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Abstract

We show that, up to an automorphism, there is a unique independent set in
PG(5,2) that meet every hyperplane in 4 points or more. Using this result, we show
that PG(5,2) is a 5-chromatic STS. Moreover, we construct a 5-chromatic STS(v) for

every admissible v > 127.
Introduction

A Steiner triple system of order v (an STS(v)) is an ordered pair S = (V,T') where
V is a set of order v and T is a collection of triples of V' such that every pair from V
is contained in exactly one triple of T'. It is well known that a necessary and sufficient
condition for an STS(v) to exist is that v =1 or 3 (mod 6). Such a v is said to be
admissible. A (weak) n-colouring of an STS(v) isamap c¢: V — {1,...,n} such that
{e(x), c(y), c(2)}| > 2 for every triple {x,y, 2z} of T' (here we say that no triple of T" is
monochromatic). If ¢ is a colouring of an STS(v), then it is customary to identify the
different colourings obtained from ¢ by permuting the colours. Thus an n-colouring

of an STS(v) gives rise to a partition of its vertex set into n subsets so that none of
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them contains a triple of 7. A Steiner triple system, S, is k-chromatic if it admits
a k-colouring but not a (k — 1)-colouring. In this case we say that S has chromatic
number £ and we write x(S) = k.

The problem of colouring Steiner triple systems is a generalization of that for
graphs. Indeed we can consider a colouring of a graph as an assignment of colours
to its vertices such that no edge is monochromatic. The theory of colouring Steiner
triple systems differs from that of colouring graphs in certain fundamental ways. For
example, any bipartite graph is 2-chromatic while it is well-known that every STS(v)
with v > 7 is at least 3-chromatic [14]. Colouring problems for Steiner triple systems
and for hypergraphs are hard in general. For example, no specific example of a k-
chromatic Steiner triple system is known for any £ > 5 and the existence of such
objects is shown only by non-constructive methods [2]. On the other hand several
examples of 3 and 4-chromatic Steiner triple systems are known [2,11,12,14].

An interesting class of Steiner triple systems is the family S* for n > 2. We can
construct 8* by considering F*!, the vector space of dimension n + 1 over the field
of order 2. The elements of S are the one dimensional subspaces of F"™! and the
triples are the two dimensional subspaces. Expressed another way, the elements of
S are the points of the projective n-space, PG(n,2), and the triples are the lines in
PG(n,2). It is easy to see that x(S;) = x(S5) = 3. A. Rosa in [14] showed that
xX(Si) = 4, and x(S;) < x(Si+1) < x(S}) + 1. Independently, J. Pelikdn also
showed that x(S;) = 4 [12]. More than twenty years ago Rosa [14] asked whether
X(8F) = 4 or 5; the question was repeated recently in [16]. In this paper we prove
that x(S2) = 5 and hence provide the first specific example of a 5-chromatic Steiner
triple system. This is done by studying independent sets that meet every hyperplane

in ¢ points and we prove some results concerning these sets that are of interest in



their own right (Theorem 2, Corollaries 3 and 4 and Proposition 5). In addition, we
prove that if a k-chromatic STS(v) exists with v = 3 (mod 6) and k£ > 5 then a
k-chromatic STS(u) exists for every admissible u > 2v 4+ 1. A combination of these

two results constructs a 5-chromatic STS(v) for every admissible v > 127.
Preliminaries

Let F*™! denote the n + 1 dimensional vector space over F := GF(2), the field of
order 2. The elements of S* are the one dimensional subspaces of F**1. Each such
subspace is represented by the non-zero vector contained in it. For ease of notation, if
{eg,...,e,} is a basis of F*™! and x is an element of S}, then we denote x by a; - - - a4
where © = e,, + ...+ €., is the unique expansion of x in the given basis. For example
the element x = ey + e + e3 is denoted 023. We will call elements of S words and
we say that a; - - - as is a word of length s (with respect to the basis {0,...,n}). Note
that these words are commutative. To complete the definition of S we still need to
specify the set of triples T {z,y, z} is a triple if and only if x + y + z = 0, the zero
vector. We remark in passing that & is the unique totally associative Steiner triple
system of order 2" — 1 [14].

A subset X of V(S}) is called independent if it is line free, i.e., if it does not
contain any triple of T'. Moreover it is called linearly independent if it is a linearly
independent subset of F"*1. For 2 < k < n, a subset K C V(S?) is a k-flat if K U{0}
is a (k+1) dimensional subspace of F"*!. Note that the set of triples, T, restricted to
a k-flat, K, induces on K the structure of a Steiner triple system isomorphic to S;.

