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1. Introduction

Recallthatacapi@ = PG(n, 2) is a setSof points with no three collinear. The connection
between such caps and binary linear codes (of minimum distance 4) has been well-studied
(seeforexample[6, 7, 13, 3, 8]). For further background we refer also to [1, 2]. In particular
the following can be shown: A capis maximal if and only if the corresponding co@e

is non-lengthening, i.e., has covering radius 2.

This result explains the fundamental importance of maximal &jps> = PG(n, 2).

Let Sbe such a maximal cap. One can argue as follows. Each ligemiist intersect the
complement ofS, S°. Thus when S| gets very big one can show, sin&€ is small and
intersects all lines tha8° contains a hyperplarie. ThusS, being maximal, must be all of
affine space, i.e$S = AG(n, 2) and|S| = 2". One wants to determine the “cut-off point”
beyond which S| = 2".

In their remarkable paper [6] the authors make a profound contribution to the theory.
In particular they are able to show using a celebrated result on abelian groups due to
M. Kneser (see [10, 11] and [9]) the following: |i§] > 2"~1 + 2 thenS is obtained by
successively doubling a cap in lower dimensions. It follows from this tha§|it- 2"~1
then|S| = 2"~1 + 2!, It also follows that, to determine the structure®6ne needs only
determine the structure of critical caps, i.e., caps of cardindlity-2 1, which are maximal
in X = PG(n, 2).

This is in fact the main unsolved problem in [6]. In the present paper we solve this
problem, at least formally (see Theorem 13.6), and explore several different but related
issues as follows.
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Section 2 contains basic definitions. In Theorem 3.16 using work in [6] we show that
if |S| > 2"~! 4 1 then there exists a subspadg, = PG(n—2,2) in ¥ = PG(n, 2)
disjoint fromS. Section 4 gives the construction for critical maximal caps having a tangent
hyperplane. We mention here that in [6] the authors show th&Gim, 2), with n < 5,
all critical maximal caps have tangent hyperplanes. The construction of critical caps with
a tangent hyperplane is easy: the difficulty is in finding a criterion for maximality. This
criterion leads to a very general result (Theorem 5.1) concerning binary codes linear or not.
Some combinatorial applications are treated in Section 6.

In Section 7 we introduce the useful notion of a quasi-maximal critical cap ia
PG(n, 2). These may or may not be maximal and are characterized in Theorem 7.4.

A very general class of examples of critical capsPii(n, 2), calledfractal caps is
constructed in Section 9. Using this (see Corollary 10.2) we can show thatfd@ there
exist critical maximal caps having no tangent hyperplanes.

Various structure theorems are given in Section 11. For example, it is shown that every
critical quasi-maximal cap which is not maximal has a tangent hyperplane. In Theorem 12.1
we show that a critical maximal cap is eithBf-decomposable (Section 11) or has a
tangent hyperplane. Finally in Section 13 we obtain the complicated structure Bf all
decomposable critical maximal caps. It transpires that they are all obtained by starting from
a fractal capJ and applying a sequence of at mast 2 W-moves inPG(n, 2) to J.

2. Large Maximal Caps

DEeFINITION 2.1 A set of points ifPG(n, 2) is acapif it contains no line ofPG(n, 2). A
cap ismaximalif it is not a proper subset of any other caffi@(n, 2). We will callacap S,
in PG(n, 2) largeif |S| > 2"~! + 1 andcritical (or critical INPG(n, 2)) if || = 2" + 1.

There is a one-to-one correspondence between c@ds(m, 2) and binary codes (see for
example [6, 7, 13, 3, 8, 1, 2]). Briefly, I& be a binary linear code of length, dimension
k and minimum distance 4. L& be the dual code. A basis f@ yields ak x N matrix
and a basis fo€+ yields a matrixM of size(N — k) x N. Setn := N —k — 1. Then
the columns oM vyield a capS consisting ofN points inPG(n, 2). Moreover,C is a code
with covering radius 2 if and only i§ is a maximal cap. The process can be reversed to
obtain a code from a cap. Thus our results may be simultaneously interpreted in terms of
codes or caps.

We want to apply results of ®MPERMAN from the paper which is concerned with small
sumsets in discrete abelian groups. Me&h + 1, 2) denote am + 1 dimensional vector
space over the field of order 2. We denote the origin of this vector spade By
definition, elements dPG(n, 2) correspond to lines i (n + 1, 2) throughO. Such a line
consists of two elementgv, 0}. We will identify this line with its non-zero element
This identifiesPG(n, 2) with the set of non-zero vectors in the abelian grdip + 1, 2).

This identification establishes a correspondence between subdfoaipg (n + 1, 2) and
projective subspacé®(F) = F \ {0} of PG(n, 2).

DEFINITION 2.2 LetX be a non-empty subset &f = PG(n, 2). A vertexfor X is a point
v of X such that + X = X. If X has a vertex we say that is periodic
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LEMMA 2.3 If X is periodic then X| is even.

Proof. Letv be avertexfoX. If v were an element of then0 = v+v € X contradicting
the fact thaD is not a point of£. Thusv ¢ X. Moreover, by definition, if we joirv to a
point of X then third point of the resulting line is also K. ]

Often we will decompos& = PG(n, 2) by fixing a subspacel,, = PG(n — 2,2) of =
and considering the pencil of three hyperplabgs Lg andL¢ of £ which containH,.
In this situation we will call a line of a cross-line(with respect taH,) if it contains no
points ofH.

