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Abstract 

We want to examine line-free subsets of  projective spaces over GF(2) especially from an 
intersection-set point of  view. In this paper, we describe incidence equations for such sets. 
For every n~>3, we construct a line-free subset (or cap), X,, of PG(n,2),  which meets every 
hyperplane in at least 2" 3 points. We make use of  the incidence equations and other meth- 
ods to show that, remarkably, up to isomorphism, the set Xn is the unique set having these 
two properties for n = 3, 4, 5. The cases n = 3,4 are small enough to handle directly. The 
result for n -- 5 was in fact established in Fugrre et al. (J. Combin. Designs 2 (5) (1994) 
287-299) using a labourious, detailed case by case analysis. One of  the motivations for that 
result was to decide the chromatic number of  PG(5,2).  We also establish various sporadic 
results on r-intersection-sets in PG(n,2)  when n = 5,6. 

A M S  classification: primary 51 E 15; secondary 05 B 10 

Keywords: Caps; Codes; Projective geometry; Blocking sets 

1. Definitions and notation 

For  n~>2, we denote  by P G ( n , 2 )  the finite project ive  space o f  d imens ion  n over  

[J: : =  GF(2) ,  the field o f  order  2. W e  can construct  P G ( n , 2 )  as fol lows.  Let  F n+l denote 

the (n + 1)-dimensional  vector  space over  1- : =  GF(2) .  The  e lements  (or points)  o f  

PG(n ,  2) are the one-d imens iona l  subspaces o f  0 :n+l.  Each such subspace is represented 

by the nonzero  vector  conta ined in it. For  ease o f  notation,  i f  {e0 . . . . .  en} is a basis 

o f  I :n+l and x is an e lement  o f  P G ( n , 2 ) ,  i.e., {0,x} is a one-d imens ional  subspace o f  

F ~+1, then we denote  x by a l . . . a =  where  x = ea~ + " " - t - e a ~  is the unique  expansion 

o f  x in the g iven  basis. For  example ,  the e lement  x = e0 + e2 + e3 is denoted  023. We  

shall call e lements  o f  P G ( n , 2 )  words and we say that a l . . - a =  is a word  o f  length s 
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(with respect to the basis {0 . . . . .  n}). The structure o f  I :n+l as a vector space induces 

an analogous structure on PG(n,2) .  In particular, we can add elements of  PG(n ,2 )  

by adding their representatives. The three points of  PG(n ,2 )  x, y and z form a line if 

x 4- y = z. Note that in this case we also have x 4- z = y and y 4- z = x. 
A subset X of  PG(n, 2) is called independent if it is line-free. Moreover, it is called 

linearly independent if it is linearly independent when considered as a subset o f  U -n+l . 

For 2<~k<~n, a subset K c_ PG(n, 2) is a k-flat if K U {6} is a (k + 1)-dimensional 
subspace of  U :n+1. Note that a k-flat is isomorphic to PG(k,2) .  

Aplane is a 2-flat, a hypersolid is an ( n - 2 ) - f l a t  and a hyperplane is an ( n -  1)-flat. 

The complement o f  a hyperplane is called an affine subspace of  PG(n, 2) and denoted 

by AG(n,2) .  Denote by Jt ~ the set o f  all hyperplanes. Now it is well known that 

K E ~ if and only if there is a u0 E PG(n ,2 )  such that 

K = { u 0 }  ± : = { v E ~ G ( n , Z ) : v . u 0 = 0 } ,  

where • represents the usual inner (or dot) product on I :n+l. 

A set C is said to be an r-intersection-set of  PG(n ,2 )  if [C A Kl>~r for all 
K E ~ut~. Moreover, C is a minimal r-intersection-set if no proper subset o f  C is an 

r-intersection-set, i.e., every proper subset C '  o f  C meets at least one hyperplane in 

less than r points. Moreover, a hyperplane H E ~ is said to be critical for the 

r-intersection-set C (or briefly critical) if IC • H I = r. Note that C is a minimal 

r-intersection-set iff every element of  C belongs to some critical hyperplane. Moreover, 
it is easy to see that every r-intersection-set A contains a minimal r-intersection-set C. 

