THE NOETHER NUMBER IN INVARIANT THEORY

DAVID L. WEHLAU

ABSTRACT. Let I be any field. Let G be any reductive linear algebraic group
and consider a finite dimensional rational representation V' of G. Then the F-
algebra F[V]¢ of polynomial invariants for G' acting on V is finitely generated.
The Noether Number 3(G,V) is the highest degree of an element of a mini-
mal homogeneous generating set for F[V]. We survey what is known about
Noether Numbers, in particular describing various upper and lower bounds for
them. Both finite and infinite groups and both characteristic 0 and positive
characteristic are considered.

1. INTRODUCTION

The central problem in invariant theory is to find generators for the ring of
invariants of some group representation. Given a particular action, it is often
possible to construct many invariants. However, the question of when enough
invariants have been obtained to generate the full ring of invariants is much more
difficult. Omne solution to this difficulty is to find some upper bound on the
degree of the invariants needed. The highest degree of an invariant required in a
generating set is called the Noether Number of the representation.

Lately there have been many new results bounding the Noether Number for
various representations. Here we will summarize many of these. There are a
number of general references which discuss bounds on the Noether Number. The
excellent book [7] by H. DERKSEN and G. KEMPER covers all aspects of con-
structive invariant theory. The two articles [5, 6] by DERKSEN, the articles [7] by
DERKSEN and H. KRAFT and [51] by the author discuss the characteristic zero
situation for infinite groups. F. KNOP [35] has a recent article which examines
finite modular groups over general rings.

2. PRELIMINARIES

We begin with some definitions. We refer the reader to [7, 24, 48] for proofs and
further details concerning these definitions. A linear algebraic group defined over
a field F is any group G which is isomorphic to a closed (in the Zariski topology)
subgroup of GIL(FF) for some t. Important examples include F under addition,
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F* under multiplication, GL,(F), SL,(F), any finite group, and all the classical
Lie groups.

Suppose now that F is algebraically closed. A linear algebraic group is connected
if it is connected in the topological sense. We write GY to denote the connected
component of G which contains the multiplicative identity e of G. It is easy to
see that G is a normal subgroup of G of finite index.

A Borel subgroup B of GG is any maximal solvable connected subgroup of G. A
linear algebraic group is a torus if it is isomorphic to (F*)" for some non-negative
integer r. Two of the central theorems of algebraic group theory are that all
Borel subgroups of GG are conjugate and that all maximal tori contained in G are
conjugate.

The radical of GG is the connected normal subgroup
0

Rad(G) = (1l B

B is a Borel
subgroup of G

A linear algebraic group G is reductive if Rad(G) is a torus and is semi-simple if
Rad(G) = {e}. For example all finite groups are both reductive and semi-simple.
The dimension of G is its dimension as an affine subvariety of GL(FF). Its rank is
the dimension of any maximal torus in G.

We consider a linear algebraic group G over an arbitrary field F and a finite
dimensional rational representation p : G — GL(V) defined over F. The term
rational means that p is given by polynomial functions on G. A more precise
formulation of this is given in Section 8. Here and below we denote the G-action
by writing h - v for (p(h))(v) where h € G, and v € V.

Throughout we will always assume that representations are rational and finite
dimensional. We will use F to denote the underlying field over which G and V'
are defined unless specified otherwise. We say the representation is faithful if p
is injective and almost faithful if p has a finite kernel. We write F[V] for the
symmetric algebra on V*. If {xy,z9,...,2,} is a basis for V* then F[V] is the
polynomial ring in the n indeterminants xq, xs,...,z,. This ring is graded by
polynomial degree: F[V] = &3 F[V]q.

The action of G on V' induces a natural action of G on V* given by
(g-f)(w) = f(gt-v)forall feV* veVandgeq .

The action on V* extends multiplicatively to a degree preserving action of G' on
F[V]. The ring of invariants F[V] is the graded subring of F[V] consisting of
those polynomials which are fixed by every element of G:

FV) :={f€F[V]|g-f=fforalgeG}.
In his famous address to the International Congress in 1900, the 14th problem

posed by DAVID HILBERT was to determine whether every ring of invariants is
finitely generated. HILBERT had already shown this to be true for SL,(C) and
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GL,(C). In 1959, M. NAGATA [36] answered Hilbert’s question in the negative by
giving an example of a 32 dimensional representation of a 28 dimensional group
defined over the field of complex numbers C whose ring of invariants is not finitely
generated. For a discussion of Hilbert’s 14th problem and its counter-examples
see the article by GENE FREUDENBERG [17].

Due to results of HILBERT, H. WEYL, D. MUMFORD, NAGATA and W. HABOUSH
among others it has been shown that F[V]¢ is always finitely generated if G is a
reductive group. Accordingly we will assume from now on that G is reductive.

We define the Noether Number of V,
d
B(G, V) := min{d | F[V]® is generated as a ring by @F[V]ZG}
i=0
and the Noether Number of G,
B(G) :=sup{B(G,V) | V is a finite dimensional G-representation defined over F} .

Note that the number 5(G) depends upon the underlying field F which will be
understood from the context.

Consider the maximal homogeneous ideal F[V]$ := @3 F[V]{ C F[V]® and
the natural surjection v : F[V]¢ — F[V]$/(F[V]$)?. The graded Nakayama
Lemma [7, Lemma 3.5.1] implies that a set of homogeneous positive degree invari-
ants {f1, f2, ..., fs} generates F[V]¢ if and only if its image {v(f1), v(f2), ..., v(fs)}
spans the graded vector space F[V]§/(F[V]%)2. Moreover this set of invariants
minimally generates F[V]¢ if and only if its image under v is a vector space basis
for F[V]$/(F[V]$)? Thus we can characterize 3(G, V) as the maximum integer
d such that (F[V]S/(F[VI9))a # {0}.

Suppose now that [F is any field extension of F and that G and V are defined over
F. Extending IF to F, we may replace V by V := V@gF and G C GL(F) C GL(F)
by its toplogical closure G in GL,(F). Clearly a set of invariants in F[V]¢ maps
to a basis for F[V]|$/(F[V]$)? if and only if this same set maps to a basis for
F[V]¢/(F[V]¢)2. This shows that 3(V,G) = B(V,G). For this reason, unless
stated otherwise, we will not assume that the field I is algebraically closed. Below,
when working over non-algebraically closed fields we will be considering a finite
group G which topologically may be viewed as a set of discrete points and so we

will have G = G.

