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Abstract. In this document we provide extra details of the proofsand computations given in [0] where a �nite SAGBI basis for F[V3�V3]Cp is given.

The purpose of this document is to provide additional details to theinterested reader of [0]. These details are omitted from [0] for reasonsof clarity and brevity. This document is not intended to stand on itsown and we assume the reader has already read [0]. All the notationand de�nitions used here are given in [0].
1. Lead Monomials of TransfersHere we prove Lemma 5.1 which is needed to identify the lead mono-mials of some of the transfers lying in the set B. This lemma is a simpleextension of the results found in [14, x 3].It is easily seen that for j = 1; 2 and 0 � c � p� 1

�c(zj) = zj + cyj + �c2
�xj

�c(yj) = yj + cxj :Furthermore it is well known (for a proof see for example [5, 9.4])that p�1X
c=0 ci =

( 0 in F if i < p� 1�1 in F if i = p� 1In particular, if f(c) is any polynomial of degree less than p � 1 thenPp�1c=0 f(c) = 0 in F.Lemma 5.1. Suppose 0 � t; s � p� 1 and 2s+ t � p� 1. Then

LM(Tr(zt1zs2)) =
(zt1xp�1�s2 y2s�(p�1)2 if s � (p� 1)=2yp�1�2s1 zt+2s�(p�1)1 xs2 if s � (p� 1)=2

Proof. If s � (p� 1)=2 then this result is a minor modi�cation of [14,Theorem 3.2]. Therefore we suppose that s � (p � 1)=2. We have�c(zt1zs2) = (z1 + cy1 + �c2�x1)t(z2 + cy2 + �c2�x2)s. Expanding this we
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obtain an expression Tr(zt1zs2) =Pp�1c=0Pw fw(c)xw where fw 2 F[c] foreach w. The largest monomial w here (with respect to the monomialordering) for which the polynomial fw has degree at least p�1 is is themonomial xw = yp�1�2s1 zt+2s�(p�1)1 xs2. By the above lemma, all largermonomials have coe�cient 0 in Tr(zt1zs2). For w = yp�1�2s1 zt+2s�(p�1)1 xs2we get fw(c) = � tp�1�2s�cp�1�2s�c2�2s = 2�2scp�1 �� tp�1�2s�� � tp�1�2s�c�s�
and thus Pp�1c=0 fw(c) = �� tp�1�2s�2�2s 6= 0 since 0 � p � 1 � 2s � t �p�1. Therefore LT(Tr(zt1zs2)) = �2�2s� tp�1�2s�yp�1�2s1 zt+2s�(p�1)1 xs2. �

Applying Lemma 5.1 together with simple generalizations of [14,Theorem 3.3] and [14, Theorem 3.6] we �nd that M is generated overA by the following monomials.(0) 1(1) zs1xs2 for 1 � s � (p� 3)=2(2) y1zs1xs+12 for 0 � s � (p� 1)=2(3a) yp�2s1 z2s1 xs2 for 0 � s � (p� 1)=2(3b) y1zp�11 xp�1�s2 y2s�(p�1)2 for (p+ 1)=2 � s � p� 1(4) zs1yp2 for 0 � s � p� 1(5a) yp�1�2s1 zt+2s�(p�1)1 xs2 for 1 � s � (p� 1)=2; (p+1)=2 � t � p�1and p � t+ s(5b) zt1xp�1�s2 y2s�(p�1)2 for (p + 1)=2 � s � p � 1; 1 � t � p � 1 andp � t+ s(6a) yp�2s1 zt+2s�(p�1)1 xs2 for 1 � s � (p � 1)=2; (p � 1)=2 � t � p � 2and p� 1 � t+ s(6b) y1zt1xp�1�s2 y2s�(p�1)2 for (p+1)=2 � s � p� 1; 0 � t � p� 2 andp� 1 � t+ s(7) y1zs1yp2 for 0 � s � p� 1The numbering of these families of lead monomials corresponds tothe numbering of the families of invariants given in Theorem 4.1.
2. Computation of H(M;�)In this section we give addition details of the computation of theHilbert series of M .Decompose M by multi-degree (with respect to the H-grading) asfollows:

M = M
!2C2�C2�Cp

M! = 1M
i=0

1M
j=0

p�1M
k=0 M(i;j;k) :

