVilpiy _ 895,/%; (A2-4b)

T T

and substituting the efficacy of interest for p;.
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Appendix III

Here we derive the criteria that a parasite exploitation strategy must satisfy to be both evolutionarily (ESS) and convergence
stable (CS). We consider the fate of a rare mutant parasite strain, characterized by its exploitation strategy, & (with
transmission and virulence rates given by A &) = Xjk and v ®=9,7,k=12), when introduced into a population at
equilibrium with a parasite strain with exploitation strategy €. The initial dynamics of such a rare parasite strain will be
governed by the system

I, = I, + A,1)8, — 64, (A3-1a)
1, =S,y I, + Al — 6,1, (A3-1b)

where & =0 =8, +V, +7; and §j is the equilibrium density of type j susceptible hosts calculated in the alA:)seAnce of the
mutant (such equilibria are always stable when they exist). Linearizing this system about the equilibrium (I}, I,) = (0, 0)
describes the dynamics of the mutant when initially rare. Invasion occurs when mutant densities increase when
rare, implying that the (0,0) equilibrium is unstable. This is indicated when the dominant eigenvalue of the Jacobian, ],

of (A3-1), evaluated at (0,0), is positive. Since (A3-1) is two-dimensional this results in two eigenvalues, %, and y_, given by
%o = [Tr] £(Tr])? — 4Det]1/2, where Tr] = X,,S; + X,5, — (6, + &) and Det] = 6,6, — (4,5,0, + X, 5,0,). Moreover,
the term under the radical sign is positive, since (Tr])? — 4Det] = [(7\,11§1 - XZZSAZ) + (@, —apP + 47\117\22§1§2 >0, and the
dominant eigenvalue is .

We can therefore define the fitness of a mutant parasite strain, with exploitation strategy &, in a host population at equi-
librium with a resident parasite strain, with exploitation strategy €, as W(g, €) = 2y, . It is then straightforward to show that
local conditions for an exploitation strategy €+ to be an ESS are given by the first and second order conditions

dDet] -0 (A3-2a)
o€ |

€=¢g=¢
and
2
92Det] .0, (A3-2b)
082 |

E=€=¢

respectively. A further condition given by

92Det] N 02Det]
082 0edg

>0, (A3-3)

E=g=¢*

is required in order to guarantee that the ESS is evolutionarily attainable [i.e. that €* is convergence stable (CS) (Bulmer
1994)]. Evaluating (A3-2a) gives expression 2 of the text, while (A3-2b) gives

—EB— + E| ¢ + 2<cov B—,a— — var &
B o B o o

where, cov[X,Y] is the covariance between the variables X and Y, E[X] and var[X] the mean and variance of the variable X,

and all expectations are taken with respect to the equilibrium proportions of the force of infection that are due to classj

infected hosts,f]. = BJf]./(Blfl +B,1,).
Using (A3-2a) the second term in the CS condition (A3-3) can be written as

- oo f1|31y1i1 ﬁ_‘x_{y_/
! 2(f12_Al)x By o)y

where (v'/y) = [y,/ (0, = vl /o)) = [v,/ (0, = v,)1(0t)/01,). Note that the inequalities that characterize the greater
susceptibility and vulnerability of type 2 hosts imply both that v,/(o,; = ;) = v,/ (0, —7,) and a7/0y < 0} /a, so that no
general claim can be made regarding the sign of i’ /y.

>0, (A3-4)

E=g=¢*

02Det]

A3-5
0€0d€ ( )

Py =
g=e=¢ A
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The change in ESS exploitation given a change in some efficacy, p; , is calculated by implicitly differentiating (A3-21) to get

]

E o 02 Xllél + 7\,225/\2 1 i E)Det] ) (A3-6)
dp, Popoe| & a, de| o0& |_

Assuming the denominator of (A3-6) is positive, as it will be if the ESS is convergence stable, the direction of change in
the ESS is governed by the sign of the numerator, which can be evaluated to give

det IBi/B) | . e /o)) Lo (a_é_a_{}_ [B_;_B_;J ’ (A3)
dp; ap; ap; ap; |\ oy B, B
resulting in expression 3 of the main text.

The evolutionary results of the main text can then be derived from (A3-7) by replacing p; with the efficacy of interest.
This gives:

1 Infection-blocking vaccine

LY [ﬁ _ ﬁ] _ [B_z _ EJ <0 /=1 (A3-8)
dr; o, 0y B, B,)| >0 j=2

2 Transmission-blocking vaccine
LAY [&_EJ_(&_&J <0 g i=1 (A3-9)
dp; o, 04 B, By)| >0 j=2

3 Anti-toxin vaccine

* K . “1Dif(1 = f)yi! R ’ ’ ’ ’ . _
de - +7; +( VAA - £y 8X(f-6.+7v-14) o o) _[B _BL|l >0 . j=1 (A3-10)
dp, 7 o (f2 — ADx P e, oy B, B,)| ><0 j=2

]

4 Growth-suppressing vaccine

de* , @+ | DAy e (o B oy

dy o, o (f2 — Apx o B oo
j j j 1 1 i i i (A3-11)
[——][B—B—] ><0 (o j=1
o, 04 B, By)J| ><0 j=2
5 Clearance-augmenting vaccine
* o) DML - )yl ’ ’ , , P
der %, Jj fy [“hﬁj—[ﬁ—hﬁj ><0 g 1 =1 (A3-12)
do; a; (ff = Ax o, o B, B >0 j=2
Appendix IV
Since Q =1/(S +1), this implies that 0Q/de o< 91/9e/1 — 95/9¢/S. This can be used calculate
E)_ro_[ % f + oy fz]*’B zfleyl Y o 5[ S, 5 :|+£A[SA2—SA1] ) (Ad-1)
de % = 0y =7 (ff - Apxy =Y O —=Yi] S

where B = B.g1 + B,g, and g = i j / (fl + fz). While it is unclear whether or not this quantity might be positive for any
parameter values, it is clear that situations exist for which it will be negative. This will occur, for example, when bothy’/y
<0and §1 > 52.
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