The behaviour of rings of invariants depends greatly upon whether the charac-
teristic of the field FF is zero or not. For example, many classical results which hold
in characteristic zero fail over fields of positive characteristic. For finite groups
the key question is whether |G| is a unit. If G is finite we distinguish two cases:
if |G| € F* the group and its (faithful) representations are called non-modular;
otherwise they are called modular.

One very important tool, if it exists, is a so-called Reynolds operator. A
Reynolds operator is a G-equivariant projection ¢ : F[V] — F[V]¢ ie., an F-
linear map satisfying the two conditions that ¢(g - f) = ¢(f) for all g € G,
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f € F[V] and that ¢(f) = f for all f € F[V]®. If a Reynolds operator for V'

exists, it is unique.

In characteristic zero, every representation V' of a reductive group G has a
Reynolds operator. For finite non-modular groups, averaging over the group is
the Reynolds operator:

1
¢(f):=@29-f-

geG

G. KEMPF [33] showed how bounds on the Noether Numbers for finite groups,
semi-simple groups, and tori may be combined to obtain a bound on the Noether
Number for any reductive group in characteristic 0 as follows. Let V be a rep-
resentation of a reductive group G defined over a field F of characteristic 0.
Suppose that H is a normal subgroup of G and suppose that H is itself re-
ductive. The action of G on V induces an action of G/H on F[V]¥. Define W by
W = EBg(:%I’V)F[V]g . Then W is a finite dimensional rational representation of
the reductive group G/H. Consider the natural surjection ¢ : F[W| — F[V]¥ in-
duced by the inclusion of W* into F[V]. (Recall that F[WW] is the symmetric alge-
bra on W*.) This map commutes with the action of G/H. Applying the Reynolds
operators for G/ H for these representations gives a surjection ¢&/# : F[W]4/H —
(FI[V)H)G/H = F[V]. From this we see that 3(G,V) < B(G/H,W) - B(H,V).
Thus we obtain a bound for the Noether Number of G acting on V' using the two
smaller groups H and G/H.

For the general reductive group G acting on the representation Vwe first con-
sider the connected normal reductive subgroup G° and the finite quotient group
G/G°. Then the radical of G° is a torus T. Furthermore 7' is normal in G° and
the quotient G°/T is a connected semi-simple group. Thus we find

< BG/G°W) - B(G°/T,U) - B(T, V)

for certain representations W of G/G°® and U of G°/T.

3. BOUNDS FOR NON-MODULAR REPRESENTATIONS OF FINITE GROUPS

In 1915, EMMY NOETHER [37] proved, for a finite group G over the field of
complex numbers C that §(G) < |G|. An examination of her proof shows that
it is valid for any field of characteristic 0 and also for fields of characteristic p
if |G| < p. In 1926 [38], she proved that the ring of invariants of a modular
representation of a finite group is finitely generated but did not give a bound for
B(G, V).

Here we will prove that 3(G) < |G| under the weaker hypothesis that |G| is
invertible in F. This was proved independently by P. FLEISCHMANN [12] and

J. FOGARTY [16] in 2000. D. BENSON (see [7, page 109]) simplified Fogarty’s
proof and here we present this simplified version.
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Theorem 3.1. Let V be a vector space and let G be a finite subgroup of GL(V').
If |G| is invertible in F then B(G,V) < |G.

Proof. Put m := |G| and [m] = {1,2,...,m}. We begin by considering F[V], :=
> e F[V]4 the unique homogeneous maximal ideal of F[V]. We first show that
its m™ power (F[V];)™ is a subset of the Hilbert ideal J := (F[V])F[V], the
ideal generated by the homogeneous invariants of positive degree.

To see this take any f1, fa, ..., fm € F[V],. Write G = {g1,92,...,9m}, let g €
G and consider the product [, (fi — (99:)(fi)) = 0. Expanding this expression
and summing over all g € G gives:

d (=[] =0

AC[m] i€A

where ha =32 o [Licppa 9(9:fi) € F[V]<.

The summand corresponding to A = [m] in the above is |G| f1 fa - - fim. For all
other subsets A, we have hy € F[V]$ and thus the summand corresponding to A
lies in the Hilbert ideal J. Therefore fifs--- f,, € J and thus (F[V];)™ C J.

By the Hilbert Basis Theorem, (Theorem 5.2 below), there exist finitely many
homogeneous invariants hy, ha, ..., h, € F[V]¢ which generate the Hilbert ideal
J. Without loss of generality we may assume that {hy, ho,...,h.} is a minimal
such set of invariants. Note that if degh; > m then h; = Z?Zl hijx; where each
h;j is a homogeneous element of F[V] = F[z1, zo, ..., x,] with deg(h;;) > m, i.e.,
where h;; € (F[V]+)™ C J. Since m < deg h;; < degh; we see that h;; lies in the
ideal of F[V] generated by hy, hs, .. ., hi, ..., hy. Thus if deg h; > m then h; is not
required as a generator of J. Thus our assumption that hq, ho, ..., h, minimally
generate J implies that degh; < m for all i =1,2,... 7.

Consider any invariant f € F[V]¢ with deg(f) > m. Since deg(f) > m we
see that f € (F[V]4)™ C J and we may write f = Y, k;h; where each k; is
a homogeneous element of F[V],. Applying the Reynolds operator ¢ we obtain
f=0o(f) = > o(kih;) = >.i_, &(ki)h;. Since ¢(k;) € F[V]Y, this expresses
f as a polynomial in homogeneous invariants of degree strictly less than deg(f).
Hence f cannot be part of a homogeneous minimal algebra generating set for

F[V]C. 0

The above proof shows that in the non-modular case the Hilbert ideal is gener-
ated by homogeneous elements of degree at most |G|. G. KEMPER [7, Conjecture
3.8.6 (b)] has made the following conjecture.

Conjecture 3.2. Let V be a representation of a finite group G. The Hilbert ideal
(F[VIS)F[V] is generated by homogeneous elements of degree at most |G|.

