INVARIANTS OF THE DIAGONAL C,-ACTION ON V;
H.E.A. CAMPBELL, B. FODDEN, AND DAVID L. WEHLAU

ABSTRACT. Let C, denote the cyclic group of order p where p > 3
is prime. We denote by V5 the indecomposable three dimensional
representation of C, over a field F of characteristic p. We com-
pute a set of generators, in fact a SAGBI basis, for the ring of
invariants F[V3 @ V3]“. Our main result confirms the conjecture
of SHANK]15], for this example, that all modular rings of invariants
of C}, are generated by rational invariants, norms and transfers.

1. INTRODUCTION

Let C),, denote the cyclic group of order m. Let F be a field of
characteristic p > 3.

Let p: C, — GL(W) be a representation of C, defined over F. The
action of Cj, on W induces an action on W* which extends naturally to
an action by algebra automorphisms on F[W], the symmetric algebra
of W*. Specifically, for g € C,, f € F[W]and v € W, (g- f)(v) =
f(g7*-v). The ring of invariants of C), is the subring of F[WW] given by

FW| :={feS|g-f=fforallgeC,}.

For an introduction to the invariant theory of finite groups see BENSON|[2]
or SMITH[18].

Suppose p,, : C, — GL(V,,) is an n dimensional indecomposable rep-
resentation of C),. Choose a basis for V,, such that the matrix of p, (o)
is in Jordan normal form. Since p, is indecomposable, p,(c) consists
of a single Jordan block. Since p,(c) has order p, the eigenvalues of
pn(c) are p'" roots of unity and thus must be 1 since 1 is the only p'®
root of unity in F. Therefore

110 ... 00

011 ... 00

001 ... 00
pu(0) = .

000 ... 11

000 ... 01
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It is easy to verify that this matrix has order p if and only if n <
p. Since p, is a representation of C, we must therefore have n <
p. Furthermore the above discussion shows that V), yields the unique
indecomposable representation of C), for each 1 <n < p.

Consider a finite dimensional representation p : C, — GL(W) of C,,.
We are interested in the ring of invariants F[IW]%. Since F[V; W% =
F[V1] @ F[W]%, we will suppose that W does not contain V; as a
summand. Up until now, the only such representations of C, for which
corresponding rings of invariants are known (for all p) are precisely the
representations mVa = Vo @ Va--- @ V5 for all m € N, V3, V}, V5 and

m copies
Vo @ V3. In 1913, L. DI1CKSON][7] described the two rings of invariants
F[V5)% and F[V5]%. In 1990, RICHMAN|[12] conjectured that a certain
set of invariants were generators for F[m V5] where m € N. In 1997,
CaMPBELL and HUGHES[4] proved this conjecture for all p and all
m € N. In 1998, SHANK|[14] gave generating sets for the both the rings
of invariants F[V4] and F[V5]%. In 2002, SHANK and WEHLAU[16]
gave a list of generators for F[V3 @ V5], Here we will give generators
for F[V3 @ V3.
Consider then the 6 dimensional representation of C, given by

p=ps®ps: Cp — GL(V)

where V. = V3 & V3. Let {x1,41, 21, T2, Y2, 22} be a basis of V*. We
choose this basis so that the representation of o on V* is in Jordan
normal form, i.e., o(z;) = z;, o(y;) = y; + x; and o(z;) = z; + y; for
t = 1,2. This action of C}, on V* extends naturally to an action by alg-
ebra automorphisms on the symmetric algebra of V* S =F[V3 @& V3]=
Flxy,y1, 21, T2, Y2, 22).