By this direct sum decomposition,
H(M;�) = 1X

i=0
1X

j=0
p�1X
k=0 H(M(i;j;k); �)
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and we computeH(M;�) by computing each of the individualH(M(i;j;k); �).To do this we begin by sorting the monomials in C according to theirH-degree.For i = 0 and all 0 � j � 1 and 0 � k � p� 1, if k + j � (p� 1)=2we have the following generators of M(0;j;k).(1) yp�1+j�2t1 zk1xt2 for dk=2e � t � k + j � 1.(2) yj1zk1xk+j2(3) yj1zk1xp�1�t2 y2t�(p�1)2 for p� j � k � t � p� 1For i = 0 and all 0 � j � 1 and 0 � k � p � 1 if k + j > (p � 1)=2we have the following generators of M(0;j;k).(1) yp�1+j�2t1 zk1xt2 for dk=2e � t � (p� 1)=2.(2) yj1zk1xp�1�t2 y2t�(p�1)2 for (p+ 1)=2 � t � p� 1For i = 1, and all 0 � j � 1 and 0 � k � p�1 we have the followinggenerator of M(1;j;k).(1) yj1zk1yp2Since eachM(1;j;k) is generated over A by a single element, it is a freerank one A-module. Therefore(2.0.1) H(M(1;j;k); �) = H(A; �) � �p+k+j
for all 0 � j � 1 and 0 � k � p� 1.
In Equations (5.1.3) and (5.1.4) we give expressions forH(M(0;j;k); �).Here is an expanded description of the derivation of these expressions.Examining the points in V(0;j;k) we �nd the following values for theLCM(�1) and the LCM(�2).For i = 0 and 0 � j � 1 and 0 � k � p� 1, if j+ k � (p� 1)=2 thenwe have the following points in fLCM(�1) j �1 2 E(0;j;k)g.(1) (0; j; k; p� t; 2t� (p� 1); 0) for p� j � k � t � p� 1(2) (0; p+ j � 1� 2t; k; t+ 1; 0; 0) for dk=2e � t � k + j � 1(3) (0; p+ j � 1� 2t; k; t; p� 1� 2t; 0) for dk=2e � t � k + j � 1For i = 0 and 0 � j � 1 and 0 � k � p� 1, if j+ k � (p+1)=2 thenwe have the following points in fLCM(�1) j �1 2 E(0;j;k)g.(1) (0; j; k; p� t; 2t� (p� 1); 0) for (p+ 1)=2 � t � p� 1(2) (0; p+ j � 1� 2t; k; t+ 1; 0; 0) for dk=2e � t � (p� 3)=2(3) (0; p+ j � 1� 2t; k; t; p� 1� 2t; 0) for dk=2e � t � (p� 3)=2For i = 0 and 0 � j � 1 and 0 � k � p� 1, if j+ k � (p� 1)=2 thenwe have the following points in fLCM(�2) j �2 2 F(0;j;k)g.(1) (0; p+j�1�2t; k; t+1; p�1�2t; 0) for dk=2e � t � k+j�1For i = 0 and 0 � j � 1 and 0 � k � p� 1, if j+ k � (p+1)=2 thenwe have the following points in fLCM(�2) j �2 2 F(0;j;k)g.(1) (0; p+j�1�2t; k; t+1; p�1�2t; 0) for dk=2e � t � (p�3)=2g
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Therefore if j + k � (p� 1)=2 then
H(K0; �) = ��2k+2j + k+j�1X

t=dk=2e�p�1+j+k�t + p�1X
t=p�j�k �j+k+t�H(A; �)

H(K1; �) = � p�1X
t=p�j�k �j+k+t+1 + k+j�1X

t=dk=2e(�p+j+k�t + �2p+j+k�3t�2)�H(A; �)
H(K2; �) = � k+j�1X

t=dk=2e�2p+j+k�3t�1�H(A; �)
Conversely if k + j � (p+ 1)=2 then

H(K0; �) = � (p�1)=2X
t=dk=2e�p�1+j+k�t + p�1X

t=(p+1)=2�j+k+t�H(A; �)
H(K1; �) = � p�1X

t=(p+1)=2�j+k+t+1 + (p�3)=2X
t=dk=2e(�p+j+k�t + �2p+j+k�3t�2)�H(A; �)

H(K2; �) = � (p�3)=2X
t=dk=2e�2p+j+k�3t�1�H(A; �)

From the above, using (5.1.2) and observing that the resulting sumstelescope, we obtain the expressions given in (5.1.3) and (5.1.4).
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