Consider a finite cyclic group G of order n and let F be a field of characteristic
0 containing a primitive n'" root of unity, £&. Let o denote a generator of G.
There are exactly n inequivalent irreducible representations Wy, Wy, ..., W, _1 of
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G, each of which is one dimensional. The action of G' on W, is given by o-v = &
for all v € W.

It is easy to see that F[IW;]%" = F[z™/&°4(:™)] and thus if 4 is relatively prime to
n then B(C,, W;) = n. Therefore we see that Noether’s bound is sharp for cyclic
groups.

BARBARA ScHMID proved the following two inequalities for finite groups.

Proposition 3.3. Let G be a finite group defined over a field of characteristic
zero. Let H < G be a subgroup of G.

(1) B(G) < B(H)[G: H].

(2) If H is normal in G then 5(G) < B(H)B(G/H).
Remark 3.4. Although SCHMID proved ((G) < B(H)[G : H| under the assump-
tion that G s finite, her proof only requires that H be of finite index in G.

Remark 3.5. FLEISCHMANN [12] proved part (2) of Proposition 3.3 holds under
the weaker assumption that G is non-modular.

Remark 3.6. [t is not known whether part (1) of Proposition 3.3 always holds
over a field of positive characteristic when G is non-modular. This question is
known as the “Baby Noether gap”.

Using the above inequalities SCHMID proved

Theorem 3.7. Let G be a finite group defined over a field of characteristic zero.
If G is not cyclic then B(G) < |G.

Proof. (sketch) The proof is by induction on |G|. By Proposition 3.3 we see that
if G has either a proper subgroup H < G or a proper quotient G/H which is not
cyclic then by induction S(G) < |G|. Thus it is only necessary to consider groups
G all of whose proper subquotients are cyclic.

We consider two possibilities: G is abelian or is not abelian. The abelian case
is easily handled and we omit discussing it here.

If G is not abelian and all proper subquotients of G are cyclic then G must be
a semi-direct product of two groups of prime order: G'= C}, x C, where p and ¢
are two primes with ¢ dividing p — 1. By a careful study of the representations of
such groups, G, SCHMID was able to prove that 5(G) < pg—q+ 1 < |G]. O

The above proof shows the importance of the groups C, x C, with ¢ < p two
primes. The simplest case of such groups are the dihedral groups C), xCs. SCHMID
studied this case in detail and obtained the following more general exact result
over C.

Proposition 3.8. 3(D,,) = n + 1 where D,, is the Dihedral group of order 2n.

SCHMID also proved (3(A4) = 6.

In his Ph.D. thesis [39] VIVEK PAWALE studied 5(C, x C,) over C and he made
the following conjecture.
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Conjecture 3.9. Let p and q be two primes such that q divides p — 1. Then
B(Cy, x Cy) =p+q—1 (where the semi-direct product is not direct) over C.

PAWALE proved 5(C, x C5) < p+6 and 5(C7 x C3) = 9.

N. WALLACH (see [9]) used the action of cyclic subgroups of ¥, to prove the
following lower bound which shows that there can be no polynomial upper bound

on 3(3,).

Theorem 3.10.
ﬁ(zn) Z 6C\/nlnn

for all n sufficiently large where C' is a positive constant less than 1.

The work of SCHMID has been extended by a number of people.

M. Domokos and P. HEGEDUS [10] examined Schmid’s proof by induction
and were able to modify it to show

Proposition 3.11. Let G be a finite non-cyclic group in characteristic 0.

(1) If |G| is even then B(G) < 2|G|.
(2) If |G| is odd then B(G) < 2|G|.

M. SEZER [45] extended Proposition 3.11 to the non-modular case, i.e., where
G is a finite group, F is a field of positive characteristic p and p does not divide

|G-

R. SHANK [46] has observed that Schmid’s induction proof works on any class
of finite groups which is closed under taking subquotients and will yield a bound
coming from the value of 3(G) for the minimal groups in such a class. Thus the
fractions in the statement of Proposition 3.11 bounds arise from the fact that the
Klein four group and the semi-direct products C, x C, are the two base cases for
the induction proofs. It is easy to see that 5(Cy x Cy) = 3 and DOMOKOS and
HEGEDUS prove that 5(C, x C,) < %pq (for p and ¢ odd primes with C, x C|,
non-abelian).

3.12. Vector Invariants. Let V be an n dimensional representation of G. Let

m € N. We denote by m V' the nm dimensional representationmV :=V oV @ --- oV
m ;(;)ies

on which G acts diagonally via g (v1,vs,...,0y) = (¢-v1,9 V2, ..., g V). Invari-

ants lying in F[m V] are called vector invariants of V. The classical procedure,

known as polarization constucts invariants of m V' from invariants of V' as follows.

Given f € F[V]¢ consider the formal expansion

f(tlvl + tQUQ + -+ tmvm) = Z tilt? tee tig”‘fehezr_,,em(vl, Vo, ... ,’Um>
12z‘€£n
where (vi,v9,...,v,) is the general point in mV and ty,ts,...,t, are formal

variables. The elements f, ¢, ., are homogeneous invariants in F{m V]G called

m
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polarizations of f. Notice that the polarizations of f have the same degree as f.
For more details on polarization see [53].

An important question is to consider the behaviour of 3(G,m V) as a function
of m. The following theorem of H. WEYL [53] does not assume that G is finite.

Theorem 3.13. Let Vi, Vs, ..., Vy be representations of the reductive group G
defined over a field F of characteristic zero. Put n; := dimV; and take integers
m; > mn; fori=1,2,...,s. Then Fim; Vi @ ma Vo & - -- EBmsVS]G is generated
by the polarizations of a set of generators of Flny Vi @ ng Vo @ -+ @ ng V;]G. In
particular

BGmVidmaVad---@&mg Vi) =0(G,mVi&nyVa®--- B ng Vi) .

A consequence is the following.

Corollary 3.14. Let G be a finite group and let F be a field of characteristic zero.
Let V,eq denote the regqular representation of V.. Then

ﬁ(G) = ﬁ(G7 Vre!]) .