If X C S, then (X) represents the smallest k-flat containing X. A plane is a 2-

flat while a hyperplane is an (n—1)-flat. Now it is well known that K is a hyperplane



if and only if there is a ug € V(S;) such that
K=K, ={veV(S)) : v-ug=0},

where - represents the usual F inner (or dot) product on F**,

In the sequel we consider n = 5. We will often consider the hyperplanes V} :=
Ki2345, V1 := Koosas, - - -, Vs := Kpie34 and the “even” hyperplane V, := Kyj2345 (notice
that this is the set of all words of even length). Moreover for j = 1,...,6 we will
denote by X; the subset of V(S) that consists of all words of length j. Note that a
word of odd length belongs to V; iff it contains i, and a word of even length belongs

to V; iff it does not contain ¢, ¢ = 0,...,5.
Technical Results

Let C be an independent subset of V' (S5).

Lemma 1 If C does not contain a basis, then there is a hyperplane K such that

CNK|<2.

Proof: We may assume w.l.o.g. that C contains no word with the letter 5.

Case 1. Suppose dim(Span(C')) < 3. Then C contains at most 3 linearly indepen-
dent vectors, say {0,1,2} C C, and therefore C' NV, = ().

Case 2. dim(Span(C')) = 4. Let {0,1,2,3} C C. As 0123 is the only element of
V. that might belong to C, we get |C N V.| < 1.

Case 3. Now let dim(Span(C)) = 5. As above assume {0,1,2,3,4} C C. If
|C' N V.| <2, then we are done. So let |C' N V.| > 3, and w.l.o.g. we may assume
that {0123,0124,0234} C C. This implies that C' contains at most one more word,
namely 134 and so [CN V| < 2. a



In the following Theorem, we suppose that the independent set C' contains a basis
denoted by {0,...,5}.

Put Cy == {0,1,2,3,4,5,0123,0124,0125, 012345, 034, 035, 045, 134, 135, 145, 234,
235,245,345}, Note that Cy meets every hyperplane of S} in at least 4 points.
An automorphism of a STS, & = (V,T), is a bijection f : V — V such that
{f(x), f(y), f(2)} € T for every triple {z,y,2z} € T. Let Aut(S) denote the au-
tomorphism group of S. For § = S (since we are working over the field of order 2)

this automorphism group is just the group of vector space automorphisms of F**+1.

Theorem 2 If the independent set C' satisfies |C' N K| > 4 for every hyperplane K,
then C' = f(Cy) for some f € Aut(S}).

Proof: The proof will be given as follows. In our first step we assume |C'NXy| < 4.
First we start with the case where |C' N X,| = 3. We show that in this case C' is an
automorphic image of Cy (Claim 1). Next we consider the case where |C' N X,| = 4.
We show that the four words in C'N X, must share a common letter (Claim 2) and
again in this case C' is an automorphic image of C; (Claim 3). In a second step
we assume |C'N Xy| > 5 and moreover that the following holds: For every basis
{vo, ..., vs} contained in C, we have |C'N f(V.)| > 5, where f is the automorphism
defined by f(i) = v; for i =0,1,...,5.

Step 1

Claim 1 If the set C' contains exactly 3 words of length four and moreover satisfies

|C'N K| >4 for every hyperplane K, then C = f(Cy) for some f € Aut(S?).

Proof: Since CNV, C (CNX,)U{012345} we must have 012345 € C'. Now by a sim-
ple counting argument we see that w.l.o.g. either {0123,0145,2345} or {0123,0124}



is contained in C'NX}. Since the former set is a line we have {0123,0124} C C. Hence
C'N{012,013,023,014, 024,123,124} = C' N X5 = ). Note that the three letters 0, 1
and 2 on one hand and 3 and 4 on the other hand play symmetric roles. Let a3 be

the third word of length four that belongs to C'.

Case 1. None of the pairs {01,02,12} appears in a3. Then ag = 345, for some
i € {0,1,2}. This implies that C' N {i34,i35,i45} = () and so |[C NV;] < 3, a

contradiction.

Case 2. One of the pairs {01,02,12}, say 01, appears in a3 but 012 does not
appear in as. First suppose that 0134 € C. Then neither 034 nor 134 belong to
C'. Hence the inequality |C'N V| > 4 implies that |C' N {015,025,035,045}| > 3.
A similar argument for Vi gives |C' N {015,125,135,145} > 3. If 025 € C, then
025+ 0123 = 135 ¢ C and 025 + 0124 = 145 ¢ C, a contradiction. Thus 025 ¢ C.
Similarly 035 € C' implies that neither 125 (= 035 4 0123) nor 145 (= 035 + 0134)
belongs to C' and again this is a contradiction. This shows that 0134 ¢ C'. Suppose
now that 0135 € C. Then C'N{015,035,135} = () and so the inequalities |CNV;| > 4
for i = 0,1 imply that {025,034, 045,125,134,145} C C, which is a contradiction
since 025+ 145 = 0124 € C'. Since the letters 3 and 4 play symmetric roles, 0145 € C

is also impossible.

