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Computing Modular Invariants of p-groups
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Let V' be a finite dimensional representation of a p-group, G, over a field, k, of char-
acteristic p. We show that there exists a choice of basis and monomial order for which
the ring of invariants, k[V}G7 has a finite SAGBI basis. We describe two algorithms
for constructing a generating set for k[V]%. We use these methods to analyse k[2V3]YV3
where Uz is the p-Sylow subgroup of GL3(F}) and 2V3 is the sum of two copies of the
canonical representation. We give a generating set for k[2V3]Ys for p = 3 and prove that
the invariants fail to be Cohen—Macaulay for p > 2. We also give a minimal generating
set for k[mVa]%/P were Va is the two-dimensional indecomposable representation of the
cyclic group Z/p.

(© 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

Let V be a finite dimensional vector space over a field k. We choose a basis, {1, ..., 2, },
for the dual, V*, of V. Consider a subgroup G of GL(V). The action of G on V induces
an action on V* which extends to an action by algebra automorphisms on the symmetric
algebra of V*, S = K[z1,...,x,]. Specifically, for g € G, f € Sandv € V, (¢g- f)(v) =
f(g~!-v). The ring of invariants of G is the subring of S given by

SC¢:={feS|g-f=fforalgeG}

For an introduction to the invariant theory of finite groups see Benson (1993) or Smith
(1995).

If G is a finite group and |G| is not invertible in k then we say the representation of G
on V' is modular. If |G| is invertible in k then V' is called a non-modular representation.
Noether (1916, 1926) proved that S¢ is always a finitely generated algebra. In Noether
(1916) she showed that if the characteristic of k is zero then S is always generated by the
invariant polynomials in S of degree less than or equal to |G|. Recently this result has been
extended independently by Fleischmann (2000) and Fogarty (2001) to the general case
of a non-modular representation. The result does not hold for modular representations.
In fact, as illustrated by the vector invariants of the regular representation of Z/2 over a
field of characteristic 2 (see Richman, 1990 or Campbell and Hughes, 1997), no function
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depending solely on the order of the group can serve as an upper bound on the degrees
of the generators.

The central problem of invariant theory is to find generators for the algebra S¢. In
practice, this problem is much harder in the modular setting. In this paper we describe
various methods for computing generators of S¢ for modular representations. We espe-
cially consider the case where G is a p-group and k is a field of characteristic p.

A SAGBI basis for a subalgebra of S is the analog of a Grobner basis and as such
is a particularly nice generating set. SAGBI bases were introduced independently by
Robbiano and Sweedler (1990) and Kapur and Madlener (1989). Unfortunately, even
a finitely generated subalgebra does not necessarily have a finite SAGBI basis. In fact
even the ring of invariants of a finite group may fail to have a SAGBI basis (see Gobel,
1995, Lemma 2.1; Gobel, 1998 or Sturmfels, 1996, Example 11.2). The characterization of
subalgebras which admit a finite SAGBI basis is an important open problem. In Section 3
we show that for any representation of a p-group over a field of characteristics p, there is
a choice of basis and monomial order for which the ring of invariants has a finite SAGBI
basis. In fact our result applies to any triangular representation.

In Section 5 we give a number of criteria for determining whether an algebra consisting
of invariants is in fact the entire ring of invariants S¢. We also give an algorithm for
constructing a generating set for the ring of invariants of a p-group or, more generally,
a triangular representation. The algorithm makes use of the theory of SAGBI bases, in
particular the computation of syzygy modules for subalgebras, and exploits the fact that
SY is integrally closed.

Suppose that N < G is a normal subgroup of G. Then G acts on k[V]" and k[V]¢ =
(k[VIV)E = (k[V]V)E/N. Thus we may reduce the problem of computing S¢ to two
smaller problems: computing invariants first under the subgroup N and then under the
quotient group G /N. However computing the G /N-invariants is considerably complicated
by the fact that the algebra, k[V]", on which G//N is acting is not, in general, a polyno-
mial ring. One solution to this difficulty is to construct a G/N-module W together with
a G/N-equivariant surjection p : k[W] — S™. In the non-modular case the restriction
of this homomorphism is a surjection p& : k[W]%/N — S, For non-modular representa-
tions this technique, called a ladder, is one of the most effective for computing rings of
invariants (see, for example, Wehlau, 1993). However, in the modular setting the induced
map p% is not, in general, surjective. In Section 7 we describe how group cohomology may
be used to overcome this difficulty. If G is a p-group this provides a method to compute
S% by computing the Z /p-invariants of a number of Z /p-representations together with a
number of group cohomology computations. In particular, one must be able to compute
rings of invariants for modular Z/p-representations.

Attempts to apply the ladder technique to modular representations of p-groups empha-
size the importance of being able to construct manageable generating sets for rings of
invariants for representations of Z/p. However, for most such representations, this is
quite difficult. Hughes and Kemper (2002) have given an upper bound on the degrees
of the generators for any representation of Z/p. Therefore by taking all homogeneous
invariants with degree less than or equal to the upper bound we do get a finite gener-
ating set. However such generating sets are far from manageable. Throughout the paper
we use V,,, for n < p, to denote the unique indecomposable modular representation of
Z/p with dimension n. Minimal generating sets for k[V5]%/? and k[V3]%/P can be found
in Dickson’s Madison Colloquium (Dickson, 1966). Finite SAGBI bases for k[V,]%/? and
k[V5]%/P can be found in Shank (1998). The problem of finding a nice generating set for
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k[V,,]%/P for n > 5 remains open. Even when the invariants of the indecomposable sum-
mands are understood, it can be difficult to construct generating sets for decomposable
representations. Campbell and Hughes (1997) manage to describe a generating set for
k[mV5]%/P. In Section 4 we refine their solution giving a minimal generating set for this
ring. This result is used in Section 8. For the special case of p = 2, every representation is
of the form mVa @ V. Since k[mVa @ £V1]%/P = k[mV5]%/? @ k[¢V}], we therefore obtain
a minimal generating set for the ring of invariants of every finite dimensional modular
representation of Z/2.

Suppose that R is a graded subalgebra of S and M is an R-module. Let R, denote
the augmentation ideal of R, i.e. the ideal generated by the homogeneous elements of
positive degree. A sequence of homogeneous elements hq, ..., h; in Ry is reqular on M
if, for each ¢ < k, h; is not a zero-divisor on M/(hy,...,h;—1)M. The depth of M is the
length of the longest regular sequence on M. The depth of a ring is bounded above by
its Krull dimension. A ring is Cohen—Macaulay if the depth equals the dimension. For
a detailed discussion of depth and dimension see Eisenbud (1996). For a non-modular
representation, the ring of invariants is always Cohen-Macaulay. However, when the
characteristic of k divides the order of the group, the invariants often fail to be Cohen—
Macaulay. Characterizing the modular representations which have a Cohen—Macaulay
ring of invariants is an interesting and important problem. Kemper (1999) proved that if
G is a p-group and S¢ is CohenMacaulay then G is generated by a set of bi-reflections,
i.e. by elements which fix pointwise a subspace of codimension 1 or 2. In particular,
this means that if k[V @ V]¢ is Cohen-Macaulay then the action of G on V must be
generated by reflections, i.e. by elements which fix pointwise a subspace of codimension 1.
In Section 8 we analyze the invariants of Us, the p-Sylow subgroup of GL3(F,), acting on
V3 @ V3. The action of Uz on V3 is generated by reflections and the ring of invariants is a
polynomial algebra, i.e. there are no relations among the generators. Therefore k[2V3]Ys
passes Kemper’s criteria and could be Cohen—Macaulay. In fact, for p = 2, the invariant
ring is Cohen—Macaulay. However, using the ladder technique, we are able to show that
for p > 2 the invariants fail to be Cohen—Macaulay.

2. Preliminaries
The transfer is defined by:
Tr¢ . k[V] — k[V]¢

fo— Y gf

geG

and is a homomorphism of k[V]%-modules. For non-modular representations, ™ is
surjective. For modular representations, the image of the transfer, Im % is a proper
non-zero ideal of k[V]¢. For proofs of this fact and other general properties of the modular
transfer see Shank and Wehlau (1999).