Proof. Let V1, V5, ..., V, be a complete set of inequivalent indecomposable repre-
sentations of G. (Note that indecomposability and irreduciblility are equivalent
here.) Put n; = dim(V;) fori =1,2,...,s. Then Vies = ny Vi®no Vo®---&n, V.
Since every representation V' of G may be written in the form V = my Vi ®&meo Vo ®
-+ @ my Vs for some non-negative integers my,mao, ..., m, the result follows. [

4. BOUNDS FOR MODULAR REPRESENTATIONS OF FINITE GROUPS

The behaviour of 5(G,V) in the modular setting is in sharp contrast to the
characteristic zero situation. In a article published in 1990 DAVID RICHMAN [41]
proved the following.

Theorem 4.1. Let F, denote the finite field of order q and let G = SL(V') where
V' is an n dimensional vector space over F,. Suppose that m >mn > 1. Then

BSL(V),mV)>(m—-n+2)(g—1).

In 1990 (published posthumously in 1996) RICHMAN [42] proved the following
more general result.

Proposition 4.2. Let F be a field of positive characteristic p, let G be a finite
group whose order is divisible by p and let V' be any faithful representation of G.
Then

—1
MGmW2£§%T%

Here we will give a proof of a related but simpler result of Richman’s which
applies over the prime field, i.e., for the case F = [F,,. In particular we will show

that for that case
m

>
pEmV) 2 Gy -1
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Consider an element ¢ € G of order p. We choose a basis {z1, xs,...,2,} for
V* such that the element 0 € GL(V*) takes Jordan normal form. Since o has
order p and the only p™ root of unity in characteristic p is 1 we see that (o — 1)z,
is either 0 or x;_; for all j = 1,2,...,n. Furthermore, we may assume that
(0 —1)x, = z,—1. We construct the analogous basis {z;; | 1 <i<m,1 <j <n}
for (mV)*. Thus (0 — 1)a;; is either 0 or z;;—; and (¢ — 1)z;,, = w;,—1 for all
1=1,2,...,mand forall j=1,2...,n.

Lemma 4.3. Let [ € F,[m V]©. If the coefficient of the monomial x5, 252, - - -z,
in f is not zero then p divides a; for alli=1,2,... m.

Proof. We may assume that a; > 1. Let w and v be the monomials u :=
wyhas, - agr and v i= uxy - 1/T1,. Suppose f = - +cu+... where c € F) is
non-zero. Then 0 =o(f)— f =---4cajv+.... Now it is not hard to see that u
is the unique monomial w € F,[m V] such that the coefficient of v in o(w) — w is
non-zero. Thus the coefficient of v in o(f) — f is exactly ca;. Since o(f) — f =0
and ¢ # 0 we must have that p divides a;. Similarly we see that p divides a; for
all1=2,3,...,m. U

We now prove 3(G,mV) >

—_m_
dimV—-1"

Proof. Define

fi= Z Z e Z H(Clxi,l + Colig + -+ Cin)’

c1€F, c2€lF), cn€lFy i=1
By construction, f is GL(V')-invariant, hence also G-invariant.

Consider the monomial 1 := ([}, 2%, ") ([T[, 27,,") where we assume m > n.
The coefficient of i in f is given by

Z Z Z Hcf_lcglm_"“)(p_l) — Z Z Z 1=(p—1)"

c1€Fy c2€Fp cp€Fp =1 c1€Fy c2€Fp cn€Fp
which is not zero.

Let fi, fo,..., fr be a homogeneous minimal generating set for F[m V]% and
express f as a polynomial in these generating invariants. Then p = pypo - - - s
where each p; is a monomial occurring in some f;.

Our goal is to show that there exists a j with 1 < j < s such that deg(ux) >
m/(n —1). First suppose that some py € Flx1,, Top, ..., Tmnl. By the preceding
lemma, this implies that every exponent of p; is divisible by p. But this cannot
happen since ;. divides pu.

Define

m n m n—1

deg’(H H x?]’) = Z Z i -
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With this notation we know that deg'(uz) > 1 for all k = 1,2,...,s. Put
dy, := deg(us,) and dj, := deg'(uz,) for k =1,2,...,s.
We claim that there exists an index ¢ with 1 < ¢ < s such that
@ > 2 et '
dy — Yt
If not, then d¢ Y 3_, dj, < d; > s_, di for all k. Summing these inequalities would
give the contradiction Y, d; > 7 di. <>, d; > r_; d.

Now >7y_; di = deg(u) = m(p — 1) and 37, dj; = deg/(n) = (n —1)(p — 1).
From the definition of ¢ we see
m(p—1) m

n-Dp-1) - n-1

deg(pe) = de > d

El

Remark 4.4. The above results of Richman show that 5(G) may be infinite when
G is a finite modular group. Indeed the next theorem shows this is always the case.
Howewver, if we content ourselves with finding a so-called separating subalgebra of
invariants rather than the entire ring of invariants then, we know, [7, Corollary
3.9.14], that invariants of degree at most |G| will always suffice.

H. DERKSEN and G. KEMPER [8] proved that for a group G defined over a field
[F of characteristic zero, that §(G) is finite only when G is finite. They conjectured
that this result was true in any characteristic. R. BRYANT and G. KEMPER |[2]
were able to show this is indeed the case giving the following theorem.

Theorem 4.5. Let G be any linear algebraic group. If 5(G) is finite then G is a
finite group with |G| € F*.

We denote by 6, the one-dimensional trivial representation of a group G. This
is just the field F equipped with the trivial G-action. Since F[V @ 6,]¢ =
Flay, Toy . ., T, 2)% = Flag, 29, . . ., 1,]9QF[2] we see that 8(G, V&o,) = B(G, V).
Thus when computing G(G, V') it suffices to consider representations of G which
do not have #; as a summand. Such a representation is called reduced.

Now we consider the case where G = Z/p the cyclic group of order p where
p is the characteristic of F. For this group there are precisely p inequivalent
indecomposable representations, one of each dimension 1,2,...,p. In a recent
preprint [15] P. FLEISCHMANN, M. SEZER, R.J. SHANK and C.F. WooDcocCK
prove the following exact result.

Theorem 4.6. Let V' be a reduced representation of the cyclic group of order p
Z/p defined over a field F of characteristic p. Let s be the maximum dimension
of an indecomposable summand of V. (Thus 2 < s < p.) Then

D, if V=V orV =2V
— 1) dim(V%/P), if VmVy for m > 3;
s(afp.v) = 0 AV AN
(p—1)dim(V*P) + 1, if s =3;

(p— 1) dim(VEP) +p—2, ifs>4.
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DERKSEN and KEMPER showed [7, Theorem 3.9.11] how an old result of
G. HERMANN [19] can be used to obtain a bound for any modular representation
of a finite group.