Case 3. 012 appears in as, i.e., a3 = 0125 € C. Hence C' N {015,025,125} = (.
In this case the inequalities |C' N V;| > 4 imply {i34,i35,i45} C C for i = 0,1,
2, and so {0,1,2,3,4,5,0123,0124, 0125, 012345, 034, 035, 045, 134, 135, 145, 234, 235,
245} = Cy C C. Moreover |C N Kyp| > 4 implies 345 € C. This shows that
C = f(Cy) for some f € Aut(S?) and completes the proof of Claim 1. a

Claim 2 If the set C satisfies |C N X4| = 4 and no single letter appears in all four



of these words of length 4, then |C N K| < 3 for some hyperplane K of SF.

Proof: Let CN X, = {ay,...,as}. We may assume w.l.o.g. that a; = 0123 and
as = 0124. Moreover, as none of 0,1,2 appears in both a3 and a4, we have that
{ag, aq} N {0345,1345,2345} # 0. Since 0, 1 and 2 play symmetric roles we may
assume w.l.o.g. that ag = 0345 € C. Thus C' N {012,013,023,014,024, 034, 035, 045,
123,124, 345,01234, 01235, 01245, 01345,02345} = (). Note that 0 does not appear in
ay, and consequently 12345 ¢ C', i.e., C N X5 = (. Now |C N V| > 4 implies that
CNVy=1{0,015,025, a4 }. We have two cases.

Case 1. The pair 12 does not appear in ay, and so we may assume a4y = 1345
(note that the case ay = 2345 is equivalent). Then C N {134, 145,12345} = 0,
and so |C'N V| > 4 implies that C' NV, = {4,234,245,0123}, a contradiction as
0154 245 = 0124 € C.

Case 2. a4y = 12ij where i # j € {3,4,5}. If ay = 1234, then C' N {134,234,
12345} = () and so |C' N Vy| > 4 implies that 245 € C' and, as in case 1, 015+ 245 =
0124 € C, a contradiction. Now suppose oy = 1245 (note that the case ay = 1235 is
equivalent). Then as before |CNV}| > 4 implies 134 € C which gives the contradiction
015 + 134 = 0345 € C'. This completes the proof of Claim 2. «

Claim 3 If the set C satisfies |CNXy| = 4 and these four words all contain a common
letter, and moreover if |C N K| > 4 for every hyperplane K, then C' = f(Cy) for some
| € Aut(Ss).

Proof: Set C'N X, = {ay,...,as4} and suppose that there is a letter, say 0, that
appears in all of oj, j = 1,...,4. Then w.l.o.g. we may assume that oy = 0123 and
ay = 0124. Hence C'N{012,013,023,014, 024, 123,124, 01234, 01235,01245} = (). We

distinguish four cases:



Case 1. 0345 € C. Then C N {034,035,045,02345,01345} = 0, and so C NV, C
{0,015,025} contradicting |C' N K| > 4 for every hyperplane K.

Case 2. The letter 5 appears in neither a3 nor in ay. Hence C'N X, = {0123,0124,
0134,0234}. Then C' N (Vo N X5) =0, and C'NVy C {0,015,025,035,045}. Moreover
CnNVy C{1,015,125,135,145,12345}. Note that the letters 1 and 2 on one hand
and 3 and 4 on the other hand play symmetric roles. Now as |C'N V| > 4, the set C'
must contain at least one element of each of {015,025} and {035,045}. By symmetry
we can assume that {015,035} C C. Thus 015 + 0234 = 12345 ¢ C' and moreover
035+ 0123 = 125 ¢ C, 035+ 0134 = 145 ¢ C. These give CNV; C {1,015,135} and
thus |C'N V| < 3, again this is a contradiction.

Case 3. a3 = 0125. Here 0,1,2 on the one hand and 3,4,5 on the other hand play
symmetric roles and thus w.l.o.g. we may assume that ay = 0134. Hence C' N {015,
025,034, 125,134,01345} = (0, and so for i = 0,1 the inequality |C' N V;| > 4 implies
that {i35,145,i2345} C C'. This is impossible since 035 + 0124 = 12345 ¢ C.

Case 4. In this final case we assume that (i) neither 0125 nor 0345 belong to C' and
(ii) 5 appears in either ag or ay. Let 5 appear in a3. Now since ag has the form 0ij5
where i € {1,2} and j € {3,4}, we may assume w.l.o.g that ag = 0135. This implies
that C'N {015, 035,135,01345} = @, and so C' NV, C {0,025,034,045,02345}. Note
that 1,125,134,145,12345 and «y (if it is not written with the letter 1) are the only
elements of V] that may belong to C. If 045 € C then 045 4 0124 = 125 ¢ C and
045 4 0135 = 134 ¢ C'. In this case |C' N V| > 4 would imply that 12345 € C and so
045 + 12345 = 0123 € C, a contradiction. So suppose 045 ¢ C, and thus |[C N V| > 4
implies that {0,025,034,02345} C C. As 02345 € C, we deduce that oy ¢ {0234,
0235,0245}, i.e., ay = 0145. Hence 145 ¢ C and so |C'NV;| = 4 implies that {1,125,