If a is an element of a set on which the finite group G acts, we write G - a = {g - a |
g € G} for the G orbit of a. For f € k[V], we define the norm of f by Na(f) = N(f) =

[lhee s
We will consider representations of Z/p, the cyclic group of order p, in some detail.
Let o denote a fixed generator of Z/p. Define A := o —1 and Tr := > *_, ¢* in the group

ring of Z/p. There are exactly p distinct inequivalent indecomposable representations of
Z/p, one of each dimension 1,2, ...,p. We will denote the indecomposable representation
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of Z/p of dimension n by V,,. There exists a basis, {e1,...,e,}, of V},, with Ae; = 0 and,
for i > 1, Ae; = e;—1. The vector space spanned by {ej,...,e,} is a Z/p-submodule
isomorphic to V,,. There are Z/p-equivariant inclusions: V4 C Vo C --- C V,, and Vnz/ P
is isomorphic to V;.

Consider the vector space of linear functionals V,’. Since V7 is an indecomposable
Z/p-module, V.* and V,, are isomorphic. We will call an element, z, of V. a distin-
guished variable for V,, if z is a generator of the cyclic Z/p-module V;*. Equivalently =z
is a distinguished variable if z restricted to Vi Z/P is not identically zero. For any distin-
guished variable z there is a triangular basis, {z, Az, A%z,..., A" "1z}, of V*. For any
f € k[V,], let deg,(f) denote the degree of f as a polynomial in z with coefficients in
k[Az, A%z, ..., A"~ 12]. The special property of the distinguished variable z, and the cor-
responding triangular basis, which we will exploit, is the fact that deg, (o (f)) = deg,(f).

Consider a Z/p-module W. Decompose W into a direct sum of indecomposable Z/p-
summands:

t
W:Qym
=1

where W; = Vyimw,) for all i. For each i choose a distinguished variable z; € W and use
the corresponding triangular basis for W;*. Let N; denote the norm of z;. Thus N; = z;
if W; 2V, and N; := ?:1 07 (z;), otherwise.

Let f € k[W]Z/p. Since Ni, considered as a polynomial in z1, is monic we may divide
N into f to obtain the unique decomposition f = f; N7 +r; where the remainder r; has
degree at most p—1 in the variable z;. Next we divide 1 by Ns to obtain a decomposition:
[ = fiN1+ foNa +ry where deg_ (f2) < p, deg,, (r2) < p and deg_, (r2) < p. Continuing
in this manner we obtain a decomposition

f=fAN~+ foNo+---+ fiNe+r

where deg_ (f;) < pforalli < j and deg, (r) < p for all i. Note that r is the normal form
of f with respect to the Grobner basis { N1, Na, ..., N;} of the ideal (N1, Na, ..., Ny)k[W].
Furthermore the decomposition f = f1 N7 + foNo + - -+ + ft Ny + r is a normal decompo-
sition of f with respect to this Grébner basis. We will call this the norm decomposition of
f. Note that the norm decomposition depends upon the choice of the z; but is otherwise
unique.

Let k[W]* := {r e k[W] | deg, (r) <pforall i = 1,2,...,t}. Thus k[W]’ is the set of
functions f having all coefficients f; = 0 in its norm decomposition. Note that k[I/V]|7 is
Z /p-stable.

The ring k[W] has a multi-grading given by the degrees in each W;, that is, induced
by k[W] = k[W;] @ k[Ws] @ - -- @ k[W;]. The action of Z/p preserves this grading and
thus k[IW]%/? and k[W]® inherit this grading.

3. SAGBI Bases

We use the convention that a monomial is a product of variables and that a term is a
monomial with a non-zero coefficient. We direct the reader to Cox et al. (1992, Chapter 2)
for a detailed discussion of monomial orders. For f € S we use LT(f) to denote the lead
term of f and LM(f) to denote the lead monomial of f.

Suppose that R is a subalgebra of S. Let LT(R) denote the vector space spanned by
the lead terms of elements of R. Then LT(R) is a subalgebra of S. If C' is a subset of R
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then let LM(C) denote the set of lead monomials of elements of C. If C' is a subset of
R such that LM(C') generates the algebra LT(R) then C generates R and C is called a
SAGBI basis for R. For a detailed discussion of SAGBI bases see Robbiano and Sweedler
(1990), Kapur and Madlener (1989) or Sturmfels (1996, Chapter 11).

Taking C' = R gives a SAGBI basis for R. Thus every subalgebra has a SAGBI basis.
However, subalgebras of S are not necessarily finitely generated. If LT(R) is not finitely
generated then R does not have a finite SAGBI basis (at least using the given monomial
order). Even if R is finitely generated, LT(R) may fail to be finitely generated. In fact,
as shown by Gobel (1995, Lemma 2.1), the ring of invariants of the permutation repre-
sentation of the alternating group on three letters does not have a finite SAGBI basis
using the lexicographic order. Although the characterization of subalgebras which admit
a finite SAGBI basis remains an important open problem, there are some circumstances
which guarantee the existence of a finite SAGBI basis.

LEMMA 3.1. Suppose {hi,...,h,} is a homogeneous system of parameters for kK[V] with
LM(h;) = «%. If A C k[V] is a subalgebra with {h1,...,h,} C A, then A has a finite
SAGBI basis.

PROOF. Since {hi,...,h,} € A and LM(h;) = x5, {z%*,... 2%} C LT(A). Therefore
K[z, ... zd] is contained in LT(A). Furthermore the set {z¢*,... 2%} is a homoge-
neous system of parameters for k[V']. Thus LT(A) is a submodule of the finitely generated
module k[V] over the Noetherian algebra k[z%*, ... z%]. Hence LT(A) is a finite mod-
ule over k[z%, ... 2%]. Since LT(A) is generated by monomials, we may choose the
module generators to be monomials. For each module generator o € LT(A) choose an
element f € A with LT(f) = «. These elements along with hq,...,h, form a SAGBI

basis for A. O

Choose an order with 1 < x9 < -+- < x,,. We call the representation of G triangular
if LM(g(x;)) = x; for every g € G. If we view the variables as column vectors then the
elements of G are upper-triangular matrices.

THEOREM 3.2. If the representation of G is triangular then k[V]% has a finite SAGBI
basis.

PROOF. Since LM(g(z;)) = x;, we see that LM(N (z;)) = 2% where d; is the index of
the isotropy subgroup G,. Thus {N(z1),..., N(x,)} C k[V]¢ is a homogeneous system
of parameters for k[V] satisfying the hypotheses of Lemma 3.1. Therefore k[V]“ has a
finite SAGBI basis. O

COROLLARY 3.3. Suppose G is a p-group and k has characteristic p. Then there is a
choice of basis and monomial order with respect to which k[V]|% has a finite SAGBI
basis.

PROOF. Under these conditions G is conjugate to a subgroup of the upper-triangular
matrices. If k is finite then the set of upper-triangular matrices with 1’s along the
diagonal form a p-Sylow subgroup of GL(n,k). In this case G is clearly conjugate to
a subgroup of this p-Sylow group. For more general fields, first observe that G has
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a composition series, {e} = Gy < Gy < --- < G,, = G, whose factors are all iso-
morphic to Z/p. As a simple consequence of the Jordan canonical form of a genera-
tor, every representation of Z/p over a field of characteristic p has a fixed line. Thus,
for any representation of G over a field of characteristic p, say W, using the fact that
(WC)Git1/Gi = WGt we conclude that dim(W) > 1. The proof now proceeds by
induction on dim(W) — dim(W%). Clearly if dim(W) — dim(W%) = 0, any basis is tri-
angular. Suppose dim(W) — dim(W¢) > 0 and consider the G-module W/W¢. Since
dim(W/W) — dim((W/W&)E) < dim(W) — dim(W%) — 1, the induction hypothesis
gives a triangular basis for W/W . Lifting the elements of this basis to W and adjoining
elements which form a basis for W gives a triangular basis for W. O

4. The Vector Invariants of V5

Let k be field of characteristic p and let V,, denote the n-dimensional indecompos-
able representation of Z/p. The ladder technique for computing rings of invariants of
p-groups described in Section 7 relies heavily upon computing Z/p-invariants. One step
in this method requires the construction of a surjection from a polynomial ring, A :=
k[ay,...,a:], onto a ring of invariants, k[V]%/?. In order to minimize the complexity of
the ladder computation it is desirable to minimize the Krull dimension of A and this
usually means having a minimal set of generators for k[V]%/7.