An important set of invariants are the so-called rational invariants.
Intuitively, these are invariants which are “independent” of the prime,
p. More precisely, if we view C,, as a quotient of Z and consider the
matrix of ¢ as an element of GL(6,Z) then it generates an infinite
cyclic group, that is to say, a copy of Z. Reduction modulo p gives
a map from Z[z1,y1, 21, 72, Y, ZQ]Z to Z/pZx1,y1, 21, T2, Yo, 22]Cp- Ele-
ments in the image of this map are called rational invariants. Ap-
plying the functor - ®z C gives a map from Z[zy, 1, 21, T2, ¥a2, 22]% to
Clx1, Y1, 21, To, Yo, 22)%.  This latter ring is an example of an invari-
ant ring considered by classical invariant theorists in the later half of
the 1900’s. SHANK[15] contains a discussion of this point and rational
invariants in general. Furthermore, [15] includes a discussion of the
difficulties involved in trying to compute F[V;]¢".

In addition to rational invariants we consider two other types of
invariants. Firstly, we can construct invariants using the transfer (also
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called the trace) homomorphism which is defined by
Tr: F[V] — F[V]%

fo— > gf

9€Cp

Secondly we may construct norms as follows. If x € V* then the norm

of x is the invariant
N(z) = ]] 9(=) .

g€l

In [15], SHANK conjectured that for any representation W of C,,, the
ring of invariants, F[IW]% is generated by a combination of rational in-
variants, norms of linear forms and transfers. Our results here conform
this conjecture for the representation W = V3 @ V3.

Note, that for p = 2 the matrix p(o) € GL(V3 @ V3) has order 4 and
thus yields a representation of Cy. We do not consider the case p = 2
here although it is a relatively simple matter, using a computer algebra
system, to compute the ring of invariants, F[V3 @ V5], when F has
characteristic 2. This ring has a minimal system of eighteen generators
of degrees 1, 1, 2, 2,2, 2,3,3,3,3,4,4,4,4,4,5, 5, 6.

A SAGBI basis for a subalgebra of S is the analog of a Grobner basis
for an ideal of S and as such is a generating set which is particularly
useful for computations. SAGBI bases were introduced independently
by ROBBIANO and SWEEDLER [13] and KAPUR and MADLENER [11].
In general the ring of invariants of a finite group may fail to have a finite
SAGBI basis (see GOBEL[8, Lemma 2.1], GOBEL[9] or STURMFELS[19,
Example 11.2]). However it was shown by SHANK and WEHLAU in [17,
Corollary 3.3] that the ring of invariants of a p-group in characteristic
p always has a finite SAGBI basis.

The computations by SHANK of F[V,]% and F[V;]» and by SHANK
and WEHLAU of F[V3 @ V5] exploited SAGBI bases. We will extend
the method used there and compute a SAGBI basis for F[V3 & V3]¢r.

For reasons of brevity and clarity a number of details of some of the
proofs and of some of the computations are omitted here. Most readers
will not gain any further insights by being exposed to these details but
the interested reader may find these details online in [20].

2. PRELIMINARIES

We use the convention that a monomial is a product of variables
(a power product) and a term is a monomial multiplied by a scalar
coefficient. We refer the reader to Cox, LITTLE and O’SHEA [6,
Chapter 2| for a detailed discussion of monomial orders. Here we will
use the graded reverse lexicographic monomial order on S = F[V] =
Flx1,y1, 21, T2, Y2, 20] With 7 < y1 < 21 < 22 < Yo < 23. For f € S, we
denote by LT(f) the leading term of f and LM( f) the leading monomial
of f. For example LT (2x12; + 3y}) = 3y? and LM (22121 + 3y?) = 2.
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For w = (ay, b1, c1,as, by, c3) € N° we denote by x* the monomial
2y 2 52 yb 252 Given a non-empty finite subset {wy, wy, ..., wy} C
N6 we define LCM({wy,ws, ..., w,}) by requiring that the following

equation hold:
LCM{le’XWQ’ o ’me} — XLCM(wl,w2 ,,,,, Wim) .

Thus for example, LCM({(2,2,0, 1,2,0),(1,7,1,2,1,0),(1,3,3,5,1,0)} =
(2,7,3,5,2,0). For w = (ay, by, c1,as, by, c3) € N® we define deg(w) :=
deg(x¥)=a; + by + -+ ca.