134,12345} C C. Consequently we have

{0,1,2,3,4,5,025,034,125,134,0123,0124, 0135, 0145, 02345, 12345} C C.
So far C'N K195 = {3,4} and C' N Ky134 = {2,5}. The only elements of K5 which
are available to be added to C' are 235 and 245. Similarly the only elements of K34
available are 234 and 345. Hence
C" = {0,1,2,3,4, 5,025,034, 125, 134, 234, 235, 245, 345, 0123, 0124, 0135, 0145, 02345,
12345} C C. Now ("’ is a maximal independent subset of V(SF) and thus C' = C".
Since the automorphism defined by f(0) = 0123, f(1) = 345, f(2) = 134, f(3) = 025,
f(4) = 02345 and f(5) = 0 carries Cy to C, the proof Claim 3 is complete. =
Step 2

Claims 1, 2 and 3 dispose of the possibility that |C'N X4| < 4. Hence we now
assume that CNXy = {ay,...,a,}, wheren > 5. Since X4 C V., we have |CNV,| > 5.
Consequently, we may assume that the following property, denoted by P, holds:

For every basis {vy,...,vs} contained in C, we have |C'N f(V.)| > 5, where f is
the automorphism defined by f(i) = v; fori=20,1,...,5.

Now by an elementary counting argument we see that at least 4 of oy, ..., a, (say
aq,...,ay4 ), contain the same letter, say 0. We may assume w.l.o.g. that a; = 0123
and as = 0124. Hence C'N{012,013,014, 023,024, 123, 124, 01234, 01235, 01245} = 0.
Also by a counting argument we see that at least one of as, ay must be of the form
0ijk where i € {1,2}, say ag = 01jk € C where j # k € {2,3,4,5}. We distinguish

3 cases:

Case 1. ag = 0125 (so, {0123,0124,0125} C (). Then C N {015,025,125} =
(). First suppose that 0345 € C. Then C N {034,035, 045,01345,02345, 1245, 1235,
1234} = (), and so C NVy C {0,1345,2345}, a contradiction. Similarly we can
show that neither 1345 nor 2345 belongs to C'. Now since ay is written with 0,
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and since there are automorphisms fixing the set {0,1,2,3,4,5,0123,0124,0125} and
permuting 0,1,2 on one hand and 3,4,5 on the other hand, we may assume that
ay = 0134 € C. Hence C' N {034,134,01345} = (. First we show that C N X5 =0 .
Suppose 12345 € C, then C'N (Vo N X,) = 0. Moreover since 0123 + 12345 = 045 ¢ C
and 0124 + 12345 = 035 ¢ C, we get that C' NV, C {0,02345}, a contradiction.
A similar argument holds if 02345 € C, this shows that C' N X5 = @ . Consider
the ordered basis B := {0,2,4,0124,0125,0134} of F® contained in C. If f is the
automorphism that maps the ordered basis {0,1,2,3,4,5} to B, then f(V.) = V.
Applying property P we obtain that |C' N Vi| > 5. Since 0 and 1 play symmetric
roles, we also have [C'NVy| > 5. Now CNX3N(VoUV;y) C {035,045,135,145} . Since
035 4 145 = 045 + 135 = 0134 € C, we have that |C' N X3| < 2. If both 035 and 045
belong to C, then C'N V; must contain at least 4 words of length four (recall that
CNX; = (). This is impossible since neither of 0345 and 2345 belongs to C'. Hence at
most one of 035 and 045 belongs to C. Consequently by the inequality |C' N Vy| > 5,
C must contain at least 3 words of length four written without 0. Since neither 1345
nor 2345 belongs to C', we deduce that {0234,0235,0245} C C. Again as 0 and 1
play symmetric roles, we have {1234,1235,1245} C C'. This yields the contradiction
0235 4+ 1245 = 0134 € C.

Case 2. «az = 0135 (so {0123,0124,0135} C (). Hence C N {015,035,135,
01345} = 0, and so C'N X3 C {025,034,045, 125,134,145, 234, 235,245, 345}. This
gives (CNV;)\ Xy C {i,125,434,i45,12345}, for i = 0,1. Now C' contains the basis
{0,2,3,0123,0124,0135}. Applying property P to this basis, we obtain |C' N V| > 5.
Again as 0 and 1 play symmetric roles we also have |C' N Vy| > 5. Moreover as
025 + 145 = 125 4+ 045 = 0124 € C', we deduce that C' cannot contain both 025 and
145, and also it cannot contain both 125 and 045. On the other hand 0124 4+ 0135 =
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2345 ¢ C.