As discussed in Section 1, the problem of constructing a manageable generating set for
k[V]Z/p is, in general, quite difficult. If V' = mV2 @ ¢V; then, since k[mV; @ EVl}Z/p =
k[mV5]%/? @ k[¢V1], the problem reduces to constructing a generating set for k[mVa]%/P.
This was done by Campbell and Hughes (1997). However the generating set given in
Campbell and Hughes (1997) is usually not a minimal set. The current section is devoted
to identifying a minimal generating set for k[mV5]%/P. The results for m = 3 will play a
role in Section 8.

Choose a basis {z;,y; | ¢ = 1,...,m} for mV5" with A(y;) = z;. Define N; := N(y;)
and, for i < j, define u;; := x;y; — w;y;. For m = 2, kmV,]%/? is generated by w1,
xo N7, No and wio. This is clearly a minimal generating set. For m > 2 the generating
set must include some elements from the image of the transfer, Im Tr%/? In particular
TrZ/P (v} o -yP=1) is not contained in the subalgebra generated by invariants of lower
degree (see Richman, 1990 or Campbell and Hughes, 1997) and m(p—1) is the least upper
bound on the degrees of a generating set. Using the homogeneous system of parameters
consisting of x;, N;, we see that the factors of (y1y2 - ym )P~ generate k[mVs] as a
k[mVs]%/P-module and, therefore, the ideal Im Tr%/? is generated by

{Trz/p(yf1~-~y2;”)|el <p—Tliea<p—1,...,e;y <p—1}

Campbell and Hughes showed that this set of transfers together with the z;, N; and u;;
generate the ring of invariants, k[mVs]%/?.

Suppose E = (ey, ..., en,) is a sequence of non-negative integers. Let #¥ := x§' - x¢m
yP =yt oyem and |E| i==e1 + -+ em. If J = (j1,...,jm) is a second sequence of
non-negative integers then we say that J < E if j; <e; for i = 1,...,m and we denote

(%) =TI, (%) Thus

sz/p(yE) = Z H(yz + cx;)“

c€F, i=1
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= SIS ()

ceF, i= 15;=0

_y (Z a) (%) )

J<E \c€F,

Recall that

Z A= {71 if |J| = k(p — 1) for some k > 0;

0 otherwise.

ceF,
Thus Tr%/P(y) = 0 if |E| < p — 1. Introduce a bidegree on k[mV,] by taking z; to
have bidegree (1,0) and y; to have bidegree (0,1). If |E| < 2(p — 1), then Trz/p(yE) is
homogeneous with bidegree (p — 1,|E| —p+1). If |E] = 2(p — 1) then TrZ/P(yF) + 2F
homogeneous with bidegree (p — 1,p — 1).

Let R denote the subalgebra of k[mVs] generated by z;, N; and u;;. If we use a graded
reverse lexicographic order with z; < y; and z; < z;4; then the only non-trivial téte-a-
tétes’ are of the form uf; — % N;. These téte-a-tétes subduct to zero using the relation
ufj — x?Ni + 2P Nj — (zizj)P " 'uyy. Thus {z;, Njyuij [i=1,...,mandi < j <m}isa
SAGBI basis for R.

LEMMA 4.1. If f € R is homogeneous of bidegree (i,j) with j < p, then f is in the
subalgebra generated by {z;,u;j |i=1,...,m and i < j < m}.

PROOF. Suppose f is a minimal counter-example where minimal is defined using the
partial order induced on R by the monomial order. Using the SAGBI basis for R, the
lead monomial of f is of the form LM(zfu’ N¥). However LM(f) has bidegree (i, j)
with j < p. Thus K = O Furthermore, x; and u;; are homogeneous with respect to the
bidegree. Thus f—au’ is still a homogeneous element of R with bidegree (i, j). Clearly
f> f —a'u’, contradicting the minimality hypothesis. O

The following lemma shows that the transfers of the form Tr%/? (y) with | E| < 2(p—1)
are not required as generators of k[mV;]%/?.

LeEMMA 4.2. The algebras k[mVQ]Z/p and R agree in degrees less than or equal to 2(p—1),
i.e. (kK[mVa]%/P); = R; fori=0,1,...,2(p—1).

PrOOF. The proof is by induction on degree. Clearly the two algebras agree in degree
zero. If |E| < p — 1, then Tr2/P(yB) = 0. If |E| = p — 1, then Tx%/P(yF) = —zF € R.
Therefore the algebras agree in degrees less than or equal to p—1. Consider Tv%/P (yF) =
Te2/P (Yt ye) with ef # 0 and p — 1 < |E| < 2(p — 1). Work modulo the ideal
(z¢)k[mV5). Using the definition of Tr%/?,

TI'Z/p( yé ) yez TrZ/P( y;Z 11) (mod (wz)k[mVQ])

TGiven a set of algebra generators, say C, and a pair of polynomials, f and h, each given by a product
of an element of k with elements of C, then if LT(f) = LT(h) the polynomial f — h is called a téte-a-téte.
If no element of C divides both f and h, then the téte-a-téte is said to be non-trivial. See Robbiano and
Sweedler (1990, p. 71).
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By the induction hypothesis, Tr /p( -+y,7") lies in R. Furthermore, since e; + - - - +
er1 < 2(p—1), Te2/P(ysr . y;"] ') is homogeneous of bidegree (p—1, |E|—(p—1) —ey).
Thus by Lemma 4.1 Trz/ P(yst -y, ") lies in the subalgebra generated by x; and u;;.
Since 2(p - 1) > |E|, we have p—1—e > |E|— (p—1) — e and each monomial in
TeZ/P(yer . -+y,"7") has at least e, more 2’s than y’s. Thus
TPy = Y ol fy
[T]=ee

with [ = (i1,...,i0—;) and fr in the subalgebra generated by x; and w;;. Let ul :=
[1,=1 uj)- Then uf = y§‘a’  (mod (w)k[mV5]) and

T2/P(y Zueff (mod (z¢)k[mV3]).

Thus
Trz/p ZUefI + zoh

for some h € k[mVs]. However zoh = Trz/p(y ) = > ubfr € k[mVa]%/P. Hence h €
k[mV3])%/P. Furthermore the degree of h is |E| — 1. Thus by the induction hypothesis,
h € R. Therefore Tr%/?(yE) € R. O

The next lemma shows that each of the transfers TrZ/P(y¥) with ¢; < p — 1 and
|E| > 2(p —1) where E = (e, ..., ey) is required in our minimal generating set.

LEMMA 4.3. If E = (e1,...,em), €¢; < p—1 and |E| > 2(p — 1) then Tr2/P(yE) is
indecomposable.

ProOOF. We use the graded reverse lexicographic order with z; < 9 < -+ < x), <
y1 < -+ < Ym. Suppose, by way of contradiction, that Trz/p(yE) =cimy+como+ -+
c-m, where each m; is a non-trivial product of generators, each ¢; € k and LM(mZ) >
LM(m41). Either LM(my) = LM(Tr%/?(yE)) or LM(my) = LM (my) > LM(Tr2/?(yE)).
From equation (1) we see that LM(Tr%/?(y®)) = 2z/yZ~1 where 2! = max{z”’ | |J| =
p—1and J < E}.

We first show that LM(m;) # LM(Tv%/?(yF)). Since e; < p — 1, LM(N;) = yY does
not divide #/y#~1. Note that 2/y”~! has bidegree (p — 1,|E| — (p+ 1)) and |E| — (p —
1) > p — 1. Therefore z'y”~ does not factor using only elements from {z;, LM(u;;) |
i=1,...,mand i < j < m}. If we try to factor x'yF~! using LM(TrZ/p(yF)) with
F=(fi,-..,fm), fi <p—1and |F| > p— 1, then the complement is y*~F. However,
since f; —e; < p—1, this is not the lead term of a product of generators. Thus LM(m;) #
LM(Tr?/7(y")).