Theorem 4.7. Let V' be an n-dimensional modular representation of a finite
group G. Then

B(G,V) < n(|G] = 1) + (|G| Iy (241

Recently D.B. KARAGUEZIAN and P. SYMONDS [27, 28] proved that if F is a
finite field and G is finite group then the infinite dimensional G representation
F[V] contains only finitely many inequivalent indecomposable G subrepresenta-

tions. As a consequence of this they obtained the following improvement for finite
fields.

Theorem 4.8. Let V' be an n dimensional representation of a finite group G
defined over the finite field of order q and characteristic p. Then B(G,V) <

%(nq —n —1). Furthermore, if G is a p-group then 3(G,V) < % —n.

E. DADE (see [49, page 483]) gave a simple useful algorithm for constructing
a set of so-called primary invariants for a finite group. We now describe his
algorithm. Let V' be an n dimensional representation of the finite group G defined
over any infinite field, F. Since F is infinite, the vector space V* cannot be a finite
union of proper subspaces.

Let y; be any non-zero element of V*. For ¢ = 1,...,n — 1 choose y;11 € V*
such that y;,1 does not lie in any of the F vector spaces spanned by {g; - 1, g2 -
Y2, .-, 0i - yi} for all g1,09,...,9; € G. Then define f; = ngGg -y;. Note that
deg(f;) = |G|foralli =1,2,... n. Then the set {f1, fa, ..., fn} is a homogeneous
system of parameters as defined below (see Section 5). For non-modular finite
groups applying Theorem 6.6 gives the bound

A(G, V) < max{|G], (n — D)|G]} -

Remark 4.9. Note that if we begin working over a finite field F we may extend
F to an infinite field ¥ and then use Dade’s algorithm to construct fi, fa, ..., fa.
Then these f; will all lie in F'[V]¢ for some finite field F' with F C F' C F. Also

recall that (G, V') has the same value considered with respect to all three of these
fields.

H.E.A. CAMPBELL, A.V. GERAMITA, [.P. HUGHES, R.J. SHANK and the
author [3] showed that the above bound is valid for modular finite groups if the
ring of invariants satisfies the Gorenstein property.

In 1997, A. BROER [1] generalized these two results by weakening the hypoth-
esis that V' is non-modular to the condition that F[V]¢ is Cohen-Macaulay. The
definition of Cohen-Macaualay is given in Section 5 below. Broer’s bound is the
following.
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Theorem 4.10. Let V be a representation of a finite group G. IfF[V] is Cohen-
Macaulay then
B(G, V) <max{|G|, (dimV — 1)|G|} .

In fact, it has been conjectured by many people that the hypothesis of Cohen-
Macaulayness is not required:

Conjecture 4.11. Let V' be a representation of a finite group G. Then
B(G, V) <max{|G|, (dimV — 1)|G|} .

KEMPER has conjectured [7, Conjecture 3.8.6 (a)] the following improvement
of Broer’s result.

Conjecture 4.12. Let V be a representation of a finite group G. If F[V]Y is
Cohen-Macaulay then
BG, V) <G .

4.13. Permutation Groups. A representation V of G is called a permutation
representation if there is a basis {v1,ve, ..., v,} of V' which is mapped to itself by
all elements g € G. In this case {vy, va,...,v,} is called a permutation basis.

Suppose V' is a permutation representation of G with permutation basis {vy, v, . . .

and let {x1,xs,...,z,} be the dual basis of V*. Then G will permute the x; and

also the set of all monomials {x{'z3?--- 2% | a1, as, ...,a, € N}. Given a mono-
mial m = z{'23? -2l let G-m={g-m|ge€ G} ={m=my,mg,...,m.} be

its orbit. We define the orbit sum of m, denoted Og(m) = O(m), by
O(m) = Z a=mi+mg+---+m, .

aeG-m

Note that if V' is a permutation representation of G' then the matrices represent-
ing elements of GG with respect to a permutation basis are permutation matrices.
In particular these matrices contain only zeros and ones and thus such a repre-
sentation is defined over any field. It is not hard to see that the set of orbit sums
of all the monomials is a vector space basis for the ring of invariants.

The following result of M. Gébel [18] gives an upper bound on (G, V') for any
permutation representation V.

Theorem 4.14. Let V' be a permutation representation of a finite group G. Then
B(G, V) < max{ (d”;‘V) ,dim V'}.

Proof. Let {vy,vq,...,v,} be apermutation basis of V' with dual basis {z1, zs, ..., 2, }.

The permutation group >, acts on V' and V* by permuting these bases. Then
F[V]Y D F[V]® = Floy,09,...,0,] where o; is the i*® elementary symmetric
function in z1, xs,...,x,. We introduce a relation on the set of G-orbit sums of
monomials as follows. Given two distinct orbit sums Og(my) and Og(msg) we
first write X, - my = X, - (201252 - 2%) and X, - my = B, - (V2% - - - 2b) where
a; > ag > -+ > ap and by > by > -+ > b,. Then we declare Og(my) < Og(ms)
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it and only if there is an index j > 0 with a; = b1, ag = be,...,a; = b; and
ajr1 < bjy1. If Og(my) < Og(ms) fails to hold we write Og(my) > Og(ms).

Note that in general Og(m) < Og(m') and Og(m') < Og(m) does not imply
that Og(m) = Og(m’) (unless G = %,,). However this relation is transitive and
does have has the property that for any monomial m, there are only finitely many
G-orbit sums, Og(m’) with Og(m’) < Og(m). Furthermore if m, m’and m” are
any three monomials with Og(m’) < Og(m) then Og(m'm”) < Og(mm”).

A G-orbit sum Og(x]'x5? - - - %) is called specialif {ay, as,...,a,} ={0,1,2,...
for some positive integer r. Here we must have 1 <r <n — 1. We will show that
the set of special G-orbit sums together with the set of elementary symmetric
functions: o1, 09,...,0, generate F[V]9. This clearly implies the theorem.