If 02345 € C, then (CNV;)N X, = 0 and so CNV; C {1,125,134, 145, 12345}, which
gives the contradiction 145 + 02345 = 0123 € C'. Similarly 12345 ¢ C' and therefore
CNX;=0.

Let {k, ¢} = {0,1} and suppose that k25 € C. Then as ¢45, k235, k245 ¢ C, we obtain
that C NV, = {¢,025,034,k234,k345} = (C N Vi) \ X4 C {k,k45}. This gives that
|C'NV,NXy| > 3, which is impossible as neither £235 (= 3+ £25) nor €245 (= 4+ (25)
belong to C. Similarly we show that k45 ¢ C. It follows that (C NV;) \ X4 C {i,
i34}, for i =0, 1.

Now |CNV;| > 5 for i = 0,1 imply that C' must contain at least 3 elements of
each of {i234,i235,i245,i345}, i= 0, 1. However C' can contain at most one element
from each of the sets {0234, 1245}, {0235, 1345} and {0245, 1234} because these sets
have sums in C, so |[C NV > 5 and |[C N V| > 5 cannot hold simultaneously,
this contradiction settles this case. As 3 and 4 play symmetric roles we deduce that

as = 0145 € C' is impossible.

Case 3. ag = 0134, (i.e., {0123,0124,0134} C ). Note that the set {0123,0124,
0134} is invariant under the action of the permutation group, 35 x X3 (where X5 acts

on the set {0,1} and X3 acts on the set {2,3,4}). We have two subcases:

Case 3. a. a4 = 0235. Here the permutation (12) applied to S transforms the
set {0123,0124,0235} to {0123,0124,0135} and reduces this case to our Case 2. By

symmetry the cases ay = 0245 and ay = 0345 are similar.

Case 3. b. a4 = 0234. Then X := {0123,0124,0134,0234} C C. Note that the
set X is symmetric with respect to 1,2,3 and 4. Moreover the above cases show that

C cannot contain any other word of length four written with the letter 0. However
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|C'N X4 > 5, so at least one of 1234,1235,1245,1345 or 2345 belongs to C. By the
symmetry of the set X all cases ijk5 € C' are similar where ijk € {123,124,134,234}.
If 1235 € C, then the permutation (021) applied on the set {0123,0124, 1235} gives
{0123,0124,0135} C C', which is already settled. We are left with the case 1234 € C.
Here C'N X, = {0123,0124,0134,0234,1234}. This implies CN X5 = () and CN X3 C
Vs. Now |C' N V| > 4 implies |C' N (Vo N X3)| > 2. Note that the letters 0, 1, 2, 3
and 4 play symmetric roles. Therefore we may assume that {015,025} C C and so
none of 135 (= 025+ 0123) , 235 (= 015+ 0123) or 345 (= 015+ 0134) belongs to C.
Thus C' N V3 C {3,035,0124}, which contradicts |C' N V3| > 4. This disposes of the

last case and the proof of Theorem 2 is complete. «

Note that Cy N'V; = {1,134,135,145} for i = 0, 1,2, and it is easy to see that no
other element of V; may be added to Cy4 for i = 0,1,2. Thus we have:

Corollary 3 V(SZ) has no independent subset C' which meets every hyperplane of

S? in five or more points. =

A combination of Lemma 1 and Theorem 2 gives the following consequence that

will be used in the proof of Theorem 8&:

Corollary 4 If C is independent and satisfies |C| < 19, then there is a hyperplane
K such that |[C N K| < 3.a

Remark Theorem 2 shows that the size of an independent set that meets every
hyperplane of S in at least four points is 20. Although we do not make use of the
following result in this paper, it shows that if we require our independent set to meet
every hyperplane in at least 3 points, then it must have at least 12 elements. We

have:
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Proposition 5 If C is an independent subset of V(S%) and |C| < 11, then there is
a hyperplane K of S8 such that |CNK| <2 .

Proof: Suppose for the sake of contradiction, that C' meets every hyperplane in at
least 3 points. As |C| < 11 we have by Theorem 2 that there is a hyperplane K such
that |C'N K| = 3. It is easy to see that w.l.o.g. we may assume that C N K = {0, 1,
2}. As the set C' contains a basis, we may extend the set {0, 1,2} to a basis {0, 1, 2,
3,4,5} C C. Now there are 7 hyperplanes containing the set {0,1,2} namely (0, 1, 2,
i,7) where

(i,5) € {(3,4), (3,5), (4,5), (3,45), (4,35), (5, 34), (34, 35)}.