Indeed, let A1 : :  A\{xl }, where xl is a point of  A (if any) that does not belong to any 

critical hyperplane. If  A1 is a minimal r-intersection-set, then we are done. Otherwise, 

we continue in this fashion to define the set C. 

Let K 1 and /£2 be two hyperplanes. Then there are two elements xl and x2 such 

that K/ = {xi} ±, i = 1,2. Then the hyperplane consisting o f  all elements orthogonal 

to Xl + x 2  is denoted by Kl +/£2,  i.e., K1 + K 2  :=  {Xl + x 2 }  ±. Clearly, ~G(n ,2 )  = 
Kl U K2 U (K1 + K2 ) and, moreover ,  Kl A K2 = K1 (1 (KI 4-/(2 ) = K2 I-/(K 1 4- K2 ) is a 

hypersolid (i.e., is =~ PG(n-  2,2)). 

2. Counting with polynomials 

Let C C  PG(n ,2 )  and put t :=  IC]. For O<~i<~t, define 

ni :=  I{K E ~ : I K  n C] = i}[. The set {i:ni # 0} is called the character of C. Note 
that if  C is a minimal r-intersection-set, then since every point o f  C lies in a critical 

hyperplane, we have nr >1 ]C[/r. 
Consider the following equations (cf. Glynn, 1982): 

Clearly, 

ni = 2 "+1 -- 1, 
i 
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and count ing  the n u m b e r  of  pairs { p , K }  where K C , ~  and p E C  A K ,  we find 

i n i = ( 2  n -  1)t. 
i 

Now count ing  triples {P l ,  P2, K} where K ~ . ~  and {P l ,  p2} C_ C • K gives 

Moreover,  suppose that the set C is independent ,  then by  count ing  quadruples { Pt,  Pz, 

p3 ,K}  where K C ~  and { P l , p 2 ,  p~} c C A K we obtain 

We remark that s imilar  incidence equat ions may be easily written down for caps over 

any finite field. 

Consider  now a cubic polynomial  P(i)  :=  ( i -  r l ) ( i -  r 2 ) ( i -  r3). Write a3 . . . . .  ao 

such that P(i)  = a3(3) + a 2 ( ~ )  + a l i + a o  where the ai C E. (Here a3 = 6, a2 = 

- 2 ( r l  + r2 + r3) + 6, al = rlr2 + rlr3 + r2r3 - (rl + r2 + r3) + 1 and ao = -rlr2r3.)  
Thus 

(;) P(i)ni -- a3 ~i ni + a, ni + al Z ini + a o ~ n i  
i 3 " 2 i i 

This sum is a cubic po lynomia l  o f  t, which  is denoted .fie(t). It turns out that Jp(t)  is 

quite useful  for bound ing  t. For  example,  if  we choose the roots rl,r2 and r3 of  P(i)  

such that P(i)>-O whenever  n i ¢  O, then Jp(t)  is nonnegat ive  and this g ives  bounds 

on the values of  t. 

E x a m p l e  A. Suppose C C ~ZG(5,2) is independent ,  has cardinali ty t and ]C ~ K] >~4 

for every K C ~,~g, i.e., no = nl = n2 = n3 --  0. Consider  the polynomial  P(i) : 

( i -  4)( i  7 ) ( i -  8). Clearly, P(i)>~O for i>~4, and so ~iniP(i)>~O. But J),(t) - 
7t 3 - 261t 2 + 3292t - 14 112 ~>0 gives that t ~> 13.6904 . . . . .  i.e., t ~> 14. This shows that 

any independent  subset o f  P G ( 5 , 2 )  which meets every hyperplane K E , ~  in 4 points 

or more must  conta in  at least 14 elements.  