Now suppose LM(m1) = LM(my) > LM(Tr%/?(y)). This means that m; and mo
form a téte-a-téte. However, for every non-trivial téte-a-téte formed from the generators,
the leading monomial has bidegree (dy,ds) with dy > p — 1. Thus LM(m;) < afy®~1
giving the required contradiction. O

Putting together Lemmas 4.2 and 4.3 we obtain the following corollary.
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COROLLARY 4.4. The set

{z;,Ni,u;j |i=1,...mand i < j <m}
ULTe?/P (g5t yem) e <p—1and ey + - + e > 2(p — 1)}
is a minimal generating set for kK[mVy]%/P.

5. Localization and Normalization

Let R be a finitely generated algebra. Throughout this section we will further suppose
that R contains no zero-divisors. We denote by Ry the localization of R with respect to
the multiplicative set generated by f.

The following theorem is essentially Schwarz (1980, 15.11). See also Wehlau (1993,
Lemma 4.6.10).

THEOREM 5.1. Suppose that A is a subalgebra of R and that f1, fo is a reqular sequence
in A such that Ay, = Ry, and Ay, = Ry,. Then A= R.

PRrROOF. Take h € R. Since R C Ry, = Ay, we may write h = a1/ f]" and h = aq/ f3" for
some a1,az € A and n,m € Z. Thus ay f3" = as f1*. Since f1, f is a regular sequence in A
so also is f7*, 3. This implies that as = a f3* for some a € A. Therefore h = af3"/fi* = a
lies in A. O

LEMMA 5.2. Suppose that A is a subalgebra of R and I is an ideal of R. If I C A and
fE\ﬁﬂA thenAszf.

PRroor. There exists m € Z such that f € I. Take h € Ry and write h = r/f* with
r € R. Then rf™ =hftt™m eI C Aand h=rfm/f+™ e A;. O

COROLLARY 5.3. Suppose A is a subalgebra of k[V]¢ and that A contains the image of

the transfer, Im TxC . If there exist fi, fo € VImTY® N A such that fi, fo is a reqular
sequence on A, then A =Kk[V]%.

REMARK 5.4. Suppose that A is a subalgebra of k[V]“ containing the image of the

transfer. Further suppose that f; and f, are non-associate primes of A lying in v/Im Tr¢.
A relatively routine calculation shows that fi, fo is a regular sequence in A and so
A =Kk[V].

REMARK 5.5. Let k denote the algebraic closure of k and define V := k ® V. By Shank

and Wehlau (1999, Theorem 2.1), we have that v Im ¢ ~ consists of those invariant
polynomials in k[V] which vanish on the subvariety V of V defined by V = Upes V'
where ¥ consists of all the elements o of G of order p. Thus given an element f € k[V]“
we may check that f € vV ImTr® by verifying that f vanishes on V° for every element
o € G of order p.

Suppose that f; and f are elements of an algebra A. The syzygy module, syz 4 (f1, — f2),
is the kernel of the map from A2 to A which takes (c1,c2) to c1f1 — cafo.
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LEMMA 5.6. Suppose that A is a subalgebra of K[V, {f1, f2} C A, and f1, f2 is a regular
sequence in K[V]. Then fi, fa is reqular on A if and only if syz ,(f1,—f2) is a principal
A-module.

PROOF. Suppose that fi, fo is regular on A. For an arbitrary (a,b) € syz,(f1, —f2), we
have afy — bfy = 0. Thus bfs = afi. Since f1, fo is regular on A, there exists ¢ € A
such that b = ¢fy. Thus f1(a —cf2) = afi — ¢f1f2 = 0. Since f; is not a zero divisor, we
conclude a = cfs. Therefore (a,b) = c(fa, f1) and syz 4 (f1, — f2) is the principal A-module
generated by (fa, f1).

Suppose that syz4(f1, —f2) is a principal A-module. Clearly (fa, f1) € syz4(f1, —f2).
Furthermore, since f1, f2 is a regular sequence in k[V], f1 and f2 have no positive degree
common factors. Thus syz 4 (f1, —f2) is the principal A-module generated by (f2, f1). By
hypothesis, f is not a zero divisor in A. Thus to show that f;, fo is regular on A, it is
sufficient to show that fo is not a zero divisor on A/(f1)A. For an arbitrary a,b € A with
bfs = afi, we have (a,b) € syz,(f1, —f2). Thus (a,b) = ¢(f2, f1) for some element ¢ € A.
Therefore b = cf; as required. O

ALGORITHM 5.7. Suppose that V is a triangular representation of G and the height of
the image of the transfer is at least 2. Then a generating set for k|V]% can be constructed
as follows.

Step 1: Use the homogeneous system of parameters {z1, N(x2), N(x3),...,N(z,)}. Note
that LM(N (x;)) = x% where d; is the index of the isotropy subgroup, G,, in G. Thus
the monomials dividing x>~ 2%~ ... 28 =1 are a basis for k[V] over k[zy, N(x2), ...,
N(z,)] and

T = {Tv%(B) | B divides 32~ ... zd~1}
is a generating set for InTr® as a module over R = k[z1, N(z2),..., N(z,)].

Step 2: Choose f1, f2, a partial homogeneous system of parameters for S with {f1, foa} C
VImTeY and take C := {f1, f2, 21, N(x3),..., N(x,)} UT.

Step 3: Take A to be the subalgebra of k[V]¢ generated by C.

Step 4 (optional) : If one of the generators for A divides another, perform the division
and add the quotient to C. Remove redundant generators from C.

Step 5: Compute a generating set for the syzygy module syz ,(f1,—f2). This module is
the kernel of the map from A? to A which takes (c1,ca) to c1 f1 —cafa. The syzygy module
computation involves the construction of a SAGBI basis for A. It follows from Lemma 3.1
that A has a finite SAGBI basis. The details of the syzygy module computation, for
algebras with a finite SAGBI basis, can be found in Miller (1996, Section 5).

Step 6: If syz,(f1,—f2) is a principal A-module, stop. From Lemma 5.6, the sequence
f1, f2 is regular on A if and only if syz o(f1, —f2) is a principal module. Therefore, using
Corollary 5.3, if syz 4(f1, —f2) is principal then A = k[V].

Step T: By construction, fi, fo is a reqular sequence in k[V]% and therefore syzk[v]c(fl,
—f2) is a principal k[V]%-module with generator (fa, f1). Hence for each generator,
(h1,ho) € syza(f1, —f2) C syzyqve (fi, —f2), we have (hi, ho) = c(f2, f1) forc=hi/fs €
k[V]¥. For each generator, add the corresponding c to C. Go to Step 3.
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PrOOF. The algorithm generates an increasing sequence of R-submodules of the Noethe-
rian R-module k[V]¢. Therefore the algorithm terminates. O

REMARK 5.8. In practice, it is probably best to combine Algorithm 5.7 with a certain
amount of “preprocessing”. We can start Step 5 with any subalgebra of k[V]¢ contain-
ing the set C. One might as well include any known invariants before computing the
generators of the syzygy module.

REMARK 5.9. In Algorithm 5.7, we need the hypothesis that the height of the image
of the transfer is at least 2 in order to guarantee the existence of a suitable f; and fs.
We can rephrase this restriction. The reduced variety corresponding to the image of the
transfer is the set V described in Remark 5.5. The height of the ideal Im Tr% is the
codimension of the variety, V. The codimension of a union of subspaces is the minimum
of the codimensions of the subspaces. We wish to exclude height 1. This means that Vg,
or equivalently V7, must have codimension at least 2 for every o € G of order p. The
subspace V7 is a codimension 1 subspace of V' if and only if o is a (pseudo) reflection of
order p (i.e. a transvection). Thus Algorithm 5.7 applies as long as the representation V'
is triangular and G contains no transvections.

REMARK 5.10. There is a variation on Algorithm 5.7 in which the finitely generated
algebra A is identified with a quotient k[IWW]/I. The syzygy module calculation can then be
performed in k[W]. This means that SAGBI basis is not required and the representation
need not be triangular. However, when using this approach it is necessary to construct a
generating set for the ideal I. This can be quite difficult.