If @ is a graded subspace of S, we denote by LT(Q), the subspace
spanned by the leading monomials of elements of Q):

LT(Q) := spang{LM(f) | f € @} .

If @ is also an algebra then so is LT(Q), called the lead term algebra of
(). Notice that the lead term algebra depends on the monomial order
chosen as well the choice of linear variables which determine what is a
monomial.

If @ is a graded subalgebra and B is a subset of ) such that the
algebra generated by {LM(f) | f € B} equals LT(Q), then B is called
a SAGBI basis for Q).

For a graded F-vector space, Q) = &°,Q);, we denote by H(Q, A) the
Hilbert series of @):

H(Q,N) =) dimp QN .
=0

Given two Hilbert series H = Y o2  d;\" and H' = Y_>° d;\" we write
H < H' to indicate that d; < d; for all i =0,1,....

One of the most important properties of lead term algebras is that
H(Q,\) = H(LT(Q),\). In particular, this property shows that a
SAGBI basis for @) is a generating set for Q.

3. THE METHOD IN GENERAL

We describe a set of invariants which we will show is a SAGBI basis
for F[V3 @ V5]%. The method used to prove that this set is indeed a
SAGBI basis is based upon the method introduced by SHANK in [14]
and also used by SHANK and WEHLAU in Section 5 of [16].

We will find a finite set B C S¢ of invariants and consider the
following two rings:

T := the algebra generated by B
R := the algebra generated by {LM(f): f € B} .

By definition, B is a SAGBI basis for T if R = LT(7). Since R C
LT(T) and T C S¢, H(R,\) < H(LT(T),\) = H(T,\) < H(S,N)
and thus B is a SAGBI basis of S¢ if and only if H(R,\) = H(S%, \).
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In order to study R we choose hy,ha, ..., h, € T such that LM(h;),
LM(hsy), ..., LM(h,) is a homogeneous system of parameters of S,
hence also for R. We consider R as an A-module where A is the poly-
nomial algebra A = F[LM(hy),LM(hs),...,LM(h,)]. Since LM(hq),
LM(hs), ..., LM(h,) is a a homogeneous system of parameters, R is a
finitely generated A-module. Therefore we may write

R=> A-LM(f)

feb

for some finite subset C' of 7.
We choose a finite subset C' of B U {1} and consider the A-module,
M, generated by {LM(f) | f € C}:

M=) A-LM(f).
fec
Clearly M C R and thus H(M,\) < H(R,\). Finally, if H(M,\) =
H(SE, \) then M = R = LT(SY) and C U {hy,ha,...,h,} and B are
both SAGBI bases for S¢.

In [1], G. ALMKVIST and R. FOssuM gave a formula for H(F[W]% \)
for any finite dimensional representation W of C,,. In [10], I. HUGHES
and G. KEMPER generalized this formula. KEMPER has written a
MAGMA script which computes a closed expression for H(F[IW]%%, \).
Using this script we obtained the following which expresses the Hilbert
series, H(F[V3 @ V5], \), as a rational function in .

(3.0.1)
NPT 2pAPTZ — N2 L NP — 2p)P —

(AZPFE — 2XPF8 4 A3 — 2XPPHT o ANPHT — QT — 2N 4 4)P 0 — 2)0
FEAPTE — 12APT0 + 6% — 6AP TS 4 12075 — 673
F2NPPTE — ANPFE L 202 4 2N 4P 2N — A 2N — 1)

Thus our main tasks are to find the sets B and C' and to compute

H(M, \).

4. A SAGBI BaSIS FOR F[V3 @ V5]

DicksON[7] showed that F[V3]% = F[z,y, 2] is the hypersurface
ring generated by the four functions z, d = y* — 2zz — xy, Tr(yzP~')
and N(2) = [Iec, 9(2).