3. Large Caps

THEOREM3.1 Let SC X = PG(n, 2) be a large cap which is disjoint from some hyper-
plane L ofZ. Then the only maximal cap & which contains S i& \ L.

Proof. All points of X \ L extendS. On the other hand, let be a point ofL. We show
that there is a secant &throughx. There are 2! lines of X passing througlk which are

not contained entirely ih.. Since|S| > 2"~! at least one of these lines must be a secant
lineto S. ]

COROLLARY 3.2 Let SC X be alarge cap.

(1) If Sis disjoint from a hyperplane L &f, then S meets every hyperplanebflifferent
from L.

(2) If Sis maximal andlS| < 2" then S intersects every hyperplanebf

Proof. Use the fact that iM is a hyperplane oE with SN M = @ thenSis a subset of
the maximal cafx \ M. [ |

Let Sbe a cap iz = PG(n, 2) which is disjoint from some projective subspadg, =
PG(n—2,2) of 2.

DerINITION 3.3 We say thaS is quasi-maxima(with respect taH) if every point of X
whichis not a point oH,, either lies inSor lies on a secant 8. Thus ifSis quasi-maximal
but not maximal it can only be extended by pointdhf.

An easy example wher8 is quasi-maximal but not maximal can be constructed in
PG(2, 2) as follows. Choose any poirt,,. There are three linekp, Lg andL¢c on
Hs. Choose points, b, ¢ all different fromH,, on L 5, Lg, Lc respectively witha, b, ¢
not collinear. Thers = {a, b, c} is quasi-maximal but not maximal sinté&,, is the unique
point extendingS.

DEFINITION 3.4 LetSbeacapirE = PG(n, 2) and letH,, = PG(n — 2, 2) be a subspace
disjoint from S. Let L be any one of the three hyperplanes contairtihg. Assume that
every point ofL \ Hy, lies on a secant t8. Then we say tha®is L-maximal
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Clearly Sis quasi-maximal with respect td, if and only if Sis L-maximal for each of
the three hyperplands of ¥ containingHo.

LEMMA 3.5 Let SC X be a large cap which is quasi-maximal with respect to a subspace
Hoo = PG(n — 2, 2). Suppose that for one of the three hyperplanes, L5 @bntaining
He we havel N S| > |S]/2. Then S is maximal.

Proof. If [LNS| > |S|/2then|L N'S| > 2"2 4+ 1. Considex € H,,. Since there are
2"2 lines in L passing througlx and not contained i, we see that one of these lines
must be a secant & passing througix. ]

Given a capS C ¥ = PG(n, 2) thedoublingor Plotkin construction yields a periodic
capS C X =PG(n + 1, 2) with |S| = 2|S] as follows. Choose a pointe X \ X to play
the role of a vertex. For each poirte Sputx’ = x + v. ThenSis the cap defined by
S={X'] x € Sfu S ltis easy to verify thaBis maximal (respectivelj.-maximal) if and
only if Sis also maximal (respectively-maximal).

LEMMA 3.6 Let SC ¥ = PG(n, 2) be a periodic set with vertex Let L be a hyperplane
of ¥ not containingv. Then S is the double ofrsL.

Proof. Consider a poiny € ¥ and defingy’ = v+ y. Sincev ¢ L exactly one of the two
pointsy, Yy’ lies in L. Furthermore since is a vertex ofS, y € Sifand only ify’ € S.
[ |

NOTATION 3.7 LetS C X be a large cap. LeH,, = PG(n — 2, 2) be disjoint from
S. Denote the three hyperplanesXfwhich containSby L s, Lg andLc. Write Hp 1=
La\Hs, Hg := L\ Hoo, Hec := Lc\Heo, A= SNLa = SNHa, B := SNLg = SNHp
andC :=SNL¢c=SNHc.

THEOREM3.8 |A+ B| < |A| + |B| — 1. Furthermore we have equality if and only if S is
critical and Lc-maximal.

Proof. SinceSisacap,A+ B C Hc \ C. Therefore
|A+B| < 2" —|[C|
= 21— (IS - |AI - B
< 21—+ 1)+ |A + B
= |Al+|B| -1
with equality if and only ifSis critical andHc = (A+ B) u C. [ |
LEMMA 3.9 Let SC X be a cap which is quasi-maximal with respect tQ Hsuppose that

for one of the three hyperplanes, L,Bfcontaining H, the set 31 L is periodic. Then S
is periodic. Furthermore, it is a vertex for 31 L thenv is also a vertex for S.

Proof. For ease of notation we assume that Lg, i.e.,v + B = B. Thusv € H.
Assume, by way of contradiction, thafs not a vertex foiS. Then there exists a poirtof
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Ssuchthax’ :=x+ v ¢ S. Clearlyx ¢ Lg and thus<’ ¢ Lg. Without loss of generality
x € A. SinceSis maximal,x’ lies on a secant 0§. sayx’ = y + z wherey € B and
ze€ C. Thereforey’ :==v+ye B. Buty =v+Yy=v+X +2z=x+zand thus the line
{y’, X, z} is fully contained inS, a contradiction. [ |

COROLLARY 3.10 Let S be a critical quasi-maximal cap. Then none ¢f 8, A, B orC
is periodic.