We will show that every orbit sum can be written as a polynomial in the
elementary symmetric functions and the special G-orbit sums. Assume, by way
of contradiction, that Og(m) is some minimal G-orbit sum which does not lie
in the ring generated by the special G-orbit sums together with the elementary

symmetric functions. Write m = 22252 ... abn.

If m’ is any monomial which is divisible by o, = x5+ --x, then Og(m’) =
0,0g(m’/o,) and thus Og(m’) can only lie in a minimal generating set for F[V]“
if m" = 0,,. Since Og(m) # o, we must have some b; = 0.

Since Og(m) is a non-special orbit sum there must exist positive integers ¢ and
r = max{b; | 1 < j < n} such that {t + 1, +2,...,r} C {b,bs,...,b,} and
b %f by < 1 Define m/ := a{'z5? - - - 2% and
bj —1, if bj > t.
s:={j| b; > t}| = deg(m) — deg(m'). Expanding 0,0s(m') as an integer linear
combination of G-orbit sums we have

t ¢ {b1,bs,...,b,}. Let ¢; =

0:0c(m’) = Og(m) + Z kiOc(m;)

for some some monomials m; and positive integers k;. By the definition of ¢ we see
that Og(m;) < Og(m) for all 1 < i < ¢. Also it is clear that Og(m’) < Og(m).
By the minimality of Og(m), each of the orbit sums Og(m;) and Og(m') lies
in the ring generated by the special G-orbit sums together with the elementary
symmetric functions. This contradiction completes the proof of the theorem. [

In contrast to Gobel’s theorem, KEMPER [29] found the following lower bound
for a permutation representation.

Theorem 4.15. Let F be a field of characteristic p and let V' be a faithful modular
permutation representation of the finite group G. Suppose G contains an element
of order p* for some k € N. Then

B(G,mV)>m(p"—1).

About the same time FLEISCHMANN [11] obtained the following exact result.
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Theorem 4.16. Let G = ¥, be the symmetric group on n = p* letters acting
naturally by permuting a basis of the n dimensional representation V' over the
field ¥, of order ¢ = p". Then

B(E,,mV)=max{n,m(n—1)} .

5. INFINITE GROUPS IN CHARACTERISTIC ZERO

In the 1870’s CAMILLE JORDAN [25, 26] obtained the following bound for G =
SLy(C). For a modern discussion of this result see the article [54] by J. WEYMAN.

Theorem 5.1. Let V' be a representation of SLy(C). Suppose that when V is
decomposed into a direct sum of irreducible sub-representations that all irreducible
components of V' have dimension <t + 1. Then 3(SLy(C), V) < 2t°.

In 1890 [20] and 1893 [21], DAVID HILBERT published two of the most important
and influential papers in modern algebra. In the 1890 paper, Hilbert proved the
Hilbert Basis Theorem which we now state.

Theorem 5.2 (Hilbert Basis Theorem). Every generating set for an ideal in the
polynomial ring Flxy, zs, ..., x,] contains a finite generating set.

Using this theorem HILBERT showed that F[V]“ is finitely generated for G' =
SL,(C) and G = GL,(C). Here we give Hilbert’s proof of this fact for more
general G.

Theorem 5.3. Suppose V is representation of the group G which has a Reynolds
operator p. Then F[V|% is a finitely generated F-algebra.

Proof. Let J denote the Hilbert ideal J := (F[V]$)F[V]. By the Hilbert Basis
Theorem, there exist homogeneous invariants hy, ha, ..., h, € F[V] which gen-
erate J. Suppose that f € F[V]“ is homogeneous of degree d. We will show by
induction on d that f € F[hy,...,h,]. This is clear for d = 0. For general d,
since f € J we may write f = Y, k;h; where k; € F[V] is homogeneous with
deg(k;) < d fori=1,2,...,r. Applying the Reynolds operator gives

f=pf) = Zp(kom .

By induction, p(k;) € Flhy, ho,... k] for i = 1,2,... r and therefore f €
Flhy, ha, ..., hyl. 0

Although this proof does show that F[V] is finitely generated, it is not a
constructive proof and for this reason Hilbert’s 1890 paper occasioned much crit-
icism. Most famously, PAUL GORDON said “Das ist nicht Mathematik, das ist
Theologie!” [This is not mathematics; this is theology]. *

ILater, after Gordan simplified Hilbert’s 1890 proof and exploited it for his own uses Gordan
added “I have become persuaded that even theology has its uses.”
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In light of these criticisms HILBERT attempted to give a more constructive
proof of the finite generation. The result was his 1893 paper. For the second
proof HILBERT introduced and proved the Nullstellensatz, the so-called Noether
Normalization Lemma and the Hilbert Syzygy Theorem. Together with the Basis
Theorem these are four of the most important theorems in modern algebra.

Let R =), Rq be a graded Noetherian F-algebra. A sequence fi, fa, ..., fr
of homogeneous elements of R is called a homogeneous system of parameters if
f1, fa, ..., f are algebraically independent and R is finitely generated as a module
over the subring A = F[f1, fo,..., f+], i.e., if there exist g1, ga,...,9m € R such
that R = Agy + Ags + -+ - + Agm. The Noether Normalization Lemma, proved
by HILBERT in his 1893 paper, asserts that R always has a homogeneous system
of parameters. The number r is called the Krull dimension of R. It can also be
characterized as maximum number of algebraically independent elements in R.

The ring R is Cohen-Macaulay if R is a free F[hy, ho, ..., h,]-module for some

homogeneous system of parameters, hq, ho,...,h,. It can be shown that if R is
Cohen-Macaulay then R is a free F[hy, ho, ..., h,]-module for every homogeneous
system of parameters, hq, ha, ..., h,.

A very important result in invariant theory is the Theorem of HOCHSTER and
ROBERTS [23, 31] which asserts that if F is characteristic zero and G is a reductive
group then F[V]¢ is Cohen-Macaulay.

Let hy,ho,...,h, be a homogeneous system of parameters and define A :=
Flhy, ha, ..., h.]. If Ris Cohen-Macaulay we may write R = Agy © Aga B+ - D Agy
where ¢1,go,...,g; are homogenous elements of R. This decomposition of R

as a direct sum of cyclic A-modules is called a Hironaka decomposition. No-
tice that R is generated (usually non-minimally) as an algebra by the elements
hi,ho,....hey 01,92, ..., In particular, the highest degree needed for a genera-
tor of R is at most max{deg(h1), deg(hz),...,deg(h,), deg(g1), deg(g2), ..., deg(g:)}.