We can use knowledge of F[V3] to construct six invariants in F[V3®
Vg]cp. These are the six invariants xi, xs, dy, ds, N1, Ny where d; =
y? — 2wz — xy; and N; = N(z;) = 2P +. .. for i=1,2. Although we will
not use this, it is not hard to show these invariants are a homogeneous
system of parameters for S¢. What we will use is that their lead
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terms, (w1, 22, y%, 93,27, 25) are a homogeneous system of parameters
for LT(S%).

The invariants z1, z9,d; and dy are rational invariants. In addition
to 1, X9, dy, do, there are two other generating rational invariants: u =
Toy1 — T1Yy2 and w = 213 — Y1Y2 + T122 + T1Yo.

Theorem 4.1. The following eight families of invariants form a SAGBI
basis for the ring of invariants F[V3 & V5.
(O) L1, L2, d17 d27 Nla N2
(1) w® for1 <s<(p—3)/2
(2) vw? forO <s<(p—1)/2
(3) Tr(yi2y~ zz) for0<s<p-—1
(4) Tr(z5y228 ") for0<s<p—1
(5) Tr(ztzs) for1<t,s<p—1landp<t—+s
(6) Tr(ylzIZQ)f0r0<t<p 21<s<p—landp—1<t+s
(7) Tr(yr25y22h ) for0< s <p—1

The proof of Theorem 4.1 is given in the remainder of the paper.

Remark 4.2. Of course, it would be sufficient to include only w and
w in place of w® for 1 < s < (p—3)/2 and vw® for0 < s < (p—1)/2
in the SAGBI basis. We find it convenient to explicitly include the
extra invariants since their lead terms are required as module generators
below.

Let B denote the set of invariants listed in Theorem 4.1.

Remark 4.3. We note that the final family above is not required in

a minimal generating set for F[Vs @ V3], This family of invariants
18 included because their lead terms are required in order that B be

a SAGBI basis. However, it can be shown that if 0 < s < p -2
then LM(Tr(y1 259228 ")) = LM(zy Tr(25712871) + dy Tr( s+ 272 —
Elifp=1 (mod 4)
2l ifp=3 (mod 4) .
Similarly for s =p— 11t can be shown that LM(TI( Y12l b)) =
LM(w Tr(5 " 20) = o Ny Tr(z ) = 12444

s+1

cx2 Tr(2 D) +ws a5 = 2598 where ¢ =

5. COMPUTING THE HILBERT SERIES

We define the algebra A := F[z1, z9, LM(d;), LM(ds), LM(Ny), LM(N3)]
= Flay, 29,92, 93,27, 28], Clearly x1, 12,97, y3, 27, 25 is a homogeneous
system of parameters in F[V3 @ V3]. In particular, this implies that
LT(F[V3 @ V5]) is a finitely generated A-module.

We take M to be the A-module generated by the lead monomials of
the elements of C':= {1} U (B \ {1, xa,d1, ds, N1, Na}).

In order to study M, and in particular to compute its Hilbert series,
we need to explicitly find all of its generators. That is, we need to
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compute the lead monomial of each of the invariants in C'. To do this we
use simple generalizations of [14, Theorem 3.3] and [14, Theorem 3.6].
As well, we need the following lemma which may be proved by methods
similar to those used to prove [14, Theorem 3.3 and Theorem 3.6].

Lemma 5.1. Suppose 0 <t,s<p—1and2s+t>p—1. Then

t p—1—s, 2s—(p—1) Fe>(p—1)/2
LM(Te(z5) = 4 172, W - sz =)
U1 2 Ty if s < (P - 1)/2

In order to compute the Hilbert series of M, we define the group
H:=CyxCyxCy={(i,jk)|0<i<1,0<j<1,0<k<p—1}

We introduce an H-grading on M as follows. We declare that y; has
multi-degree (1,0,0) € H, that yo has multi-degree (0,1,0) € H, that
z1 has multi-degree (0,0,1) € H and that x1,z2 and zo have multi-
degree (0,0,0) € H. Thus, for example, the monomial z3zoyyi2""°22
has multi-degree (1,0,5) € Cy x Cy x C,.