Example  B. Let C C P G ( 5 , 2 )  be an independent  set such that [C • KI~>5 for 

every K C ~ .  Hence  no = n~ = n2 = n3 = n4 ---- 0. Consider  the 7 polyno-  

mials  P9(i) ,  P~o(i) . . . .  , P l s ( i )  defined by P9(i)  : -  (i - 5)( i  - 9)( i  - 10), Plo(i) :=  

(i - 5)(i - 10)(i - 11) . . . . .  P15(i) : =  (i - 5)( i  - 15)(i - 16). As no = nl = n2 -- n3 --- 

n4 = 0, we have that ~iniPj(i)>~O for all j = 9 , . . . ,  15. 

The bounds  these seven polynomials  give are summar ized  in Table 1 
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Tab le  1 

P o l y n o m i a l  Cond i t i ons  on  t 

P 9 ( i )  = ( i  - 5 ) ( i  - 9 ) ( i  - 10) 

Plo(i) = (i - 5 ) ( i  - 10) ( i  - 11) 

P l l ( i ) -  ( i -  5 ) ( i -  1 1 ) ( i -  12)  

P 1 2 ( i )  = ( i  - -  5 ) ( i  - -  1 2 ) ( i - -  13)  

P 1 3 ( i )  = ( i  - 5 ) ( i  - 13) ( i  - 14)  

P 1 4 ( i )  - -  ( i  - -  5 ) ( i  - 14 ) ( i  - -  15)  

P I s ( i )  = ( i  - -  5 ) ( i  - -  15) ( i  - 16)  

t~>19 

13~<t~<18 or  t~>21 

12~<t~<21 or  t~>24 

12~<t~<22 o r  t~>27 

12~<t~<24 or  t>~29 
12~<t~<26 or  t~>32 

12~<t~<28 or  t~>35 

It is well-known that the size of  the largest independent subset of  PG(n,2)  is 2 n and 
that every such set is an affine subspace. Thus every independent subset of  PG(5,2)  
has cardinality at most 32, and the above table shows that IC[ = 21. Now 21 is a root 

of both fP,0 and of fPl~- From fel0(21) -- 0 we deduce that ni = 0 for all values of  
i different from 5, 10 and 11. Similarly using fp . (21 )  -- 0 shows that n i = 0 for i 
different from 5, 11 and 12. Therefore if n i  ~ 0 then iE {5, 11}. Now if we consider 

any two critical hyperplanes H1 and/ /2  we see that we must have/ /1  A H2 N C -- 0 
(and I(H1 + H 2 ) A  C] -- 11). Since no point lies in two critical hyperplanes we see that 
the critical hyperplanes must partition C and thus [C I - 0 (mod5). This contradiction 
shows that there are no independent 5-intersection subsets of flZG(5,2). 

Example C. There are no independent 11-intersection subsets of  PG(6,2).  This can 
be shown in an entirely similar way using polynomials of  the form Pq(i) = ( i -  11) 
( i - q ) ( i - q -  1) for q--- 17,18 . . . . .  30. 

3. Intersection-sets 

In this section, we shall construct a line-free 2n-3-intersection-set in PG(n,2)  for 

n~>3. 
Let n~>3 and choose a hypersolid I C PG(n,2).  There are three hyperplanes K1,/£2 

and/£3 = K1 +/£2 which contain I.  Choose another hypersolid J C PG(n, 2) which is 
not contained in any of the Ki. Define UI := K1 (q J ,  U2 := K2 N J ,  U3 := K3 fq J 
and U~ := K3\U3. Let Vi := Ui\ l  for i = 1,2,3 and V~ := (K3\I) \V3.  Finally, we put 
x .  := ( vl u v2 u v~ ). 

Note that K1 NXn = V1 ~ A G ( n  - 3,2) and Kz f~Xn = V2 ~ A G ( n  - 3,2). Also 
1£3 A X ,  = V~ = (K3\I ) \V3 where K3\ I  ~ A G ( n  - 1,2), V3 C ( K 3 \ I )  and V3 = 
A G ( n  - 3,2). Also it is easy to see that X# is a maximal line-free subset of  ~ZG(n,2). 