Since {0,...,5} C C and |C'N K| = 3 we deduce that K = (0,1, 2,35,45). Hence C'N
{012,034, 134,234, 035, 135, 235, 045, 145, 245, 0134, 0234, 1234, 0135, 0235, 1235, 0145,
0245, 1245,01234,01235,01245} = (). Note that the letters 0,1,2 on one hand and 3,4,5
on the other hand play symmetric roles. First we show that C'N X5 = (). Indeed
suppose 02345 € C, then C' N (V3 N X4) = 0 and 012345 ¢ C. Therefore C' contains
at least 3 words of length four since |C' N V.| > 3, and at least 2 more words (of
length three or five) of 1}, contradicting |C| < 11. Similarly we can show that neither
12345 nor 01345 belongs to C. On the other hand the inequality |C'NV,| > 3 implies
that C' contains at least two elements of Y; U Y,y where Y; := {0123,0124,0125} and
Y, := {0345, 1345,2345}. We distinguish 3 cases:

Case 1. C contains at least one word from each of Y; and Y. By symmetry we
may assume that both 0123 and 0345 belong to C, hence C'N{013, 023,123,345} = (.
Now |C'N V3| > 3 implies that {0124,0125} C C'. Moreover |C'N Vy| > 3 implies that
C must contain at least two more elements, contradicting |C| < 11.

Case 2. CN Xy C Yy, As C contains at least two words of length four, we
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may assume by symmetry that {0123,0124} C C. Hence C'N{013,023,123,014, 024,
124} = . Moreover since C NYy = () and |C] < 11, the inequalities [C N V;| > 3
for i = 0,1,2 imply that {015,025,125} C C and so |[C NV = [C NV =2, a

contradiction.

Case 3. CN Xy C Y, Asin Case 2, we may assume that {0345,1345} C C.
Then 345 ¢ C, and consequently C' N (V;NV;) = 0 for all i # j € {3,4,5} (indeed
CNYy = CnNX; =0 and moreover C N (V;NV; N X3) =0, for all i # j € {3,
4,5}). Now the inequalities |C' N V;| > 3, for j = 3,4,5 give the contradiction
IC] > [CNX |+ 5[(CNV)\ Xy >6+3-2=12. .

On the other hand the set
Cs = {0,1,2,3,4,5,025,125,0123,0124, 2345, 01345},

is independent, has size 12 and meets every hyperplane of &7 in at least 3 points.
Colouring Projective Spaces and the Main Result

Now we consider S and its colourings. Note that this is a 3-chromatic STS(15)
(actually all STS(v) with v admissible, v < 15, are 3-chromatic [11]). The following
result is due to Pelikdn [12]:

Proposition 6 In any 3-colouring of S all colour classes have the same size and

every plane contains at most 3 points of the same colour. a

It is mentioned in [2] that there exists a uniquely 3-colourable STS(33). The
following result shows that S has a similar but weaker property that will be very
useful for the proof of our main result. First note that from Proposition 6 we can
easily deduce that no matter how we 3-colour &3, any colour class will consist of 4

linearly independent vectors and their sum. Let G denote the group Aut(S3).
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Proposition 7 S; is uniquely 3-colourable up to an automorphism.

Proof: Let (0,1,2,3) be a copy of S§ with ¢ : V(S5) — {1,2,3} a 3-colouring. Set
C; := c (i), i = 1,2,3. By the above remark, we may apply an element of G to
ensure that C; = {0, 1,2,3,0123}. Since there are 6 words of length two, one colour
class, say Cs, must contain at least three of them. Call those three words of length
two a,b and c. Since a,b and ¢ are independent, they generate a plane P. Now P
contains only words of even length and by Proposition 6, P N Cy = {a,b,c}. This
shows that for ¢« = 2,3, C; contains exactly three words of length two and two words
of length three.

Since C5 contains three words of length two, at least two of them must have a
common letter. Put {i,7,k, s} = {0,1,2,3} and let ij, itk € Cy. Then kj ¢ C
and moreover is € Cy would imply {jk,js,ks} C Cj, a contradiction. Thus C
must contain a subset of the form {ij,ik,js}. We want to show that given three
words of length two in (5, the remaining two words of length three in Cy are uniquely
determined. So let {ij, ik, js} C Cs and suppose that Cy contains the word jks. Then
this would imply ij+ik+js+jks = j € (s, a contradiction. By a similar argument we
have iks ¢ Cy and we are left with {ijk,ijs} C Cy. Hence Cy = {ij, ik, js,ijk,ijs}.
Since the group of permutations of {0, 1,2, 3} is a subgroup of G the result is proved.

Remark: From the above proof we may count the number of distinct colourings
of 8. First we observe that there are 1514 - 12 - 8 = 20160 different (ordered)
bases of S;. Thus |G| = 20160. Now each possible C} contains (i) bases of &5 and
there are 4! orders in which we could arrange each such basis. Therefore there are
20160/(5 - 24) = 168 possible choices for C. Having fixed C; the there are (g) ways
to choose {i,j} and 2 ways to order the set {k, s}. Hence there are 1686 -2 = 2016
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different colourings of Sj.