Decompose M by multi-degree as follows:

1 1 p—1

M = b m = Mk -

weCaxCaxCp i=0 j=0 k=0

Notice that the lead monomial of each of the six functions i, s,
dy, dy, N1, Ny has multi-degree (0,0,0). Thus every monomial, m € A
has multi-degree (0,0,0) and so multiplication by m preserves multi-
degree. Since M is a finitely generated A-module, each homogeneous
component M ;y is itself a finitely generated A-module.

By the above direct sum decomposition,

[y

1 1
= ) H(Mijuy, N

i=0 j=0 k=0

bS]

>
Il

and we compute H (M, ) by computing each of the individual H(M(; j ), A).
To do this we take our explicit descriptions of the generators of M
and sort them according to their H-degree. This yields the following.
Fori=0andall0<j<land0<k<p—-1ifk+5<(p—1)/2
we have the following (minimal) generators of M j ).
(1) yp 172 kgt for [k/2] <t<k+j—1
(2) y1z1x§+j
(3) yizhah Y forp—j—k<t<p-1
Fori=0andall 0<j<land 0<k<p—1iftk+j>(p—1)/2
we have the following (minimal) generators of Mg ).
(1) @72t for [k/2] SE< (p—1)/2
(2) ykap 2D for (p+ 1)/2<t<p-1
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Fori=1,and all0 < j <1and 0 <k < p—1 we have the following
generator of M ;).
(1) yi=fs
Since each My ;1) is generated over A by a single element, it is a free
rank one A-module. Therefore

(5.1.1) H(M gy, A) = H(A,N) - NPT

forall0<j<land 0<k<p-—1.

To compute H (M), A) we will construct a resolution of Mg ;)
by free A-modules.

Let V(o ) denote the set of exponent sequences of the minimal gen-
erators of M ;) listed above:

Vio,jk) = {w € N° | x* is a minimal generator of M} -

Notice that in all cases, all but at most one point of Vg ; ), lie on two
distinct lines of R = N® @y R. These two lines intersect at the point
wo = (0,4,k,(p—1)/2,0,0). We denote by uy,us, ..., u, the points of
Vo, of the form (0,p — j —2t,k,¢,0,0) ordered so that u,, is closer
than u, to wy if and only if m < n. Similarly, we denote the points of
Vio,jk) of the form (0,7,k,p—1—1,2t —(p—1),0) by v1,vs,...,vs also
ordered so that v, is closer than v,, to wy if and only if m < n. Finally
we denote (0, 7,%,0,0,0) by both uy and by vy.

We consider the two dimensional cell complex X with vertices V(g j ),
and whose 1-cells Eg ), and and 2-cells, F{g ), are described as fol-
lows.

If j+k < (p—1)/2 we define Eg ;) to be the following line segments
and Flg ), to be the following trapezoids and single triangle

Eojr = {(wu) 1<t <r}u{{v_1,v):1<t<s}
U {(ug,v) | 1 <t <min{r,s}}
Fogr = {{wr,vn,u,v) |2 <t <min{r, s} U {{ug, ur, v1)}.

Conversely if j +k > (p+1)/2, we define E(g ;) to be the following
line segments and F{g ), to be the following trapezoids

Eojr = {(u—1,u):2 <t <r}U{(v_q1,v):2<t < s}
L {{ug,v) | 1 <t <min{r,s}}
Fojrp = {(w—1, vi—1,ug,vy) | 2 <t < min{r, s}}

A drawing of a typical situation showing the cellular complex X
(with a chosen orientation) is shown in Figure 1. Note that all the
vertices lie in a two dimensional plane, except the vertex ug = vy, if it
occurs.