Lemma 1. I f  n>~3 then Xn C •G(n,2) is a line-free 2n-3-intersection-set o f  size 
5 ( 2 n - - 3 ) .  
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Proof.  First we show that X, is line-free. Let xl, x2 EX,.  I f  Xl, X2 E Ki n Xn for some 

i = 1,2 or 3 then xl + x 2 E I  and thus xl + x 2  ~ An. If  xl E Vl and x2E  V2 then 

xl + x2 E J n/£3 and hence Xl + x2 ~ X,, for the remaining case we may assume, by 

symmetry, that x~ E 1/1 and x2 E V~. Then xl + x2 E K 2 \ J  and therefore xl +x2  ~ X,. 
Now we show that X, is a 2n-3-intersection-set. First note that ]KI N X, I = 

IK~ n x ~  I = I / ~ G ( n - 3 , 2 ) l  = 2 n-3. Also [K 3 nX~[ = I I ~ G ( n - l , 2 ) l - I l k G ( n  3,2) I -- 
2 n-1 - 2  n-3 = 3(2n-3). Let H E  Jr ~ be any hyperplane other than K1,/£2 and K3. Then 

the hypersolid H N K3 contains 2 n 1 _ 1 points of  which 2" 2 are not in I. Only 2 ~ 3 

points of  K3\I ,  are not contained in X~ and thus ]H N V~] ~>2 n-3. 

For example, i f n  = 3 let K~ = {012} ±, /£2 = {013} ± and K3 = KI q-K2 = {23} ±. 
Then I = {01,123,023}. Let J = {2,3,23}. Then U1 = {3}, U2 = {2} and U~ 
{0, 1,0123}. It is easy to check that every independent 1-intersection-set in PG(3 ,2 )  

is isomorphic to )(3 = {0, 1,2,3,0123}. 

If  n = 4, let KI = {0123} ± and 1£2 --- {0124} ± . Then K3 = {34} ± and 1 is the 

plane generated by {01, 12,234}. Take J to be the plane generated by {3,4,012}. Then 

VI = {4,0123}, 1/2 = {3,0124} and V~ = {0, 1,2,0134,0234,1234} and X4 = {1,2,3, 
4,0123,0124,0134,0234,  1234}. 

Now we want to give another description of  Xn. Let v E I n J .  Suppose x E Vi. Then 

x ~ J \ l .  Let y be the third point on the line containing x and v. Then y ~ J \ l .  Since 

x, y E Ki it follows that y E Vi. From this we also see that if x' E V~ and {x', y ' ,  v} is 
a line then y '  E V~. Hence we see that each line through v meets Xn in either 2 or 

0 points. Now let H be any hyperplane not containing v. Let Y = H N An. Each line 
through v that contains a point of  Y contains a further point of  X~ not in H. Thus 

IX~I >~21Y 1. On the other hand each line through v must intersect H and so X~] = 21Y I. 
We say that Xn is the cone on Y with vertex v. In fact, Y is the copy of  X, l, 

constructed in H,  with 11 = I N H and J '  = J N H playing the roles of  I and J .  

Therefore we have another, inductive, construction of  X~: Take a copy of  Xn i C 

PG(n - 1,2) C PG(n, 2) and choose v E PG(n, 2 ) \ P G ( n  - 1,2). Then X~ = {y I {x, y, v} 
is a line and xCXn}  UX~_I. 

We can use this description to show that X, is a three character set for n ~> 4. More 
precisely, i f K  is a hyperplane of  PG(n ,2 )  then tX, N K  I E {2(2"-4) ,5(2"-4) ,6(2" 4)}. 

This is seen as follows. It is easy to check directly that IX3 N K[ C {1,3}. Now 
suppose that H is a hyperplane in PG(n ,2 )  containing the vertex v described above. 

Then H N PG(n - 1,2) is a hyperplane in PG(n - 1,2) which meets Xn-I in k points 
(where k ~ {2(2" 5) ,5(2"-5) ,6(2n-5)}) .  Then clearly X~ meets H in 2k points. On 

the other hand, if H is a hyperplane of  PG(n,  2) not containing v then H meets each 

line through v in exactly one point. Then, as above, IH NX,  I = ]X~ 1l = IX, I~ 2. 