EXAMPLE 5.11. Suppose k has characteristic p > 2 and consider k[Va ® V5)%/7. Let
{y1,x1} be a triangular basis of V5" where y; is a distinguished variable. Let {29, y2,z2}
be a triangular basis of V5" where 25 is a distinguished variable. A relatively simple
calculation gives Tr2/P(y?~') = —2P~'. Thus x; and z, lie in the radical of the image
of the transfer and we may apply Algorithm 5.7 with f; := 21 and fy := x5. For the
initial iteration, A is generated by the homogeneous system of parameters and the image
of the transfer. However, using (Shank and Wehlau, 2002, Section 5), we know that
k[VgEBVg]Z/P contains three “rational invariants”, u := y1 o —yox1, d := y% —2X929 —T2Yo
and w = y%zg + x1y172 — 221Y1Y2 + x%z% which, at least for general p, are not in A
(this can be easily verified for small p using MAGMA (Bosma et al., 1997)). Therefore
Z1,x9 is not regular in A, syz,(x1, —z2) is not a principal A-module and, referring
to Remark 5.4, x1,x2 are not non-associate primes in A. To see this last fact directly
note that TrZ/P(uy?™') = —ua?™, TeZ/P(wyp™ ) = —wab ™ and Tv2/P(uwyh ™) =
—uwzh ! are all in A. Thus (ua? ') (w2l ') = (uwab ')(x? )z, € (21)A. However
neither uz? ™" nor wah ™' lie in (x;)A. Therefore (21)A is not a prime ideal. To see the
algorithm in action, start with the fact that Tv2/P (uyiyt ™ ~") = —uziz? "% € A. Thus
(ua? 2 zg, uz? ") lies in syz 4 (1, —x2) and the first iteration of Step 7 would add ua? >
to A. However, judicious use of Step 4 would have produced a generating set and Step 5
would then have produced a principal module. A finite SAGBI basis for k[Vs @ V5]%/? is
given in Shank and Wehlau (2002, Section 5).

See Remark 8.1 for a second example.
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REMARK 5.12. At the beginning of this section we assumed that R contains no zero-
divisors. This was done to (slightly) simplify the discussion and because it is true for all
our applications. However, this assumption is not really necessary; all that is required is
that the elements f; and f> with respect to which we localized must not be zero-divisors.

6. Cohomology

To apply the method of ladders described in Section 7 to a modular representation
will require group cohomology computations for the cyclic group Z/p. In this section we
develop the group cohomology results we will need.

For a Z/p-module M, the first cohomology group of Z/p with coefficients in M is given
by

1 kernel(Tr | ar)
H(Z/p, M) = image(Al|ar)
A Z/p-module decomposition of M gives a vector space decomposition of H(Z/p, M).
Using the fact that Tr = AP~ we see that H'(Z/p,V,) = 0 and, for n < p, any
element v with A" !y # 0 represents a non-zero class in the one-dimensional vector
space H*(Z/p,V,). One way to identify such an element is to chose a non-zero element
u € V,LZ/p and then to find v such that A" 'v = u. A detailed discussion of group
cohomology may be found in Evens (1991).

Consider a Z/p-module W and decompose W into a direct sum of indecomposable
Z/p-summands: W = 692:1 Wi where W; = Vi w,) for all 4. As usual we choose a
distinguished variable z; € W;* for each ¢ and use the corresponding triangular basis for
W;. Also as usual we let N; denote the norm of z;. Let B := k[Ny,..., Ny].

Suppose f € k[W] and consider the norm decomposition f = f1Ny + foNa + -+ +
fiN; + 7. Since N; € k[W]%/P, Tr(f) = Tr(f1)Ny + - + Tr(fi) Ny + Tr(r) and A(f) =
A(f1)N1+ -+ A(fi)N¢ + A(r). Thus f represents an element of H(Z/p,k[W]) if and
only if f; fori = 1,...,t and r represent elements of H'(Z/p,k[W]). Similarly, [f] = 0 if
and only if [f;] =0fori=1,...,¢ and [r] = 0.

LEMMA 6.1. N; acts injectively on H(Z/p,k[W]).

PROOF. Suppose f represents an element of H(Z/p,k[W]) and N;[f] = 0. Then fN; =
Ah for some h € k[W]. Divide h by N; to get h = ¢N;+r with deg, (1) < p. Thus A(h) =
A(q)N; + A(r) and, since A does not increase the zi-degree, we have deg, (A(r)) < p.
However, we also have A(h) = fN;. Therefore, using the uniqueness of the division
algorithm, A(r) =0 and A(q) = f. Thus [f] =0. O

Note that if U is a vector space over k, then B®y U is a free B-module of rank dim(U).

PROPOSITION 6.2. HY(Z/p,k[W]) is isomorphic to the free B-module B @y H'(Z/p,
K[WP).

Proor. Note that k[W] is isomorphic to the free B-module B @y k[W]’. Also k[W]" is
a Z/p-submodule of k[W] and B C k[W]%/P. Thus
H'(Z/p,X[W]) = H'(Z/p, Box K[W]") = B e H'(Z/p, kW)

as required. O
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The multi-grading of k[W] described near the end of Section 2 is inherited by H*(Z/p,
k[W]).

COROLLARY 6.3. The free B-module H'(Z/p,k[W]) is generated in multi-degrees (dy, . . .,
dy) with d; < p — dim(W;).

Proor. It follows from Proposition 6.2 that a vector space basis for H'(Z/p, k[W]’) gives
a generating set for the free B-module H'(Z/p,k[W]). Furthermore one can choose a
basis for H'(Z/p, k[W]?) with one basis element for each non-free Z /p-module summand
of k[W]’. In fact the basis element can be represented by an element of the summand
and has the same multi-degree as the summand. It is easy to see that

K(Wlia, ) KWLy, @K[Waly, @ - @ K[Wi]7,.

From Almkvist and Fossum (1978) (see also Hughes and Kemper, 2002, Lemma 2.10),
k[Vnm is a free Z/p-module for all d > p — n + 1. Since the tensor product of any
finite dimensional Z/p-module with a free Z/p-module is free (see, for example, Alperin,
1986, IT Section 7 Lemma 4), we see that k[W]?dlm.,dt) is free if any d; > p — dim
(W;) + 1. Therefore the B-module generators lie in multi-degrees with d; < p — dim

(Wl) +1. 0O

In Section 8 we will need to understand H'(Z/p,k[3V5]) as a module over k[3V5]%/P.
We use the notation introduced in Section 4. Using Proposition 6.2 and Corollary 6.3,
it is sufficient to consider k[3V3] in multi-degrees (di,ds,d3) with d; < p —2. If p = 2,
we are left with a single generator in degree zero and H*(Z/2,k([3V5]) is isomorphic to
K[N(y1), N(y2), N(ys)].

Assume p > 2. Let M denote the subspace of k[V3] given by M = Zz;g k[Va2]4. As
a graded Z/p-module, M is isomorphic to V3 & Vo & -+ & V,,_1. Furthermore H*(Z/p,
k[3Vo)°) = HY(Z/p, M®3). Thus it is sufficient to consider (V; @ Vo @ --- @ V,_1)®3. In
degree 1 this gives 3Va. A basis for the invariants is given by {z1, 22, 23} and a basis for the
cohomology is given by {[y1], [y2], [y3]}. In multi-degree (1,1, 0) we have Vo@ Vs 2 V3d V4
(see Alperin, 1986, p. 50). Since A?(y1y2) = 2z172 we can choose yjy2 as a generator
for V3 and uio = y122 — x1y2 as a generator for V;. The analogous results hold for the
multi-degrees (1,0,1) and (0, 1,1). In multi-degree (¢,0,0) with ¢ < p — 1 we have Vy44
generated by y{.

In the next lemma we consider how the invariants z; and z7 act on the cohomology
classes represented by certain simple monomials.

LEMMA 6.4. Suppose £ <p—1 andi # j. Then x;[yf] = 0 and, if € > 0, 22[y;y' '] = 0,
but x;[y5] # 0.

