INVARIANTS OF THE DIAGONAL C,-ACTION ON V;
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ABSTRACT. In this document we provide extra details of the proofs
and computations given in [0] where a finite SAGBI basis for F[V3®
V3] is given.

The purpose of this document is to provide additional details to the
interested reader of [0]. These details are omitted from [0] for reasons
of clarity and brevity. This document is not intended to stand on its
own and we assume the reader has already read [0]. All the notation
and definitions used here are given in [0].

1. LEAD MONOMIALS OF TRANSFERS

Here we prove Lemma 5.1 which is needed to identify the lead mono-
mials of some of the transfers lying in the set B. This lemma is a simple
extension of the results found in [14, § 3].

It is easily seen that for j = 1,2 and 0 <c<p-—1

¢
o(zj)) = zj+cy;+ <2>xj
o(y;) = y;+cx;.
Furthermore it is well known (for a proof see for example [5, 9.4])
that
— . OinF ifi<p—1
2= 1, iy
g —1inF ifi=p—-1
In particular, if f(c) is any polynomial of degree less than p — 1 then
S f(e) =0 in F.
Lemma 5.1. Suppose 0 <t,s <p—1and2s+t>p—1. Then

s agpmlmsy2 el ifs>(p—1)/2
LM(Tr(zsz)) = 1)73725 H?st(pfl) s
n 1 zy if s<(p—1)/2

Proof. If s > (p — 1)/2 then this result is a minor modification of [14,
Theorem 3.2]. Therefore we suppose that s < (p — 1)/2. We have
o°(2423) = (21 + ey + (5)z1)! (22 + cyo + (§)22)°. Expanding this we
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obtain an expression Tr(z!25) = P70 S f,(c)x® where f,, € F[c] for
each w. The largest monomial w here (with respect to the monomial

ordering) for which the polynomial f,, has degree at least p— 1 is is the
p—1—2s t+2$ (p—1)

monomial x* = y; x5. By the above lemma, all larger
. —1-2s _t+2s—(p—1
monomials have coefﬁ(nent 0in Tr(zt25). For w = ¢/ '™ (v ):L’§

t —1—=2sf(cC 2s _ —2s8 — t t —S
we get fw(C) = (p7172s)cp 2 (2) =2 ? ? ' ((p 1— 25) - (p 1- 2S)C )
and thus Y77/ f,(c) —(p L )27 #£0since 0 <p—1-2s <t <
p—1. Therefore LT(Tr(z!z5)) = —2725( L )yt~ 7277 Vs, O

p—1—2s

Applying Lemma 5.1 together with simple generalizations of [14,
Theorem 3.3] and [14, Theorem 3.6] we find that M is generated over
A by the following monomials.

(0) 1
) ziag for 1 < s < (p—3)/2
) st for 0 < s < (p—1)/2
)y~ 252’%%2 for 0 < 5 < (p—1)/2
)y121 Lyp=ims 2o (o for(p+ 1)/2<s<p-1
)
)y

(1
(2
(3a
(3b
(4 zly2f0r0<s<p—1
(5a) yP L EATE P s for 1 < s < (p—1)/2,(p+1)/2 <t <p—1
and p<t+s
(5b) 222 720 for (p+1)/2<s<p—1,1<t<p-—1and
p<t+s
(6a) P22 0 s for 1 <s< (p—1)/2,(p—1)/2<t<p—2
and p—1< t+ S
(6b) yriztah oy " D for (p+1)/2< s <p—1,0 <t < p—2and
p—1<t+s
(7) pzfyh for 0<s<p-1
The numbering of these families of lead monomials corresponds to
the numbering of the families of invariants given in Theorem 4.1.

2. COMPUTATION OF H(M,))

In this section we give addition details of the computation of the
Hilbert series of M.

Decompose M by multi-degree (with respect to the H-grading) as
follows:

1 1 p—1
Moo= D M = DDODMun-
weCaxCaxCyp 1=0 7=0 k=0

By this direct sum decomposition,
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and we compute H (M, \) by computing each of the individual H (M ; ), A).
To do this we begin by sorting the monomials in (' according to their
H-degree.
Fori=0andall 0<j<land 0<k<p—1,ifk+;j<(p—1)/2
we have the following generators of Mg ;).
(1) y’l’*lﬂd‘tzfxtz for [k/2] <t<k+j—1
(2) yizfay™
(8) ylefah Ty Y forp—j—k<t<p-1
Fori=0andall0<j<land0<k<p—-1ifk+j>(p—1)/2
we have the following generators of Mg ;).
(1) g~ 772kl for [k/2] <t <(p—1)/2
(2) ylzbat ™ Y for (pr1)/2<t<p 1
Forts=1,and all 0 < j <1and 0 <k < p—1 we have the following
generator of My ;).

(1) yiztvh
Since each M ;) is generated over A by a single element, it is a free
rank one A-module. Therefore

(2.0.1) H(Mjny ) = H(A,N) - APTEH
forall0<j<land0<k<p-—1.

In Equations (5.1.3) and (5.1.4) we give expressions for H (M j ), A).
Here is an expanded description of the derivation of these expressions.
Examining the points in Vg ;) we find the following values for the
LCM(A,) and the LCM(A,).
Fori=0and0<j<land0<k<p-—1,ifj+k < (p—1)/2 then
we have the following points in {LCM(A;) | Ay € Egjr)}-
(1) (Oajakap_t72t_(p_1)70) fOI‘p—j—k‘StSp—l
2) (0,p+j—1—2tkt+1,0,0) for [£/2] <t <k +j—1
(3) (0,p+j—1—2tkt,p—1—2t0) for [k/2] <t <k-+j—1
Fori=0and0<j<land0<k<p-—1,ifj+k > (p+1)/2 then
we have the following points in {LCM(A) | Ay € Ejr)}-
(1) (0,4, k,p—1t,2t — (p—1),0) for (p+1)/2<t<p-1
(2) (O>p+] -1- 2t7k>t+ 17070) for “{/2—‘ <t< (p—3)/2
Fori=0and0<j<land0<k<p-—1,if j+k <(p—1)/2 then
we have the following points in {LCM(As) | Ay € Flojr)}-
(1) (0,p+j—1-=2t,k, t+1,p—1-2t,0) for [k/2] <t<k+j—1
Fori=0and0<j<land0<k<p-—1,if j+k > (p+1)/2 then
we have the following points in {LCM(Ay) | Ay € Flox) }-
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Therefore if j +k < (p — 1)/2 then

k+j—1 p—1
H(Ko,A) = (A4 N~ wrttirk=ty N R 3104, 0
t=[k/2] t=p—j—k
p—1 k+j—1
%(Kb/\) — ( Z /\j+k+t+1+ Z ()\p-'—j—Hcft+A2p+j+kf3t72))H(A7 )\)
t=p—j—k t=[k/2]
k+j—1
H(Ky, \) = ( Z )\2p+j+k73t71)fH(A,)\)
t=[k/2]
Conversely if k +j > (p +1)/2 then
(p—1)/2 p—1
H(Ky,\) = ( Z \PLitk—t Z )\j+k+t)rH(A,/\)
t=[k/2] t=(p+1)/2
p—1 (p—3)/2
H(Kl,/\) — ( Z )\j+k+t+1+ Z (/\p+j+k—t_|_/\2p+j+k—3t—2)),H(A7 /\)
t=(p+1)/2 t=[k/2]
(p=3)/2
H(Ky, \) = ( Z )\2p+j+k73t71)fH(A,)\)
t=[k/2]

From the above, using (5.1.2) and observing that the resulting sums
telescope, we obtain the expressions given in (5.1.3) and (5.1.4).
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