For an edge Ay = (w,w2) € E(x) we define LCM(A;) := LCM(wy, ws).
Similarly for a two dimensional face Ay € F{g ; 1), we define LCM(A,) :=
LCM(w | w is a vertex of As).
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Define

Ky = @ A(—w) ,

weV(0,5.k)

Ky = € A-LCM(A)), and
A1€E,j,k)

K, = @ A(—LCM(Ay)) .
AQGF(O7j7k)

We choose an orientation of X and consider the following complex:
s o o
0— Ky — Ky — Ko — My r — 0 (1)

Here we have shifted the N6 grading on the summands of the K7,
Ky and K3 to arrange that the boundary maps are degree (0 maps.
The boundary map Jp is given by Jy(w) = x“. The boundary maps
Jo and 0 are the usual cellular complex boundary maps. That is to
say O1 ((wy,wa)) = £(wy —wsq) and Oy ({(wy, wa, w3, wy)) = £({wy, wq) +
(w2, w3)+(ws, wa)+(wy, w2)) and o ((uo, ur, v1)) = £({uo, ur)+{ur, vi)+
(v1,up)). The signs in these boundary maps are determined by the ori-
entation of X.

The homology of the complex (1) computes the reduced cellular ho-
mology of the contractible cell complex X. Therefore the complex (7)
is exact and thus gives a resolution of Mg ;) by free A-modules.

This resolution (f) shows that

(512) H(M(()JJ@, )\) — H(Ko, )\) - H(Kl, )\) + H(KQ, )\)

From the definition of the free modules Ky, K; and Ky we see that

H(Ko, ) = As0IH(AN
weV(0,j,k)

H(K,A) = ) XbsoM@gy4 y)
A1€E(07]-,k)

H(Ka, A) = ) AeeltOMBDpy(4 1))
AQGF(O’]"]C)

It is a straightforward (but tedious) task to compute the two sets
{LCM(Al) | Al c E(O,j,k)} and {LCM(AQ) | AQ € F(()J‘,k)} for each
Mo,jr)- From these we immediately obtain expressions for each H(K,, N
for £ =0, 1,2 for each summand, M ;).

Using Equation 5.1.2 together with the formula for the sum of a geo-
metric series, we find the expressions for the H (K, A) combine to form
telescoping sums and we get the following expressions for H (M j k), A)-
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If j+ k< (p—1)/2 then
H(Mjn),\) = (2N — \PHITR/2L_ \ptath g \2it2k

(5.1.3) N HX’“:l (AZPHH=3=1 )\2p+j+k—3t—2))H(A’ A)
t=k/2]
If j+k>(p+1)/2 then
H(Mgjpy, A) = (APTD2HIHR L o\ prD)/2ish _ \pti+k/2] _ \ptith
(p—2)/2
(5.1.4) + EE: (AZPHITR=BI-1 _ \204THR=3-2Y) 30 (4 )
t=k/2]

It is clear that
HAN) =(A—1)2 (N =1)2(\W—1)"2.

Summing the above expressions for H (Mo k), A) and the expression
(5.1.1) for H(Mq k), A) over all the homogeneous components of M,
ie, over : = 0,1, j = 0,1 and £ = 0,1,...,p — 1 we get a huge
expression for H(M, \).

We simplify this expression using mainly the formula for the sum of
a geometric series. Doing this carefully shows that H(M, \) is equal to
the following rational function

2DAP 4+ 1+ 207 4+ 201 -+ 2A%P71 L 2N L )PP
(A=1)2(A2 =1)2(\ — 1)
Conversely factoring the numerator and denominator in (3.0.1) gives
the following expression for H(F[Vs & V3], \)
(2pAP 4 14 222 + 20\ - 4 22T L 2072 L N2 (N2 — 1)
(A =12\ =12\ —1)?
Therefore H(F[V3 & V3], \) = H(M, \) and this proves that the set

B comprised of the eight families of invariants listed at the beginning
of Section 4 is indeed a SAGBI basis for F[V3 & V3],

H(M,\) =
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computer algebra package MAGMA [3]. These calculations included
computing F[V]° for p = 2 and confirming that B is a SAGBI basis for
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F1GURE 1. The Cellular Complex, X, with an Orientation