PROOF. We first show that x;[y{] = 0. The proof is by induction on ¢. For ¢ = 0 we have
A(y;) = z; and thus z;[1] = 0. Suppose 0 < £ < p — 1. Using the definition of A we have

S+
Ay = (04 Dayt™ + Z ( . )xgyfﬂg
t=2

€+1—t

(2

By induction, if ¢ > 1 then z;[y
a;ly;] = 0.

] =0. Since £ < p—1, £+ 1is a unit in k and
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Next we show that x? [yjyf*1

have [uijziyl '] = wijzi[yl '] = 0. Using the definition of u,; gives ;x;[y!]—2?[y;y
0. Thus z2[y;y" '] = z;x;[y{] = 0. For i > j, repeat the argument using ;.
Finally we show J;z[yf] # 0. Suppose first that j = 1 and ¢ = 2. The multi-degree
component (£,1,0) of M®? is isomorphic to Vi1 ® Vo = Vyyro @ V,. Note that for any
f € k[V], either A(f) = 0 or deg,(A(f)) > deg,(f). Therefore y{ys generates Vi o
and the corresponding invariant, A“1y%ys is a non-zero multiple of x{zy. The second
invariant in this bidegree is xﬁ_lulz. Thus the generator, h, of the summand isomorphic
to V lying in multi-degree (¢, 1,0) must satisfy deg, (h) > £. Therefore we may take this

| = 01if £ > 0. First suppose i < j. Using our first result we
Efl]

%

generator to be a linear combination of xlyfflyg and y{z,. Using the fact that A is a
twisted derivation, A(y{ys — y{z2) = 12 A(yf) + 22yf and zo[yf] = —[y2A(yY)]. However

¢
N L,
P A(y)) = 3/2; <t>miyf !

4
_ AN _
= typryy 2ty (t> 2y "
t=2

Thus using the fact that 3 [yay} '] = 0 we have [y2A(y{)] = fx1[yayi*]. Combining this
with our earlier calculation gives zo[yf] = —fx1[y2yf]. Thus zo[yf] + fz1[y2y{] = 0 but

any other non-zero linear combination may be chosen to generate V;_;. Hence z»[yf] # 0.
The analogous argument works for all choices of 7 and j. O

In multi-degree (1, 1, 1) we have Vo@Va® Ve = (V3@ Vi )®@Va. For p = 3 this is isomorphic
to 2V3@ V5 and {[u2ys]} is a basis for the cohomology. For p > 3 we have V3@V, 22 V&V,
and so the module is isomorphic to Vj @ 2Va. A simple computation gives A3 (y1y2y3) =
6$1£2$3. AISO7 note that Y1U23 — YaU13 + Ysuiz2 = 0 and T1U23 — ToU13 + T3Ui2 = 0.
In this multi-degree a basis for the invariants is given by {zjxoxs, x1uss, z3ui2} and
{[y1y2ys], [yruas], [u12ys]} is a basis for the cohomology.

THEOREM 6.5. Take p = 3. Then H'(Z/3,k[3V3]) is the free k[N (y1), N(y2), N(y3)]-
module generated by {[1], [y1], [y2], [ys], [u12], [w1s], [uas], [u12ys]}. As a module over
k([3V5]%/3, HY(Z/3,k[3Va]) is generated by {[1], [y1], [v2], [ys]} The action of k[3V5)%/3
is determined by xz;[y;] = 0, z1[y2] = —wx2fy1] = wi2[l], z1lys] = —z3[y1] = wis[l],
Talys] = —w3ly2] = uzs(l], and ugsfyi] = —wisly2] = wilys].

PrOOF. For p = 3, M = V; & V5 and each non-zero multi-degree was discussed in the
paragraph preceding the statement of the theorem. It remains to show that the action
of HY(Z/3,k[V]) is as described. Note that A(y,y; — z;y;) = z;y; + x;y;. Thus, if i = j

we have [z;y;] = 0 and if ¢ < j we have [u;;] = [z — ziy;] = 2[xjy] = —2[ziy;]
and x;[y;] = —x;[y;] = wi;[1]. A straightforward computation gives A(y1y2ys — wi2ys +
U23Y1 — T123Y2) = Y1uazz — Ysui2. Thus usz[yi] = wi2[ys]. Since yiusz — youiz +ysu12 =0,
we have u13[ys] = uaz[y1] + wi2[ys] = —uialys]. O

7. Ladders

Suppose that p is the characteristic of k and G is a p-group. Then there exists a
normal subgroup, N, with G/N isomorphic to the cyclic group of order p, Z/p. The ring
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of invariants is given by
k[V]Y = (k[V]M)SN = (k[V]V)?/7.

Suppose we have computed k[V]¥. More precisely, suppose we have a short exact

sequence of Z/p-modules 0 — J A= k[ai,...,ar] = k[V]N — 0. This gives rise
to a long exact sequence in group cohomology

0 — J2/7 — AZIP — K[VIO—H (Z/p..]) &> H'(Z[p, ).

All of the maps in this long exact sequence are A%/P-module maps. Furthermore k[V]% is
generated by p(A%/P) and the preimage of the A%/P-module generators of the kernel of i'.

We may choose the ring A so that A = k[IW] for some graded Z/p-module W. One
way to do this is to take W to be @;”:Ik[V];V for a sufficiently large m. In practice one
should choose W so as to minimize dim(W).

As in Section 6 we can decompose W, choose distinguished variables, and construct
norms. Let B = k[Ny, ..., Ny|. From Proposition 6.2, H!(Z/p, A) is a finitely generated,
free B-module.

PROPOSITION 7.1. ImTr® C p(AZ/?).

PROOF. The action of G/N = Z/p on A induces an action of the group ring of Z/p
on A. Thus Tr acts on A and Tr(A) C A%/P. Since p is a map of Z/p-modules, we have
poTr = Trop. Furthermore, p(A) = k[V]" implies Im Tr™Y C p(A). Either by interpreting
Tr as the relative transfer, Tr§ (see Shank and Wehlau, 1999 for details), or by direct
observation, we see that Tr® = TroTr"V. Thus ImTr¥ = Tr(Im Tr") C Tr(p(A)) =
p(Tr(A)) C p(AZ/7). O

REMARK 7.2. As a consequence of the proposition, as long as G/N, in its action on W, is
not generated by a transvection, we can use p(A%/P) as input to Step 5 of Algorithm 5.7
(see Remark 5.8) to compute k[V]%. Thus replacing the cohomology calculation with a
syzygy module calculation.

For a p-group G there is a composition series {e} = Gy <Gy <G <-4 Gppy1 =
G with G;.1/G; = Z/p. Using the above method we may first compute k[V]%2 =
(k[V]G1)E2/G1 Then having computed k[V]%? we may again use the method to compute
k[V]%s = (k[V]©2)%3/G2. Continuing in this manner we may finally compute k[V]¢ =
(k[V]Gm)G/Gm | This iterated process is the ladder algorithm for computing k[V]%. The
strength of the ladder algorithm is that at each rung we are computing the invariants
and group cohomology with respect to the relatively simple group G;y1/G; = Z/p.

8. An Example: k[2V3]V3

Here we illustrate the ladder algorithm by using it to compute the invariants of an
interesting representation of a non-Abelian group of order p°.
Let k be a field of characteristic p and let V3 be a three-dimensional vector space over

k. Choose a basis, {x,y, z} for V5 and define
1 b

G=U;:= 0 clla,bceF, ;,
0 1

O = Q
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with the action on V5" given by

1 0 0
z< |0, y— |11, z+ |0
0 0 1

Let 3 denote the element of Us formed by taking a = 0, b = 1, and ¢ = 0. Let «
denote the element formed by taking a = 1, b = 0, and ¢ = 0. Let v denote the element
formed by taking a = 0, b =0, and ¢ = 1. The (pseudo) reflections «, 3 and - generate
Us. The invariants x, N(y) and N(z) form a homogeneous system of parameters for
k[V3]Y such that the product of the degrees equals the order of the group. Therefore
k[V3]Ys = k[z, N(y), N(2)] (see, for example, Smith, 1995, Proposition 5.5.5).