Next we show that every 2-intersection-set in IZG(4,2) is isomorphic to X4. 

Lemma 2. Let C be an independent subset o f  PG(4 ,2 )  o f  cardinality 10. Then 

either C is contained in an affine subspace o f  OZG(4,2) or C = q~(X4)[or some 
• E Aut(PG(4,  2)). 
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Proof.  Suppose that C is not contained in an affine subspace of  PG(4,2) ,  hence C 

meets every hyperplane of  PG(4,2) ;  I f  C contains at most 4 linearly independent 

elements, then C is a subset o f  some copy of  IPG(3,2). But the largest independent 

subset o f  PG(3 ,2 )  has cardinality 8. 

So let 0, 1,2,3,4 be a basis of  PG(4 ,2 )  contained in C. As C contains no words 

of  length two and ]C N {01234}±1 ~> 1, we have that C contains at least one word of  
length four. Without loss of  generality we may assume that this word is 0123. Thus 

C N {012,013,023,123} = 13. Now C can contain at most one element o f  each of  the 

following three sets: {014,234}, {024, 134}, and C124,034}. Hence if C contains only 

the single word 0123 of  length 4 then IcI ~<9. 

Suppose now C contains exactly two words of  length 4. Again without loss of  

generality we may assume that these words are 0123 and 0124. Here the only words 

available to be added to C are 234, 134 and 034. Thus C = { 0, 1,2,3,4,0123,0124,  

034, 134,234}. Now the automorphism • o f  PG(4 ,2 )  defined by ~( i )  = i for i E 

{ 0, 1,2,4} and ~ ( 3 ) =  0123 satisfies q~(C)=X4.  
If  C contains exactly three words o f  length four then it can contain at most one 

word of  length three and thus [C I ~<9. Finally, if C contains four or more words o f  
length four then it can contain no words o f  length three. Thus, C contains all five 

words o f  length four and C = X4. [] 

As the set X4 is a maximal independent set in PG(4 ,2 )  we have the following: 

Corollary 3. I f  C is an independent set o f  PG(4,2 ) with IcI ~> 11, then C is contained 

in an affine subspace of  PG(4,2) .  

Next we consider n = 5. Let C C PG(5, 2) be an independent 4-intersection-set. We 

first show that there is at least one hyperplane K such that [C N K I ~> 12. Then using 
this property we show that the C must be isomorphic to )(5. 

Proceeding by contradiction we suppose that C is a minimal independent 4-inter- 

section-set such that ni = 0 for all i>~ 12. Put t :=  IcI. 

Claim 4. I CI ~ 19. 

ProoL Consider the polynomial P(i) = ( i - 9 ) ( i -  1 0 ) ( i -  11). Then as P(i)<~ 0 for i = 

4 . . . . .  8, we have that ~=4 niP(i) <~ O, and so fp( t )  = 7t 3 - 426fl + 8789t - 62 370 ~< 0. 

Hence fp ( t )  = n4P(4) + ~ i85  niP(i)<~O. Here P(4)  = - 2 1 0  and so fp( t )  + 210n4 = 
~8i=5 niP(i)<.O. As C is minimal, n4~> It ,  and so 7t3-426t2+8789t+~9-t-62370<~O, 
which implies that t~< 19. [] 

Claim 5. It[ ~< 17. 

Proof.  From Claim 4 we have that t ~< 19. If  for every pair o f  critical hyperplanes//1 
and / /2  we have that (C n H1)N (C N H 2 ) =  13, then t = 4m for some positive integer 
m, and so t ~ 16. Suppose then that there are two critical hyperplanes H1 and / /2  such 

that a :=  I (CNH1)N(CnH2)I  >1 1. Put K :=/-/1 + / /2 .  Then, as C C CA(HI  UH2 UK),  
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we have that I C O K 1 >~ t - 8 + 2a >~ t - 6. Therefore, i f  t >/18, we get that I C n X l ~ 12, 

a contradiction with nj  : 0 for all j >~ 12. [] 

C l a i m  6. nl I = O. 