Proof. Since|S]| is odd, S cannot be periodic by Lemma 2.3. Thus by Lemma 3.9, none
of A, B or C is periodic. SinceSis a quasi-maximal ca@ = Hc \ (A+ B). If (A+ B)
has a vertex thenv is the third point of a line joining two points oA + B and thus
v € Hy. Thenv 4+ He = Hc and therefores + C = C contradicting Lemma 3.9.
]

In [6] the following theorem (there phrased for codes) is proved.

THEOREM3.11 Let SC = = PG(n, 2) be a cap withS| > 2"~! 4+ 2. Then there exists a
subspace K = PG(n — 2, 2) of X such that ) H,, = @.

The following is from [10, 11]:

THEOREM3.12 Let X and Y be finite non-empty subsets of an abelian group satisfying
IX4+Y| <|X|+]|Y]—2 Then X+ is periodic.

In [6] the following two results are also proved.

THEOREM3.13 Let SC ¥ = PG(n, 2) be a cap which is quasi-maximal with respect to
H.. SupposeS| > 2" + 2. Then S is periodic.

Proof. By Theorem 3.8 we haviA + B| < |A| + |B| — 2. Therefore by Theorem 3.12,
A + B is periodic. SinceSis Lc-maximal,C = Hc \ (A + B) and thusC is periodic.
Hence by Lemma 3.%is periodic. ]

COROLLARY 3.14 Let Sc X be a large maximal cap. Thei§| = 2"~1 + 2/ for some
j=01...n—3o0orn-—1

Proof. This Corollary is easily proved by induction using the previous Theorem. That
there are no maximal caps ¥ of cardinality -1 + 2"~2 follows from the fact that there
are no maximal caps of cardinality 3z(2, 2). [ |

REMARK 3.15 Since critical maximal caps exist B (m, 2) for all m > 3 (see The-
orem 4.1) the doubling construction provides maximal capB@n, 2) of cardinality
2-1 4 2i foreveryj = 0,1,...n — 3. The complement of a hyperplane ihprovides
a maximal cap ifPG(n, 2) of cardinality 2-* + 2"~1 = 2", This last cap may also be
thought of as the result of repeated doubling the capGril, 2) consisting of 2 points.

Theorem 3.13 shows that the structure of all large (quasi-)maximal caps is determined by
the structure of all critical (quasi-)maximal caps.
We will need the following improvement of Theorem 3.11.
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THEOREM3.16 Let SC X = PPG(n, 2) be a large cap. Then there exists a subspace
He = PG(n — 2, 2) of X such that 31 Hy, = 0.

Proof. By Theorem 3.11 we may suppose that = 2"~ 14+ 1. EmbedX in & =
PG(n+1,2) and letv € E \ X. Construct a ca;S cs by the doubling construction
usingv as vertex. ThemS| = 2|S| = 2" + 2. Therefore by Theorem 3.11, there exists
a projective subspacbl ~ PG(n—1,2) of £ with H NS =@ Now H NnXis

a subspace isomorphic to eithB&(n — 1, 2) or PG(n — 2, 2) which is disjoint fromS
which completes the proof. ]

4. Critical Maximal Caps With Tangent Hyperplanes

Here we describe a simple construction of some critical maximal caps. We begiR with
PG(n, 2) and a fixed subspadé,, = PG(n — 2, 2). As in 3.7 there are three hyperplanes
La, Lg andLc of ¥ which containH,,. Write Ha := La \ Heo, Hg := Lg \ Hy and
Hc = LC \ Hoo

We construct a maximal capin PG(n, 2) of size 2! 4+ 1 which is disjoint fromH,,
Choose a poingg € Hc. Next chooseB := {si,..., S} C Hgwhere 1< b <21 -1,
Putti ;= s + 5, the third point of the (cross-)line joining ands for 1 <i < b. Finally
we letA:={Si1, ..., 51} = Ha\ {t1, ..., tp} and defineS = {s, ..., Sn-1}.

THEOREM4.1 The cap S so-constructed is a critical cap. Furthermore
(1) every point notin k lies on a secant to S through;s
(2) if b # 2"-2 then in addition every point of d lies on a secantto S;

(3) if bis odd then S is a maximal cap.

Proof. Itis clear thatSis a cap of size* + 1. To see (1) lek € Ha with x ¢ S. Then
x = t; for somei and thusx lies on the secant t8 joining 5o to 5. Similarly, all points of
Hg not in Slie on a secant t& throughsg.

For (2), suppose thdt # 2"-2. Using the symmetry between the rolesffnd B we
may assume thaHaN S| =: a > b = |Hg N S|. Sinceb # 2"~2 this implies that there are
at least 271 + 1 points ofSin Ha. There are 2! — 1 lines inL 5 passing through a point
x of Hy. Of these, 272 — 1 are inH,, and each of the remaining 2 lines contains 2
points of Ha. Thus at least one of thes&2 lines of L o not contained irH,, and passing
throughx is a secant t&.

Finally we prove (3). Suppose th&ts not maximal. By (1) and (2) this implies that there
existsx € Hc with X # s such thatx ¢ A+ B. PUtA' = Ha\ Aandv = X+ S € Hy
Thenx + B = A'andsg+ B = A'. Thereforev + B =x+5+ B =x+ A = B.
ThereforeB is periodic with (non-zero) vertex. Hence applying Lemma 2.3, we see that
if Sis not maximal thef must be even. [ |

REMARK 4.2 Note that the above proof actually shows that if thésf@tr A) is not periodic
andb £ 2"2 (or a # 2"2) then the cai$ is maximal.
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REMARK 4.3 Inthe above theorem ifdoes equal?? then the caBneed not be maximal.
See Theorem 7.4.