Consider the representation of Us afforded by W = V3® V3 = 2V3. Since Us is generated
by elements that act on W as bi-reflections, the representation satisfies Kemper’s criteria
(Kemper, 1999, Corollary 3.7) and the invariants could be Cohen-Macaulay. In fact a
simple MAGMA (Bosma et al., 1997) calculation shows that for p = 2 the invariants
are Cohen—Macaulay. Using Kemper (2002, Theorem A) we know that the depth of the
invariants of the isotropy subgroups give an upper bound on the depth of the invariants.
However, for the representation W, all proper isotropy subgroups have Cohen—Macaulay
rings of invariants so this result imposes no restriction on depth(k[W]Ys). Thus there
appears to be no simple method for deciding whether or not k[W] Us is Cohen—Macaulay
for p > 2.

Using the ladder algorithm we will compute a complete list of generators for k[WW]Ys
for the prime 3. The limitations of our computing resources prevent us from obtaining a
complete list of generators for k[W]Y for primes greater than 3. However, the method
does provide enough information for us to prove that k[IW]Ys is not Cohen—Macaulay for
all primes p > 3.

REMARK 8.1. Using Remark 5.5 one sees that xN(y) lies in the radical of the image
of the transfer in k[V3]. Therefore, in principle, one can construct a generating set for
k[2V3]Ys using Algorithm 5.7 with f; := 21 N(y1) and fa := 29N (y2). We were able to
do this calculation, using MAGMA (Bosma et al., 1997), for p = 3. However the p = 5
calculation was beyond the capabilities of the computers and algorithms at our disposal.

Take GG1 to be the subgroup generated by 3 and let G5 be the subgroup generated by
« and 3. We have a two rung ladder G; <G> < G.

The action of 8 on W is the action of Z/p on 2V; @ 2V,. Using Campbell and
Hughes (1997), we see that k[W]? is generated by x;, y;, Ns(zi) := 2F — zz?~" and
ug = 212 — 221 Take Ay :=k[x1,y1, N1, x2,y2, No, Ug] with o(V;) = N; and o(Up) =
Ugs. Define p; : Ay — k[W]? by p1(N;) = Ng(z) and p;(Us) = ug. Then p; is an
a-equivariant algebra epimorphism and the kernel of py, Ji, is the principal ideal gener-
ated by 7 := Ug — 2b N1 + 2) Ny — (z122)P~ 1 Up.

LEMMA 8.2. The inclusion of Jy into Ay induces a monomorphism from H({a),J1) to
H({a), A1) where (o) = Z/p.

PROOF. An element in H'((a), J;) which maps to zero in H'({(«), A;) is represented by
rf with f € Ay and rf = Ah for some h € A;. View h and 7 as polynomials in U. Since r
is monic in U we can divide h by 7 to get h = qr + ¢ with degy; () < degy (1) = p. Apply A
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and use the fact that r is a-invariant to get rf = Ah = (Aq)r+AL. Thus Al = (f—Aq)r.
The operator A does not increase the U-degree of a polynomial. Therefore deg; (Af) < p.
However deg;;(r) = p. Thus f — Ag = 0. Therefore A(rq) = rf and rf represents zero
in H1(<Oé>, Jl) O

As a consequence of the lemma, p; induces an epimorphism from A§ to (k[W]%)* =
k[W]%2. The action of a on the generators of A; is the action of Z/p on 3V; @ 2V5. Again
using Campbell and Hughes (1997), we see that k[W]92 is generated by z;, N (y;) = y¥ —
yimffl, Ug 1= Y122 — Y221, Ng(z) and ug. Take Ay := k[x1, H1, N1, 2, Hy, N2, U,, Ug]
with v(N;) = N; + H;, v(Ug) = Ug + U, and the other generators invariant. Define
p2 : Ag — K[W]% by po(H;) = N(yi), p2(Ni) = Np(2:), p2(Ua) = tq and pa(Ups) = ug.
Then py is a y-equivariant algebra epimorphism. Let J; denote the kernel of py. A
straightforward Grobner basis calculation can be used to show that the kernel of the
map from A, to k[WW], given by py followed by inclusion, is generated by r := Ug —
YNy + 2V Ny — (z129)P " Up and s := Ar = UP — 2 Hy + 2§ Hy — (2122)P~1U,. Thus we
conclude that Js is generated by r and s.

The action of v on Ay is the action of Z/p on 2V & 3V5. Again using Campbell and
Hughes (1997), we see that AJ is generated by z;, H;, Ny(N;), Us, N, (Ug), Ura =
N1H2 — Nng, U13 = Nan — ]{1(]57 U23 = NQUa - HgUﬂ and TI‘(NlelNgzUES) for
e;j < p—1. Using Corollary 4.4, we need only include transfers with eq +ea+e3 > 2(p—1).
Applying ps to this set gives

A= {zi, N(yi), N(z) | i = 1,2} U {ua, Ny(ug), w2, u1s, uzs}
U{Trg2(Nﬁ(Zl)elNﬁ(ZQ)ezugg) le; <p—1ande; +ex+es>2(p—1)},

where w1z = p2(Ur2) = Ng(21)N(y2) — Na(22)N(y1), wiz == p2(Uiz) = Ng(21)ua —
’LLBN(yl) and U3 = p2(U23) = Ng(z’g)ua — uﬂN(y2).

The ring k[W]¢ is generated by the union of A and the preimage of a set of AJ-module
generators for the kernel of the map from H!({v), J2) to H'({v), A2).

We now turn our attention to the kernel of i' : H'({v),.Jo) — H({7), A3). Define
s’ =5 —UP = 2YHy — 25 Hy — (z129)P" U, and let K denote the AJ-submodule of
H({v), A3) consisting of the classes annihilated by s’.

LEMMA 8.3. There is an epimorphism, say ®, of A3-modules from K to kernel(i) which
takes a class represented by h € Ay to an element represented by sh in kernel(it). If £ € Ay
with AL = sh then the connecting homomorphism takes ps(£) to [sh].

PROOF. Since s € A, if h = I/ + Am then sh = sh/ + A(sm) and, thus, sh and sh’
represent the same class in H*(Z/p, .J>). Therefore multiplication by s gives a well defined
map from H(Z/p, As) to HY(Z/p, Jo).

Elements in AJ contained in the image of the transfer annihilate all elements of
HY(Z/p, As) (see, for example, Kemper, 2001, Corollary 2.4). Furthermore, Tr(Ug_an)
= UP. Thus s and s’ = s — U? annihilate the same submodule of H'(Z/p, As). Hence
if we restrict to K then [sh] € kernel(i!) and we have a well defined map from K to
kernel(i'). Since AJ is a commutative ring, this is a map of AJ-modules.

Suppose 1 € kernel(it). Then p = [Af] for some f € Ay. View f and r as polynomials
in U = Us and divide f by r to get f = gr + ¢ with degy(¢) < p. Thus ¢ = f — gr
and Al = Af — A(qr). Since gr € Jo, A(qr) represents zero in H'(Z/p, Jo). Thus Al
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and Af represent the same element in H*(Z/p, Jo) and p = [Af]. Furthermore, A does
not increase the U-degree. Therefore deg;,(Af) < p and, since degy (r) = p, Al lies in
the principal ideal generated by s. Thus p = [Af] = [sh] for some h € A,. However
w € kernel(i') implies [h] € K. Hence the map is surjective.

Suppose that ¢ € Ay with Al = sh. Note that A gives the first differential in the
cochain complex used to compute H*(Z/p, A3). As a consequence, using basic homolog-
ical algebra, the connecting homomorphism takes ps(¢) to [sh]. O

Suppose that h € A] . Then A(hr) = hA(r) = hs and, if Tr(h) = 0, [h] € K and
®([h]) = 0. Thus & determines an epimorphism of AJ-modules from K., to kernel(i')
where K, is the quotient of K by the submodule of cohomology classes represented by
elements of AJ.

THEOREM 8.4. The AJ-module kernel(i') is generated in degrees greater than 3p.