P r o o f .  Suppose that nil  ~ 0; hence there is a hyperplane K E ~ such that I CNK I : 11, 

and, therefore, C O K is contained in an affine subspace of  PG(4 ,2 ) ,  i.e., there is a 

hypersolid S C_K such that ( C O K ) N S  = {3. Now the hypersolid S is contained in two 

more hyperplanes,  K1 and /£2 : :  K + K1 with S : K N K1 = K N K2 Ki N K2. As 

C C _ K U K 1 U K 2 ,  we have that ICJ : I C n K  I + I C n K i I  + [C nK21~> II  + 4 + 4  - 19, 

contradicting Claim 5. [~ 

Therefore, n / :  o, for all j ~> 11. 

C l a i m  7. I CI ~ ~5 

Proof .  By Example A above, we have that t ~> 14. Suppose t = 14 and consider the 

polynomial  P(i)  = (i - 4)( i  - 7)(i  - 8). Then f p ( t )  = 7t 3 - 261t 2 + 3292t -- 14 112 

and fp (14 )  = 28. As P(10)  = 36 and P (9 )  = 10, we deduce that hi0 = 0 and n9~<2. 

Let Hi and //2 be two distinct critical hyperplanes. As IC N H/] = 4, we have that 

C ~ Hi is contained in some hypersolid Si, i = 1,2. Let Hi,  K i and Li be the three 

hyperplanes that contain the hypersolid Si, i = 1,2, where Li = Hi + Ki .  Also t = 14 

implies that IC N Kil + IC N Lil = 18. Combining this with nl0 = 0, we obtain that 

ICNKil = ]CnLil = 9, i = 1,2. Now it is easy to see that I{KI,L1,Kz,L2}I>~3. Indeed 

if  KI = K2, then L1 = K1 + H j ¢  K1 + / / 2  = L2, as H1 ¢ H2. Thus there are at least 

three distinct hyperplanes that meet C in 9 points, contradicting n9 <~2. 

We now collect all the results above to show the following: 

L e m m a  8. I f  C is an independent 4-intersection-set of" PG(5 ,2 ) ,  then IC N K! >~ 12 

for  at least one K C .Y{'. 

Proof.  Since every 4-intersection-set contains a minimal 4-intersection-set, it suffices 

to prove the result for C minimal.  So let C be a minimal 4-intersection-set and take H 

a critical hyperplane for C. Let S be a hypersolid containing C N H.  The hypersolid 

S is contained in three hyperplanes H, K1 and K2. Since nj = 0 for all j > ~ l l ,  we 

have that I(C N K i ) \ ( C N H ) ] < ~ 6 ,  for i = 1,2. If I ( C N K i ) ) \ ( C N H ) ] < . . . 5  for both 

i = 1,2, then ]C]~<5 + 5 + 4 = 14, which contradicts Claim 5. So suppose that 

[(C N K I ) \ ( C  N H)] = 6, thus ]CNKI] = 10 and we have two cases: 

(i)  C N KI is contained in an affine subspace of  PG(4 ,2 ) .  Then as in the proof  of  

Claim 6, we can show that ICI >/18, contradicting Claim 5. 

(i i)  C N KI ~ X4. Now as the character of  X4 is {2, 5, 6}, X4 cannot meet a hyperplane 

of  ~ZG(4,2) (i.e., a hypersolid of  P G ( 5 , 2 ) )  in exactly 4 points, but as IC N S] = 4, 

this is a contradiction. [~ 
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We can now prove the following: 

Theorem 9. Up to isomorph&m, X5 is the unique independent 4-intersection-set in 
PG(5,2) .  