DEFINITION 4.4 A hyperpland. suchthatSNL| = 1is called gangent hyperplantor S.

Observe that ¢ is a tangent hyperplane to the c§gonstructed in the above manner.

5. Applications and Extensions to Arbitrary Codes

Let U denote an arbitrary binary code, linear or otherwise, of lebgth other wordslU
is a collection of binant-tuples. Denote by’ the set of alt-tuples not inU. Our main
result is as follows.

THEOREMb5.1 Assume thafU| is odd. Then every t-tuple apart from the all zero t-tuple
is expressible as the binary sum of an element in U and an elemenit imUarticular,
U+U'|=2"—1

Proof. The resultis clear it = 1. Assumda > 2. Changing notation, lét=n — 1 and
put ¥ = PG(n, 2). Each point ofX has homogeneous coordinates : X; : ... : Xp).
Let H,, denote then — 2 dimensional subspace with equatiogs= x; = 0. The three
hyperplanes containinbl,, areL a, Lg andL¢ with equationsxg + X3 = 0, X = 0 and
X1 = O respectively. Let in L¢ have coordinate€l : O : ... : 0). Denote byA the set of
all points inL o with coordinateg1 : 1 :ug : ... : u) with (ug, ..., u;) € U. Denote by
B the set of points irL g with coordinateg0 : 1 : by : ... : b)) where(by, ..., b) € U’.
ThenS = {s} U AL B is a cap of cardinality2 ! 4 1. By Theorem 4.1 (3% is maximal.
Now let (wy, ..., w) be any non-zero-tuple and form the poirg = (1, 1, wq, ..., wy) in
Lc \ Heo- Sincez # 59 andSis a maximal cap it follows thatis expressible as the sum of 2
pointsinS. Thusz=(1:0:wy:...:w) =@ :1:up:...:u)+@O:21:by:...:bp).
This gives(wy, ..., w) = (Ug, ..., U + (b, ..., by) proving the result. [ |

6. Some Combinatorial Applications

Let X be a set of cardinality+1. Then any subset &f is indicated by a binargn+1)-tuple

in the usual way. For example X = {1, 2, 3,4, 5} andY = {2, 4} thenY is represented

by (0, 1, 0, 1, 0). Then many of the results of this paper can be applied to the combinatorial
situation. For example Corollary 3.14 can be rephrased as follows.

THEOREMG6.1 LetF be a family of non-empty subsets of X which is maximal with respect
to the property that no subsetjfiis equal to the symmetric difference of two other subsets
of F. Assume thatF| > 2"~%. Then|F| = 2"+ 2 wherei=0,1,...,n—3o0rn—1.

Similarly, Theorem 5.1 can be rephrased as follows.

THEOREM6.2 LetU beafamily of subsetsofX {1, 2, ..., t}. Assume thatthe cardinality

of U is odd. Denote by Uthe family consisting of those subsets of X notin U. Then every
non-empty subset of X is expressible as the symmetric difference of some setin U with some
setinU.
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7. Non-maximal Quasi-maximal Caps

We want to return to Theorem 4.1 (see also Remark 4.3) by showing thattwhdB| =
2"-2 then the cafB may be maximal or not.

NOTATION 7.1 LetU andW denote sets of binatytuples. Thetd ®W = {a;+ay | a; €
U, a, € W anda; # ay}.

Let U, denote the set of all the binatytuples which contain exactly ones and —r
zeroes. The following Lemma is easily proved.

LEMMA 7.2 Letr >s. U ®Us=U; suU; g oUU; _giqu...uUs where f=r +sif
r+s<tand f=2t —r —sifr +s>t.

Using Lemma 7.2 itis easy to construct sétgof the formW = U,, u...uU, ) such that
W @ W is the set of all non-zerbtuples andW| < 2!~ for anyt > 4. Choose such a set
W. Arbitrarily add moret-tuples to obtain a sé with |U| = 2!, LetU’ denote the set
of all t-tuples not contained ibb. DefineA={(1:1:a;:...: &) | (@,...,a&) € U},
B={O:1:by:...:b)| (by,....,0) elU},C={5g=@11:0:0:...:0}and
S=(AuBuUC) C ¥ =PG(t+1,2) =PG(n, 2.

LEMMA 7.3 The cap S ok = PG(n, 2) constructed above is a critical maximal cap with
|Al = |B| =2"2

Proof. By constructionSis critical with |A| = |B| = 2"~2. Note that this construction
is a special case of that used in Section 4. By Theorem 4.1 (1) every point not in the
hyperplaneL¢ defined by the equatior; = O lies on a secant t& By construction,
A+ B = Hc \ {s} and thusSis quasi-maximal. To see that there is no poinHgf which
could extend use the fact that® A = H,, by the definition ofw. ThusSis maximal.
[ ]

Next we can use this same c&po construct a quasi-maximal cap which is not maximal
in = = PG(t + 2, 2). In fact any critical maximal cap iBG(n, 2) with |A] = |B| = 2"2
will suffice. Apply the doubling construction, with respecttothe vertex (1:0:...:0:

1 e ¥ \ T to the capSto construct a new maximal ceﬁ)c ¥ with |S| =25 = 214 2.
DefmeSO = S\ {z} wherez = v+ 5 = 1:0: :0:0}so thatS® is a critical
cap in%. Let LA denote the hyperplane of obtamed by doublind. o with respect tav.
Similarly defmeLB, A=75n LA, wo=1{0:0:a1: s a11)}, etc. Using this notation
we have:

THEOREM 7.4 (1) Sisa guasi-maximal cap which is not maximal.