PROOF. Since ® increases degree by 2p, it is sufficient to show that K, is zero in
degrees less than or equal to p. From Proposition 6.2, H'(Z/p, As) is a free module
over k[r1, 72, N (N1), N, (N2)]. Furthermore, any basis for H'(Z/p, A3) gives a set of
module generators. Recall that deg(N;) = deg(H;) = p and deg(Up) = deg(Uan) = 2.
Therefore, if we restrict to degrees less than or equal to p we can take UZ[1], [N1], [Na],
and Ug;[Ué] with i < (p—1)/2 and j+ ¢ < (p — 1)/2 as the generating set. Since
we are interested in K. we may omit U![1]. Using Lemma 6.4, U, [Ué] = 0 and so we
can take j = 0. Let f := ¢y N7 + coNoy + 03Uf; where c¢1,c2 € k and ¢3 € K[z, z9]
with deg(c3) < p — 2¢. Suppose s'[f] = 0. Using Lemma 6.4, [H1N;] = [Ha2N3] =
[UaU] = 0. Thus s'[f] = alei[N1Ha] + 2lcs[HyUf) — aheo[HiNy) — abes[HYUS) —
(2122)P U (1 N1 + c2N3)]. We may assume that f is homogeneous. If deg(f) < p
then ¢; = ¢ = 0 and §'[f] = 03(x’1’[H2U§] - ;z:g[HlUg}). From Lemma 6.4 and Propo-
sition 6.2, (2}[HyUg] — ah[H\Uf]) # 0. Thus ¢3 = 0 and f = 0. If deg(f) = p then
deg(cz) = p— 20> 0 and {2}, 2}, c32!, c3ah, (x122)P~1} is a linearly independent subset
of k[xy,x9]. Therefore ¢1[HiNa| = co[HaN1] = 03[H1U§] = 0. Again using Lemma 6.4,
[H1N5] # 0, [HoN7] # 0 and [HlUf;] #0. Thus ¢y =co=cs=0and f=0.0

THEOREM 8.5. For p = 3, k[2V3]Y is generated by A and one additional generator:
K= (ug_l — (a:lxg)p_l)ulg(u% — UgUg)

— ahug3(Ng(27) — N(y1)Na(z1)) — afurs(Ng(23) — N(y2)Ns(22))
— (27N (y2) + 25N (y1)) (N5 (2122)up — uious +u2sNg(21) — N(y1)uaNp(22)).

PROOF. We use the description of H'(Z/3,3V5) given in Theorem 6.5. Since we are
interested in identifying K, we may omit cohomology classes represented by invariants.
Thus it is sufficient to consider the module generated by [N1], [N2], [Ug], and Ui2[Ug].
Since UaUlg[Ug] = 0, H1U12[U5] =0 and HQUlg[Ug] = O, we see that Ulg[Ug] is in Kfy.
To describe the corresponding invariant we need to find f € Ay such that A(f) = sU12Upg.
Let h := NyNoUg — U12Upg + U3 Ny — HiU,Ns. Referring to the proof of Theorem 6.5,
we see that

U A(Uf — UaUp) = 2UaU12Up
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HiA(h) + Uz A(NE — N1 Hy) = 2H,U15Up
HyA(h) + Uiz A(NZ — NoHy) = HolUyoUp.

Let f1 = Ulg(Ug - ljaljg)7 fQ = H1h+ U23(N12 — NlHl), f3 = H2h+ U13(N22 — NQHQ)
and f:= fi(UP™ — (2122)P7 1) — foah — f32}. Then A(f) = s(2U12Up) and pa(f) = & is
the corresponding invariant.

We still need to examine the contribution to K, from the module generated by [Ni],
[N2] and [Ug]. Multiplication by s’ induces a map from this module to the module
generated by [Usz], [U1s] and [Uss]. Using Theorem 6.5 we see that the matrix representing
s is

—x:{’ —x% 0
(v122)? 0 —b
0 (r179)% 3

A generator for the kernel is given by (23, —23, (z122)?). In other words we get one more

generator for K., 23Ny — 23Ny + (2122)*Up = UE’ — r. However
A(r(r — s+ Ny(Ug)) + sUsUa(Us — Ug)) = s(Uj — 7).

Thus the corresponding invariant is zero. O

REMARK 8.6. For p = 2, k[2V3]Y# can be computed rather quickly using the invariant
theory packages in MAGMA (Bosma et al., 1997). When we first considered the prob-
lem, the p = 3 computation was beyond the capabilities of our computing facilities. Our
original calculation for p = 3 was based, essentially, on Algorithm 5.7. The ladder calcula-
tions evolved out of an attempt to better understand the result and a so far unsuccessful
attempt to extend the calculation to p = 5. Recently, Gregor Kemper, using a computer
with 4 GB of RAM, has been able to construct a generating set for p = 3 using the
invariant theory packages in MAGMA. His calculations agree with ours. As far as we
know, no one has been able to construct a generating set for p = 5. The most effective
approach to the p = 5 problem may well be the hybrid of Algorithm 5.7 and the ladder
technique consisting of using the algebra generated by A as the input to Step 5 of Algo-
rithm 5.7. For p = 2, k[2V3]Y# is Cohen-Macaulay. As we prove below, for p > 2, the
invariants are not Cohen—Macaulay. This at least partly explains the dramatic increase
in computational complexity in passing from p = 2 to 3.

THEOREM 8.7. If p > 2, then k[2V3]Y3 is not Cohen—Macaulay.

PrROOF. We will show that the partial homogeneous system of parameters {z1, N(y1),
N(y2)} is not a regular sequence in k[2V3]Ys. Clearly {z1, N(y1)} is regular. Thus it is
sufficient to show that N (yz) is a zero divisor in k[2V3]Y3 /(x1, N (y1))k[2V3]Y3. We break
the argument into two steps.

Step 1: Show that uf;uf, 2N (y2) — (u12N, (ug) + uizussul2)N(y1) € (71)k[2V3]Ys.
Step 2: Show that u2;ul=2 & (z1, N(y1))k[2V3]Y5.

PROOF OF STEP 1. Observe that ujaus — u13N (y2) + u2sN(y1) = 0. Thus

utsul 2N (y2) — urzuozul 2N (y1) = urzul 2 (uiz N (y2) — u23N(y1))

—2
= U13U£ U12Uq
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and uigul >N (y2) — (u12N, (ug) + uizuzsul, ?)N(y1) = urz(uizul ' — Ny(ug)N(y1)).
A simple calculation using the definitions of the appropriate invariants gives ujzu? ! —
N, (ug)N(y1) = 0 (mod (z1)k[2V3]). Therefore there exists f € k[2V3] such that wu;3
uP~t — N, (ug)N(y1) = z1f. Since z1f and z; are both elements of k[2V3]Y* we have
f € k[2V3]Y3 concluding the proof of Step 1.

PROOF OF STEP 2. We use the graded reverse lexicographic order with 1 < y; <
21 < w3 < ya < z9. Suppose uizuP~2 = fN(y;) + hxy for f,h € k[2V3]Y3. Since
LM (u25ul2) = abyP 22" > LM(hz) we have LM(u2;u2~2) = LM(fN(y1)). Therefore
LM(f) = 25227, We will show that there is no element of k[2V3]Vs with this lead mono-
mial. Using Theorem 8.4 we see that we need only consider elements in the algebra
generated by A. Elements from A of the form Trgz(Ng(zl)elN5(22)e2 uz’) have degree
p(er + e2) + 2e3 and must satisfy e¢; < p— 1 and e; + e3 + e3 > 2(p — 1). The smallest
possible degree for such an element is 2(p — 1) +p? and comes from taking e3 = p— 1 and
e1+ex =p. Aslong as p > 2, p?> +2(p—1) > 3p and so we can restrict to the subalgebra
generated by

{zs, N(yi), N(z:) | i = 1,2} U{ua, Ny(ug), w12, u13, u2s }.

The corresponding lead monomials are
2
{zi,uf, 20 |1 =1,2 U{yiaa, (2122)", (2192)", 21 Y122, 25 Y172}

Clearly xngp is not a product of monomials from this list. Therefore f comes from a
téte-a-téte. All of our generators are homogeneous with respect to the bidegree so the
téte-a-téte must occur in bidegree (2p,p). The monomials of bidegree (2p,p) which are
greater than #5222 are of the form z;”m where m has bidegree (0,p) and m > . Since
there are no téte-a-tétes generated by monomials of this form, there is no suitable f. O
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