If R = F[V]Y then the elements of a homogeneous system of parameters,
fi, fo, ..., [ are called primary invariants and the module generators g1, g2, . .., gm €
R are called secondary invariants. Of course there are many choices for primary
invariants and secondary invariants.

6. SEMI-SIMPLE GROUPS

6.1. Hilbert’s 1893 Proof. In his 1893 proof, HILBERT attempted to bound
B(G, V) in order to obtain a constructive proof of the finite generation of C[V]¢.
However, as he remarks in the paper, he was unable to get an upper bound and
so “[left] the question of an explicit calculation of [3(G, V)] somewhat vague.”

Here is an outline of some of the programme of Hilbert’s 1893 proof.
The nullcone N of V is the subset of V' defined by

N :={veV|fv)=0foral feF[V]}.
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We say that a set of homogenous invariants € cuts out the nullcone if f(v) =0
for all f € Q implies that v € A/. HILBERT showed that a set of invariants Q cuts
out the null cone if and only if the algebra B generated by € is such that F[V]¢
is a finite B-module.

The number o(G,V) is defined to be the least integer b such that the set
U5, F[V]$ cuts out the null cone.

By the Hilbert Basis theorem there exists a finite set ki, ko, ..., k, € F[V]¢
of homogeneous invariants which cut out the nullcone and with ¢; := deg(k;) <
o(G,V) for all i. Let N be the least common multiple of ¢, ¢a,...,cs. Then
the invariants k; := klN /¢ all have the same degree, namely N. Furthermore it
is easy to see that k|, k), ... k. also cut out the nullcone. Since the k] share
the same degree, by Hilbert’s proof of the Noether Normalization Lemma, there
exists a homogeneous system of parameters fi, fa,..., f, with each f; a linear
combination of the k}. In particular, deg(f;) = N for all i. HILBERT was able to
bound o(G, V) (for G = SL,(C)) and thus to bound the degrees of the primary
invariants fi, fa,..., f.. However he was unable to extend this to a bound for

BG,V)

6.2. Popov’s Bound. In 1981, V.L. POPOV using modern results extended the
above ideas of Hilbert as follows.

The power series H(R,\) := > 7, dimp(Ry)A? is called the Hilbert Series of
the graded algebra R. One consequence of the Hilbert Syzygy Theorem is that
the Hilbert series of a Noetherian graded algebra can always be expressed as a
rational function.

Let hy, ha, ..., h, be a homogeneous system of parameters for F[V]¢ and define
A :=TF[hy, ho, ..., h.]. Since A =Z Flh)| @ Flho] ® - - - @ F[h,], it is easy to see that
H(A,N) = [I;—,(1 — X\*) where a; = deg(h;). Then the Hironaka decomposition
shows that

iy A
[T (1 — Ae)

where g1, g2, . .., g: are secondary invariants and b; = deg(g;).

The degree of a rational function f(\)/h()\) is defined to be deg(f(N)) —
deg(h(A)). In 1979, G. KEMPF [31] showed that for non-modular groups the
degree of H(R, \) is always negative. Therefore b; < a; + az + -+ + a, for all
j=1,2,... t and thus 8(G,V) < ay +as + -+ a,.

(6.2.1) H(R,\) =

Combining this with Hilbert’s method, Popov obtained the following.

Theorem 6.3. Suppose that G is a connected semi-simple group defined over a

field T of characteristic zero and that V' is an almost faithful G-representation.
Then

B(G,V) <dim(V)lem{1,2,...,0(G,V)} .
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Following Hilbert’s proof, Popov bounded o(G, V) and proved the following
bound.

Theorem 6.4. Suppose that G is a connected semi-simple group defined over a
field T of characteristic zero and that V' is an almost faithful G-representation.
Then

d+ +1 —d ,,r
B(G, V) <rC (2 Tt o - (QH)!)
3 ((%39)Y)
where ¢ = dim G, r = Krull dimF[V]¢ < n =dimV, d = rankG < r, O(x) =
least common multiple of {1,2,...,|z|} and w = w(T) € N s defined, in Sec-

tion 7, using the action on V of a mazximal torus T of G.

In 1993, KARIN HIss [22] gave new bounds for o(G, V') which have the advan-
tage of being independent of dim V. One of her bounds is expressed in terms of
the nilpotency degree Ny of V which is defined as follows. The Borel subgroup
B of G can be written as a product B = TU where U is a maximal unipotent

subgroup of G and T is a maximal torus in G. Then Ny := min{s | X*(v) =
0 for all v € V, X € Lie Algebra(U)}. Hiss proved the following bound.

Theorem 6.5. Let V be a representation of a connected semi-simple group defined
over an algebraically closed field. Then

2"(m + 1)!r! _

—Nm T 1

(o =y VAW

where m = dim G, r = rank G, and Wy s the convex hull of the weights of V' as
described in Section 7 below.

o(G,V) <

Hiss also proved another upper bound on o¢(G,V) involving the degree (as
varieties) of the G orbits in V. Derksen [5], using a result of Kazarnovskii gave
an improvement on Hiss’s bounds.

In 1989, F. KNOP [34] showed that if G is connected and semi-simple and the
characteristic of I is zero then deg(H(F[V]%, X)) < — dim(F[V]¥). This gives the
following improvement of Theorem 6.3

Theorem 6.6. Let V' be a representation of a connected connected semi-simple
group G defined over a field F of characteristic zero. Suppose ay,as,...,a, is a
homogeneous system of parameters for F[V]%. Then

B(G, V) <max{a; +as+ -+ a, —r,a,as,...,a,} .

7. TORI

Suppose that F is algebraically closed and G = T is a torus, i.e., G = (F*)"
for some r € N. In 1987, KEMPF [31] adapted the 1981 proof by Porov of
Theorem 6.4 to representations of tori.