Proof.  We need to show that every independent 4-intersection-set in 0ZG(5,2) is iso- 

morphic to Xs. Consider an independent 4-intersection-set A of  PG(5,  2). Choose C C_ A, 

a minimal 4-intersection-set. By Lemma 8, ]C n K31>~ 12 for some hyperplane K3 E Jg.  
By Corollary 3, C N K3 is contained in some affine subspace o f  PG(4,2) ,  i.e., there 

is a hypersolid I CK3 of  fiZG(5,2) such that C n I = 0. Now the hypersolid 1 is 

contained in three hyperplanes K1, /(2 and K3 of  PG(5,2) .  As C is a 4-intersection- 
set, it meets each of  K~ and /(2 in at least 4 points. Since 1 C_Ki, we have that 

C N gi C_(Ki\I), i = 1,2. Put Ci : =  {ai, bi, ci, di} ~ C N K i and consider the sets 

Wy :=  {y+a2, y+b2,y+c2 ,  y+d2}  for yE{a~,bl ,c l ,d l} .  Note that Wy CK3\1. Since 

IK3\11 = 16 and that Wy N C = ~ we see that ]K3NC] = 12 and ]K2NC] = 4. Similarly, 

IK~ n C[ -- 4 and thus IcI -- 20. Also the four sets Wy for yE{al ,bt ,c~,d~} = K~ n C 
must coincide. In particular Wa, = Wb,. As a~ + a2 ~ bl + a2, we may assume without 

loss o f  generality that al + a2 = bl + b2 (1); hence al + b2 = bl + a2. Moreover, 

this implies al + c a  = bl + d 2  (2) and a l ÷ d 2  = bl + c 2 .  Adding Eqs. (1) and 

(2) gives a2 + c2 = b2 + d2. Thus, a2 = b2 + c2 + d2, which gives that y + a2 = 
(y + b2) + (y + c2) + (y + d2), for all y E {al, b l, q ,  dl }. Therefore, if we let J be the 

hypersolid o f  PG(5 ,2 )  generated by {al ,b l ,q ,a2}  we find that C is the copy of  X5 
constructed using J and I. Also, since X5 is a maximal line-free set, C = A. [] 

Corollary 10. I f  C is an independent subset of  PG(5 ,2)  with ICI>~20, then 
either C is contained in a affine subspace of  PG(5 ,2 )  or C = ~(Xs) for some 

E Aut(flZG(5, 2)). 

Proof.  Let C be an independent subset o f  PG(5,  2) and suppose that C is not contained 
in some affine subspace of  PG(5,  2). Hence C is a 1-intersection set. Suppose moreover 

that C is not an automorphic image of  Xs, hence ]C N K01 ~<3 for some hyperplane 

K0 E ~ .  Put m0 :=  IC N Kol, and note that as C is a 1-intersection-set, m0 > 0. 
Moreover it is clear that C N S = 0 for some hypersolid S C_ Ko. Now the hypersolid 

S is contained in three hyperplanes Ko, KI and K2, where K2 = K0 + K I .  As ICI ~>20 
and C = ( C A K o )  U ( C N K I ) U ( C N K 2 ) ,  we have that If  ngil~>9 for at least 
one i = 1,2. So let {al,a2 . . . . .  a s }CCNK~ where s~>9. Let aCCNKo,  then as C is 

independent, C n { a + a l  . . . . .  a+as} = 0, where {a+al . . . . .  a+as} C(K2\S).  Therefore, 
IC N K21 ~<31 - (15 + s) = 16 - s, and so ICI ~<m0 + s + (16 - s)~< 19, contradicting 

IC] ~>20. This shows that if C is not contained in an affine subspace o f  PG(5,2) ,  then 
it is a 4-intersection-set, and Theorem 9 completes the proof. [] 

Conjecture. Let z(n) be the largest r for which there exists an independent r-inter- 
section-set in PG(n,2) .  The set Xn shows that z(n)>~2 n-3 for n~>3. Here we have 
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s h o w n  that  z (n )  = 2 n-3 for  n = 3 , 4  and  5. W e  con jec tu re  tha t  r ( n )  = 2 n 3 for all 

n />  3 and  tha t  eve ry  i n d e p e n d e n t  2 " - 3 - i n t e r s e c t i o n - s e t  is i s o m o r p h i c  to Xn. 
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