(2) Every quasi-maximal cap which is not maximal is obtained in this way.

Proof. Clearly§0 is non-maximal since it may be extendeddyFurthermore, as in the
proof of Theorem 4.1 (1) every point &f not lying in L¢ lies on a secant t& passing
throughsy. Assume by way of contradiction that there exists a pgif Hc not on any
secant t&5>. Now Z' does lie on a secant ®sinceSis a maximal cap. Thus this secant to
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Smust pass throughand another point 68N Lc. But SN Lc = {so} which implies that
7 = s+ z = v. But this is absurd since the verteties on 2 secants t&. ThereforeS®
is quasi-maximal but not maximal.

For the proof of (2) see Proposition 11.17. [ |

8. Swiss Caps

Let L be a hyperplane af = PG(n, 2) and letSbe a critical cap ir: disjoint fromL. It
then follows, as in the proof of Theorem 3.1 that each poirt 6és on at least one secant
of S. Note also that by Corollary 3.2 (1) thitis the only hyperplane af disjoint fromS.

DerINITION 8.1 The critical caf is said to be &wisscap if there exists a poirzt of L
lying on exactly one secant lineto S. We sometimes say th8lis a Swiss cap with respect
to(L, A, 2).

Let Sin © = PG(n, 2) be a Swiss cap with respect to sothe A, z). Thereare 21 —
points of Snotin A and lying inX \ L. Consider the 2! — 1 lines of £ passing through
z which are not contained ib and which are different from\. SinceA is the only secant
of Sthroughz, each of these lines must contain exactly one poirs.oThus forw ¢ A
we havew ¢ Sifandonlyifw +ze€ S.

The above paragraph shows how to construct Swiss caps. Havingfixecandz, for
each of the 21 — 1 lines{z, w, z+ w} # A which are not contained ib we include inS
exactly one ofw or z+ w. The remaining two points d are justA \ {z}.

Now we show that the assumption of a the existence of a specialpf@nSis essential
(except in small dimensions).

THEOREM8.2 Let S be a critical cap irE = PG(n, 2) disjoint from a hyperplane L af.
Then there may or may not be a point of L lying on exactly one secant of S.

Proof. Let us sketch a proof. Working iAG (4, 2) we make use ofthecap={(1:0:
0:0:0,1:1:0:0:0,12:0:12:0:0,1:0:0:12:0,1:0:0:0:1,(1:
1:1:1:1}. Here we are using homogeneous coordinages;, X2, X3, X4. Let L be the
hyperplane defined by, = 0. Then it is easy to check that each pointafes on exactly

one secanttd . Doubling we obtainl andT in PG(5, 2). HereT is a cap of size 12 and
Lisa hyperplane. Moreover each pointlofies on exactly 2 secants . Adjoin, any

5 points not inC to T. This gives a caB with |S| = 17, disjoint from the hyperplanb
Moreover every point of. lies on at least 2 secants  ThusSis not a Swiss cap even
thoughSiis critical and disjoint from a hyperplane. Similar arguments, using for example
Lemma 7.2, will apply inPG(n, 2) for n > 6. [ |

9. Fractal Caps

In this section we describe a method to construct certain critical maximal caps3n
PG(n, 2) wheren > 4. We call these capisactal caps We begin with some notation
which will be maintained throughout the remainder of the paper.
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NOTATION 9.1 Given a large cap it = PG(n, 2) there exists a projective subspace
Heo = PG(n — 2, 2) which contains no points o6 by Theorem 3.16. There are three
hyperplanes o& which containH,,. As before we denote them lys, Lg andLc. We
alsowriteHa = La \ Hoo, He = Lg \ Hoo @andHc = Lc \ Hy

We want to apply results from the paper [9] which is concerned with abelian groups. We
regardX = PG(n, 2) as obtained from the vector spa¢eén + 1, 2) which is in particular
an abelian grou® of cardinality 2+, The points ofs are in one-to-one correspondence
with the non-zero elements & as described in Section 2.

Let F be a subgroup o¥ (n + 1, 2) with |F| = 2“t1 where 1< k < n — 3. F gives rise
to a projective subspace &f, F,, = PG(k, 2). Let F +abe a cosetof. If F,, C Hy
anda ¢ H,, thenF + ais a set of points lying outside,,. Moreover,(F +a) U F, is a
projective subspace & of projective dimensiok + 1. By abuse of notation we will often
use the same symbol to denote both this projective subspace and th€ cpset

If Fo C Hs we often make us of the quotient geomeEyof = with respect toF,..
Thus® = PG(u, 2) (whereu = n — k — 1) is just the projective space associated to the
quotient group/(n+1, 2)/F. The quotientmapr =0 : V(n+1,2) > V(n+1,2)/F
induces a map also calleg (or more simplys) from ¥ — X. We will also denote this
map using overbars; thus,, denotesrg (Hyo).