Let ¢ : V(S3) — {1,2,3} be any one of these colourings and set C; := ¢~ '(i) for
i =1,2,3. Consider the subgroup A(c) :={7€G:cor=c}={7€G:7(C;) =
C; for i = 1,2,3}. Since any two colourings, ¢; and ¢y, lie on the same G-orbit, the
corresponding subroups A(cy) and A(ce) are G-conjugate. In particular, all of these
subgroups are isomorphic to a single abstract group which we will denote by A. Since
the number of distinct colourings is 2016 = |G|/10, we see that |A| = 10.

We will denote by c¢q the colouring determined by C; = {0,1,2,3,0123}, Cy =
{01,12,23,012, 123}, Cy = {02,03,13,013,023}. Define a, 3 € G by

a: 3 and 0

l
0123

O — W

12
Ll
2 1

W — DN
W <«— O

01
Ll
12

Then « is a 5-cycle in A(cy) and 3 is a 2-cycle in A(cp). Since aff # fa we see that
A = Dy, the dihedral group of order 10.

If c: V(S5) — {1,2,3} is a colouring then so is coc where o : {1,2,3} — {1,2,3}
is an element of Y3, the symmetric group on 3 letters. It is customary to identify
the 6 different colourings that one obtains from ¢ “by permuting the colours” in this
manner. Let us denote by [c] the equivalence class of ¢ under this relation. Define
B(c) =={7€G:coTt€c]} ={7 € G:3Jo € X3such that 7(C;) = Cy; for
i=1,2,3,}. As above we can show that all groups B(c) are isomorphic to a single
abstract group which we will denote by B. Moreover it is easy to see that A is a

normal subgroup of B and B/A — ¥3. Now define 7,0 € B(cg) by

v: 0 1 2 3 and ): 01 2 3
ol A
23 123 12 012 0 2 0123 1

Then ~ interchanges the sets C; and Cy and stabilizes C3 while ¢ interchanges the
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sets Cy and C3 and stabilizes C7. Therefore B(cg)/A(co) is generated by v + A(co)
and 0 + A(cg) and thus B/A = B(cy)/A(cy) = 5.

We are now in a position to show our main result.
Theorem 8 SF is a 5-chromatic STS(63).

Proof: From [14] we know that x(S%) is either 4 or 5. Suppose that SF is 4-
colourable with colour classes C4,Cs, C3 and C4. Then one of these colour classes,
say (Y, has size at most 15. By Corollary 4, there is a hyperplane K such that
|Cy N K| < 3. The hyperplane K is generated by 5 independent points which we
may denote by 0,1,2,3,4. It is easy to see that there is a 3-flat, H C K such that
CyNH = (). Without loss of generality H = (0, 1,2, 3). The 4-colouring of S} induces
a 3-colouring of H since CyNH = (). By Proposition 7, we may assume that C{NH =
{0,1,2,3,0123}, Co N H = {01,12,23,012,123} and C5 N H = {02,03, 13,013, 023}.
A computer program was used to check exhaustively that such a partition of the
vertices of H together with the condition that |Cy N K| < 3 cannot be extended to a
4-colouring of S and thus we have a proof of the theorem.

In fact the condition |Cy N K| < 3 restricted the problem sufficiently to make it
susceptable to the computer program.

We now sketch a method which allows one to complete the proof “by hand”
without resorting to a computer.

This method relies on basic group theory to further restrict the problem. Since
x(S;) = 4 ([12,14]), we have Cy N K # (). Hence we may assume that 4 € Cy N K
since there is an automorphism of K carrying any point x of K'\ H to 4 which fixes H
pointwise. Now it is easy to check that (up to the action of the subgroup B studied
above) there are only two colourings of K which satisfy |CyN K| < 2 and neither may

be extended to a 4-colouring of Si. Hence we may assume |C;NK]| is exactly 3 and we
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may write Cy N K = {4,y,z} C K\ H. Examining the action of B one finds that the
B-orbit of {4,y, z} contains either {4,04, 14} or {4,04,234}. These two possibilities
represent the two cases: either the line {y +4, 2+ 4,y + z} is coloured with 2 colours
or it is coloured with 3. It is possible (by considering cases) to determine all the
4-colourings of K that may be obtained from either of these two partial colourings.
The first gives rise to 4 distinct colourings of K while the second yields 6 colourings
of K. After some (uninstructive and fairly long) work we found that none of these

colourings of K can be extended to a 4-colouring of S7. «

In [2] it is shown that for all £ > 3, there is a least integer ny such that for every
admissible v > ny, there exists a k-chromatic STS(v). In the same paper it was
shown that ny < 49. From our next theorem, we can deduce an upper bound for ns.

However we need the following two constructions (described in [10]).