Let G =T, be a torus. We may choose a basis {x1, za, ..., x,} of the dual space
of V, V* such that t - x; = w;(t)x; for some w; € X*(T') =2 Z", the character group
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of T'. In this case we say T acts diagonally on V. The elements w1y, ws, .. .,w, are
called the weights of V. We denote their convex hull in X*(T) ®7 Q = Q" by Wy

Let S be the monoid S :={E = (e1,...,e,) € Z" | Y I jew; =0 € X*(T) }.
Then E € S if and only if X* = a{'-----2¢ € F[V]'. Fix an explicit isomorphism
Y X*(T) — Z" and write w; = (w;1,...,w;,) with w; ; € Z. Then the value w,
used in Popov’s bound given above, is defined by w = w(T") := max{ |w; ;| : 1 <
i <mn,1 <j<r} Notice that the value of w depends on the choice of 1) which
is determined only up to GL,(Z).

Studying S, KEMPF [33] was able to find ki, . .. , ks with F[V]7 finitely generated
over Flky, ..., ks] and degk; < nrlw” for all 1 < j < s and so prove the following.

Theorem 7.1. Let V be an n dimensional faithful representation for an r di-
mensional torus, T = (F*)". Then B(T,V) < nC(nr!w") where C(z) = least
common multiple of {1,2,...,|z]}.

The author [50] used geometric properties of the monoid S and of the cone it
generates C'= S®7Q>¢ C X*(T)®zQ = Q" to obtain a much better (sometimes
sharp) bound for 5(T,V).

Theorem 7.2. Let V' be an n dimensional diagonal faithful representation of
torus T = (F*)". Then S(T,V) < (n—r)r! Vol(Wy). In terms of the number w
we have 3(T,V) < (n —r)|w"(r + 1)+0/2],

Proof. Since any invariant is a linear combination of invariant monomials it suf-
fices to consider invariant monomials and thus we may concentrate our attention
on S.

We define the degree of an element E of S by deg(F) := deg X*. The cone C
has a finite number of extremal rays: L, Lo, ..., Ls. These rays are characterized
by the condition L; N C'= Qx¢ - R; for some R; € S. The element R; is uniquely
determined if we add the condition that L; NS = NR;. Let £ € S. Since the di-
mension of S'is n—r, E lies in some simplicial cone spanned by R;,, R;,,..., R
for some 1 < iy <19 < -+ < lp_p.

in—r

By Carathéodory’s theorem we may write &' = oy R;, + o R, + -+ -+ R
where ay, g, ..., an—r € Q.

in—r

If aj, > 1 then we may decompose E within S as E = (E — R;,) + Rj,. Mul-
tiplicatively this corresponds to decomposing the monomial X¥ = X =% X i
Hence if X is a generator of F[V]? then each a; < 1. But then deg X¥ =
ardeg Rj,+---+a,_rdegR;,  <degRj+---+degR;, . < (n—r)max{degR; |
1<i<s)

Hence we have reduced to bounding the degrees of the R;. Reordering the
variables if necessary we may assume that R; = (71,72,...,7%4,0,0,...,0) where
each 7; is a positive integer. The fact that R; lies in the extremal ray L; of S
implies that the d weights wy,ws, ..., wy span a (d — 1)-dimensional subspace of

@7’1—7‘ .
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The system of r linear equations in the n unknowns y1,¥s, ..., Yn:
Yrwr + -+ Yaws = 0 = Yar1 = Yar2 = - = Un
has a one dimensional solution space.

Using Cramer’s rule to solve this system we get an integer solution £ =
(e1,€2,...,e4,0,0,...,0) where
e; = (=1) det(wy,ws, ..., wi1,Wip1, Wita, - .-, Wa)
+7! Volume of Convex Hull(wy,ws, ..., w;i—1,0,wii1,Wite, ..., wWq)
fori=1,2,...,d.
Now R; is a integer multiple of the solution E and thus all the non-zero entries

e; of E share the same signum which (after multiplying £ by -1 if necessary) we
may assume is positive. Therefore

deg(R;)) = e1+e+---+eq

d

= rl Z Volume of Convex Hull(wy,ws, ..., wi—1,0, wit1, wit2, .- ., Wa)
i=1

= r!Volume of Convex Hull(wy,ws, ... ,wy)

< r!'Volume of Convex Hull(wy, ws, ..., wy,)

The final assertion of the theorem may be proved by bounding the volume of the
convex hull of the w; in terms of their coordinates w;;. Il

Remark 7.3. If dimV > rank T + 2 then the above bound may be improved to
B(T,V) < (n—r—1)r! Vol(W) [50].

The author has conjectured [52] that
Conjecture 7.4. 5(T,V) < r! Vol(W).

The author also proved [50] the following bound which is independent of dim V.

Theorem 7.5. Let T' be an r dimensional torus acting diagonally on V. Then
B(T, V) < (2w)? .

X

This is proved by induction on r using 7' (F*)"~ x F*.

8. DERKSEN’S BOUNDS

In 1999, DERKSEN [6] gave new dramatically better upper bounds on (G, V)
in terms of the number o(G,V) (which we remind the reader was defined in
Section 6.1). By working with a larger set of invariants which cut out the nullcone,
rather than a homogeneous system of parameters, Derksen proved the following.

Theorem 8.1. Let G be a reductive group defined over an algebraically closed
field ¥ of characteristic zero. Then

B(G, V) < max{2, 250—2(@, V)
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where s = dimF[V]¢ < dim V.

In the same paper DERKSEN also gave a good new upper bound on (G, V)
as follows. Since G is a linear algebraic group it is given as the set of common

zeroes of some finite collection of polynomials hy, he, ..., hy € Fly1, 2, ...,y for
some ¢ € N. The fact that the n dimensional representation p : G — GL(V) is
rational means that there exist polynomials a; ; € Fly1,v2, ...,y for 1 <i,5 <n
such that p(g) is given by

ara(g) aia2(g) ... ain(g)

az,1(9) az2(9) ... azn(9)

plg) = : . )
n1(9) an2(g) .. ann(9)

DERKSEN showed the following.

Theorem 8.2. Let G be a reductive group defined over an algebraically closed
field ¥ of characteristic zero. Then

o(G, V) < He-mA™

where H = max{deg(hy),deg(hs),...,deg(hs)}, A = max{deg(a;; | 1 < i,j <
n}, m =dim G and ¢ is the number of variables needed to define the h; as in the
preceding paragraph.

Remark 8.3. It is important to note that by combining the above two results
DERKSEN gave a bound on 3(G, V) which grows polynomially with respect to the
various parameters.
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