Now we proceed to explain the construction of fractal caps. The ingredients.age
PG(k, 2) ¢ Hy as above, a Swiss cﬁjn the quotient geometr¥ and a critical caj¥ in
A =PG(k+2,2).

We suppose our Swiss c@m Y is a Swiss cap with respect {d.c, A, Z) where
Z ¢ Hy. Write A = {X,Y, Z}. Observe that by definitio is nota point of Sbut X
andY are inS. Letvy, ..., vaig be the other points . Now without loss of generality
X eLa Y €elg andf e Lc. Lift X (respectivelyY, Z, o) to ak + 1 dimensional
projective spac& (respectivelyy, Z, v;) of £ containingF,,. Also denoteX UY U Z by
A. ThusA = PG(k + 2, 2). Definerr; = (vi \ Foo) = AG(k+ 1, 2). In A we have our
critical maximal cagl. Thus|T| = 21 4+ 1. We define

s=T| | <2u!:1|11m) :

In what follows, we note that the only points 8ying in the hyperplané.c are the points
of T that lie in Z. To further elucidate our notation, notice that the image undef the

capSin X is notS. Rather the se® = SLi Z is not a cap but consists of the c&pogether
with one additional point.

DEFINITION 9.2 The three cosefs, Y andZ of F are called themproper (F-)cosets

THEOREM9.3 S is a cap of sizé"* + 1.

Proof. || = [T|+ @1 —jm| =2 414 @1 -2t =2k 1 =141,
sinceu =n—k—1.

To see thaSis a cap we assume, by way of contradiction, tBabntains a linen. Since
SN Hy = @, the linem must contain exactly one poimt; of A, one pointw, of B and



LONG BINARY LINEAR CODES 47

one pointwz of C. As we observed above the poimt must lie inT. If mis contained
in A thenm Cc SN A = T contradicting the fact thal is a cap. ThusnnN A = {w3}.
Therefore there existand j such thaiw, € 7 andw, € zj. Thusy; + vj is a point ofLc
which in fact is different fromZ sinceSis a Swiss cap with respect tac, A, Z). Hence
ws = w1 + wz € Lc \ A and this contradiction proves the theorem. [ |

DEFINITION 9.4 The cafs of Theorem 9.3 is called faactal cap

THEOREM9.5 S is a maximal (quasi-maximal) cap | if and only if T is a maximal
(quasi-maximal) cap im\.

Proof. It is easy to see, by considering points/fthat if Sis maximal thenlT must be
maximal.

Suppose now thak is maximal. Letw be some point ok with w ¢ S. We must show
thatw lies on some secant 8. This is clear ifw € A by the maximality of the cafi .
Henceforth we assume that¢ A.

SinceT is a critical maximal cap i\ = PG(k + 2, 2), it meets every hyperplane of
by Corollary 3.2 (2). In particulaT N X £ @3, TNY # #andT N Z # @#. We use this
below.

Suppose first, thab» € Lc \ Ho. Letw denote the point irE which is the image of
the subspackV of ¥ generated by andF.,. Sincew ¢ A, w ¢ A and thusw # Z.
Furthermorew ¢ Simplies thatw ¢ S. SinceSis a Swiss cap, there is a secant e S
different fromA passing throughw. At least one of the two other points bfs not a point
of A and is therefore equal to sorme Lifting £ we obtain a pencil of subspaces containing
Fo namelyW, v; and a third subspadé. EitherU = X orU =Y or elseU = v; for
somej. In either event N S # ¢. Recall that all points ofr; = v; \ Fo are contained in
S. We conclude thaiv lies on a secant line t6.

Next, suppose thab € (La U Lg) \ Hs. Without loss of generality we may assume
thatw € La \ Hs. Letw denote the point irE which is the image of the subspace of
%, W, generated by andF... Sincew ¢ A, w ¢ A and thusw # Y. Furthermore,

w ¢ Simplies thatw ¢ Sand thus there is a cross-line different fratm say{w, Z, v},
passing throughwo and Z. Lifting this secant line t&z we obtain a pencil of subspaces
{W, Z, vi} on Fy, with w € W. As in the previous case we find the desired secant line to
Sthroughw.

We have now shown th&is quasi-maximal. To show the maximality®fve consider the
case whera € H,,. Without loss of generalitySNL o| > |SNLg| and thusSNL 4 is a set
of size atleast22 + 1; one of these points . Thereford SN L 4| > (2Kt1) (242 +1 =
2"-2 1 1 since|SN X| > 1. By an easy counting argument as in the proof of Lemma 3.5
we see thaSis maximal.

Similar arguments apply for the quasi-maximal case. ]

REMARK 9.6 The construction of fractal caps is somewhat subtle. In the construction it
is essential thak < n — 3. For, letS be any large cap inX = PG(n, 2) with S not
equal toAG(n, 2) and letH,, be ann — 2 dimensional projective subspace disjoint from

S. Then by taking the quotient with respectHi, we obtain a projective line and a Swiss
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cap. Summing up, if we do not require thak n — 3 theneverylarge cap different from
AG(n, 2) can be regarded as a fractal cap.

REMARK 9.7 In the construction of the fractal c&pit is not necessary that the cap

be critical. Indeed ifT is any maximal cap imA then S is a maximal cap inz with

|S| = 2"1 + |T| — 2, In particular,Sis a large cap irE if and only if T is a large cap

in A. Hence we may also use the fractal construction to construct new non-large caps from
old ones.