Bose’s Construction. Let (Q,0) be an idempotent commutative quasigroup of
order 2u + 1 . Set S := @ x {1,2,3} and define a collection of triples T of S as

follows:
(1) {(z,1),(x,2),(x,3)} € T for every z € Q; and
(2)if 2 # y the three triples {(z,1), (3, 1), (20 9,2)}, {(2,2), (5,2), (2 04, 3)} and

{(2,3),(y,3),(xoy,1)} €T.
It is a routine matter to see that (S,T') is a 3-chromatic STS(6u + 3).

Skolem’s construction. A quasigroup (Q, o) is called hal f-idempotent if |Q| = 2u,

Q=1{1,...,2u} and

x, if x < w;
roxw = .
r—u, ifx>u.

Let (@Q,0) be a half-idempotent commutative quasigroup of order 2u and set S :=

(Q x {1,2,3}) U {oo}, where oo ¢ @ x {1,2,3}. Define a collection, T, of triples of
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S as follows:

(1) {(x,1),(x,2),(z,3)} € T for every z € Q, = < u;

(2) for each = > u, the three triples {oo, (z,1), (zr — u,2)}, {00, (x,2), (x — u,3)}
and {oo, (z,3), (x —u,1)} € T; and

(3) if & # y the three triples {(z, 1), (y,1), (xoy,2)}, {(z,2), (y,2), (x 0y, 3)} and

{(2,3),(y,3),(xoy,1)} €T.
It is well known ([2]) that (S,T) is a 3-chromatic STS(6u + 1)

Note that in both Bose’s and Skolem’s constructions, subquasigroups will always

produce subsystems in the resulting ST'S.

Theorem 9 Let k> 5 and v =3 (mod 6). If there exists a k-chromatic STS(v),

then there exists a k-chromatic STS(w) for all admissible w > 2v + 1.

Proof: The idea behind this proof comes from [2] and [10]. Let £ > 5 and R be a
k-chromatic STS(v) where v = 6n+ 3. Let V(R) =V, U Vo U... UV} be a partition
arising from a k-colouring of R where the positive integers v; := |V;| (i = 1,...,k)
satisfy v, > v,y > ... > v1. Then clearly 2n + 1 > v3 > vy > v; and so we can
find a partition of the set V(R) into 3 subsets of equal size A;, As and Az such that
V3 C Az, Vo C Ay and V) C Ay, Let w > 2v + 1 be an admissible integer. We have
two cases:

Case 1. w =1 (mod 6). Then w = 6u + 1 where u > 2n + 1. There exists a
half-idempotent commutative quasigroup (@, o) of order 2u containing an idempotent
commutative quasigroup of order 2n + 1 [10]. Skolem’s construction applied to such
a quasigroup produces a STS(6u+ 1) containing a subsystem of order 6n+ 3. Unplug
this subsystem of order 6n + 3 and replace it with a copy of R in such a way that
A; CQx{j}for j =1,2,3. We show that this gives a k-chromatic STS(w). Clearly
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it is at least k-chromatic. We show that it admits a k-colouring. Let cq, ..., c; be the
k different colours used to colour R where V; is the colour class of ¢; fort =1,... k.
Define ¢ : (@ x {1,2,3}) U {oco} — {1,...,k} by c(z) == ¢c; if x € V; C V(R),
c(z) =cjifx e @x{j}\V(R), j =1,2,3 and finally c(co) may be chosen to be
any colour. It is straightforward to check that c is a k-colouring of our STS(w).
Case2. w=3 (mod 6). Then w = 6u+3 > 2(6n+3)+1 implies that u > 2n+1.
By Cruse’s Theorem [5] (see also [10]), there exists an idempotent commutative quasi-
group (@, o) of odd order 2u + 1 containing an idempotent commutative quasigroup
of order 2n + 1. Bose’s construction applied to the quasigroup (Q,o) produces a
3-chromatic STS(6u+ 3) with a (3-chromatic) subsystem of order 6n+ 3. Unplug this
subsystem of order 6n + 3 and replace it with a copy of R in the same fashion as for

the case 1. Again it is easy to check that the resulting STS(6u + 3) is k-chromatic.

Corollary 10 There exists a 5-chromatic STS(v) for every admissible integer v >
127.

By Corollary 10 we have that ns; < 127. We are not in a position to make any
conjecture since constructing “small” 5-chromatic STS’s is at present beyond our

resources but it is our feeling that n; < 63.

Conclusion: Theorem 2 gives rise to the following general problem: Let C be an
independent subset of V(S}) and suppose that |C'N K| > ¢ for all hyperplanes K.
Let p(n,t) be the minimal cardinality of such a set C'. Find bounds on these numbers
p(n,t). From Theorem 2 and Proposition 6 we get that p(5,4) = 20 and p(5,3) = 12.
A reasonable lower bound for p(n,t) would be useful for determining x(S;) for n > 6.
We note that the analogous problem for affine spaces was solved recently by A. Bruen

[4]-
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