10. Critical Maximal Caps Having No Tangent Hyperplane

It is easy to see how to construct a maximal fractal cap which has a tangent hyperplane.
In this section we show how to construct a maximal fractal cap which has no tangent
hyperplanes. We maintain the notation of the previous section. Further we assume, without
loss of generality thaSNLa| > [SNLg|. Thus/SNLa| = 2-2+1. In order to guarantee
that S has no tangent hyperplanes it suffices to ensure that the choiG&amfT satisfy

each of the following three conditions:

THEOREM10.1 Let S be constructed by the method of the previous section. Further suppose
that

Q) ITNnZ| > 1,

(2) either|TNX| > 1or |SNLa| # 24241,

(3) either]TNY|> lor[SNLg|> L

Then for every hyperplane M &f we havgM N S| > 1.

Proof. Let M be a hyperplane oE. If M = L then condition (1) guarantees that
[LcNS| > 1. ForM = Lg we have thatLg N S| = 2+1(1SNLg|— 1) + [T NY]|. Now
SN Lg containsY and thugSm LB| > 1. Then condition (3) impliegLg N S| > 1. If
M = Lawe havgM N §| > 1S|nce|Sﬁ Lal > |Sﬁ Lgl.

Thus we may suppose thad does not contairH. SinceS is a critical cap in
% =PG(u, 2) we have thatSﬂ Lal+[SNLg| = 201 + 1. By assumptionSN L a| >
|Sﬂ Lsgl. Therefore|Sﬁ Lal > 2472, Using (2) it follows that|SN La| = 2k+1
(ISNTal = 1) +|T N X| > 2+12u=2) 4 1 = 2"-2 4 1. There are three hyperplanes of
L o which containM N Hy: La N M, Hy and a third, sayl. Any points ofSlying in J
are outside ofl N H,, and this implies thafl can contain at most"2? points ofS. Since
there are no points @&in H,, and|SN L,| > 2"2 4 1, we see thaM N L , must contain
more than 1 point o&. [ |

COROLLARY 10.2 Let X = PG(n, 2).
(1) If n < 5then all critical maximal caps irE have a tangent hyperplane.

(2) If n > 6then there exist critical maximal caps ¥ having no tangent hyperplane.

Proof. Part (1) is shown in [6]. Part (2) will follow from Theorem 10.1. ]
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11. Uniqueness

We introduce some definitions from [9].
Let X andY benon-emptyfinite subsets of an abelian grou,

DEFINITION 11.1 If g € G thenvy(X, Y) denotes the number of representationg @fs
g = X+ ywherex € X andy € Y. For an arbitrary subsé of G, H(C) will denote the
subgroupH(C) :={ge G| C+g=C}.

DEFINITION 11.2 We say tha€ is periodicif H(C) # {0}.

DEerFINITION 11.3 P1(X, Y) denotes the (possibly empty) collection of paiFs D) such
that

(1) F is afinite subgroup o6 with |F| > 2;

(2) D is a proper non-empty subset &f + Y contained in somd--coset; moreover,
(X +Y)\ Dis aunion of one or moré-cosets;

(3) if X+ is periodic therD = F + d is anF-coset wherey (X, Y) = 1;

(4) o(D) has exactly one representatioD) = X + Y whereX € o(X) andy € o(Y)
wheres : G — G/F is the quotient map.

REMARK 11.4 Interms of previous notation, condition (4) saysthas (o (X), o (Y)) = 1.

Let Sbe a critical cap i = PG(n, 2). Let H,, be somen — 2 dimensional subspace
of T disjoint from S, —the existence of which is guaranteed by Theorem 3.16. Asin 3.7
there arises set&, B andC with A= SNLa, B=SNnLgandC =SnNLc.

In order to apply results from the paper [9] we remind the reader that, as explained in
Section 2, the points af = PG(n, 2) are the non-zero elements of the elementary abelian
groupG = V(n + 1, 2) of cardinality 2+1.

DEFINITION 11.5 Suppose there exist,,, A, B andC such thatS is Lc-maximal and
P1(A, B) is non-empty then we say th&tis P;-decomposabléwith respect toH,.). If
there exists a sdD and a subgrouf with (F, D) € Pi(A, B) we will say thatF is a
P1-decomposing subgrodpr S.

REMARK 11.6 The above definition implies the existence of tHfeeosets:U = o ~1(X),
V = o~ 4y) andW = o ~1(c(D)). We will refer toU, V andW as thémproper Fcosets.

For emphasis we now state the following lemma which is used repeatedly in the sequel.

LEMMA 11.7 AssumePG(F) C Hy with |F| = 2f. Suppose that S is a criticald-
maximal cap which has F as g flecomposing subgroup. ThnU |+|SNV |+|SNW| =
2F 4 1.

Proof. This follows from [9, Lemma 4.4]: see the discussion immediately following
Lemma 11.12. [ |



50 BRUEN AND WEHLAU

We remark that a fractal cap R;-decomposable with the subgroup consistindg-of
Fs U {0} as a decomposing subgroup sirse- B cannot be periodic by Corollary 3.10.

In [9], a subsetX of G is said to be inarithmetic progressionf X is of the form
X=X +jz|]j=01...,|X]—1}. The element is calleddifferenceof X. In the
case wheré&c = V(n + 1, 2), every element of G satisfies 2 = 0. Thus, if X is in
arithmetic progression we hay¥| < 2. In [9] the author considers paitX, Y) satisfying
the following condition: X andY are in arithmetic progression with a common difference
d whered is of order at leasitX| + |Y| — 1 (see condition (II) [9, pg. 78]). In our case this
implies that| X| + |Y| — 1 < 2 which implies that eithe’)X| = 1 or|Y| = 1. This reduces
then to condition (1) in [9, pg. 78].

The definition of arelementary paiis given in [9, pg. 78] where it is shown that(i, Y)
is an elementary pair thgiX + Y| = | X| + |Y| — 1. Specializing the definition to the case
whereG = V(n + 1, 2) and using the above remarks we obtain the following definition.

DEFINITION 11.8 LetX andY be non-empty subsets & = V(n+ 1, 2). Then(X,Y) is
anelementary paiif at least one of the following three conditions holds:

(i) Either|X|=121or|Y|=1.

(i) For some non-trivial subgroup of G, each ofX, Y is contained in ar-coset while
IX| +1Y] = |F| + 1 (henceX + Y is itself anF-coset). Moreover, preciselgne
elementy of G satisfiesg(X, Y) = 1.

(iii) X is not periodic. Further for some non-trivial subgroaf G, X is contained in an
F-coset whileY is of the formY = gp+ ((@a+ F) \ A) forsomea € X. (HereX +Y
is obtained from ark--coset by deleting a single element from that coset.) Moreover
no elementy of G satisfiesg(X, Y) = 1.

REMARK 11.9 Let us clarify these latter two conditions. Wrike = {f4,..., f,} and
X={a+ f1,...,a+ fs}where2<s < ¢ — 2. Definetbys—t =|(@a+ X)N b+ Y)|.
Since|X| + Y| = | X+ Y|+ 1 we may then writ¢Y = {b+ fi1,...,b+ fit_s} where
0o = a+ bands > t.

The second sentence in condition (iii) implies the following: # s—1thengo+a+ fs €
Y and thusa + f5 € (A+ F) A contradicting the fact that + fs € A. Thus we conclude
that we must hav® = {b+ fs.4,..., b+ fi}.

Next consider condition (ii). SincX € a+ F andY € b+ F, we haveX + Y =
(X +y) + F. Relabelling if necessary we may taket y = g as the (unique) element
satisfyingvg(X, Y) = 1. Thenx +y = (X + fs) + (y+ fs) is the unique decomposition of
x—+Y. Butift < s—2thenwe also have the decompositiofy = (X+ fs_1) +(y+ fs_1).
This contradiction shows that—t = 1 and thusy = {b+ fs,..., b+ f;}.

The following is Lemma 5.2 of [9] specialized to our situation.

THEOREM11.10 Let X and Y be non-empty subsets oh\* 1, 2). Suppose thalX +Y| =
[X] + |Y| — 1 and that if X+ Y is periodic then there exists at least one g such that
vg(X,Y) = 1. Then either(X, Y) is an elementary pair or £X, Y) is non-empty.
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As before, we identify points af with non-zero vectors iV (n+1, 2). In particular, the
subgroug- of G corresponds to a projective subspac&afenoted byPG(F) = PG(k, 2).

Let us recall the notation and definitions of Section 3Xla= PG(n, 2), let Sbe a critical
cap which is disjoint fromH,,. Let L 5, Lg andL¢ be the three hyperplanes Bfwhich
containHy,. Also putHa = La \ Hy, He = Lg \ Heo @andHc = L¢ \ Ho. Now take
A=SNLa=SNHAB=SNLg=SnN HBandC:SO Lc = SN Hc.

SupposeSis a critical L c-maximal cap which id?;-decomposable with respect kb, .
Then there exists a subgrowp # {0} such thatA + B = D' u D whereD’ = (F +
dyu...u(F+d), r =1, D c (F + dy ando (D) has exactly one representation
o(D) = @ + by whereay € o(A) andby € o(B) whereo: G — G/F is the quotient
map. In other wordsA + B is a union ofr completeF-cosets together with a subdatof
an F-coset andy, by anddy represent the three improper cosets.

Using this notation, suppodgeis any is a subgroup of (n + 1, 2) with |F| = 21 with
0 < k < n — 3. Assume further th&G(F) C H.. Let X denote the quotient geometry
of = with respect t®G(F). ThusX = PG(u, 2) whereu =n —k — 1.

DEFINITION 11.11 Sis the cap inz defined as follows.

S=(s(AUa(B)U(C))\o(a+ by

Applying Theorem 3.8 we have theA + B| = |A| + |B| — 1. Moreover, either by [9,
Lemma 4.4] or by an elementary argument we have|tApt- |B| = |A + B| + 1.

Let us further suppose th&is quasi-maximal and consider &tcoset,F + a which
is contained inHA and which is different from the improper codet+ ag. Suppose that
F + ais not fully contained irS. Then there exists a poirff + a € (F +a) \ S. SinceS
is quasi-maximal there exist two poinfs + b € Hg N Sand f3 + ¢ € Hc N Ssuch that
fi+a = (f,+b)+(fz+c). By the unigueness of the decompositiolr o)) we must have
o (dg) # o (c). ThereforeF + cis fully contained inS. Since(f,+b)+ (F+c¢)=F +a
we see thaF + ais disjoint fromS. Thus we see that evefy-coset inHa, other than the
improper coset is either disjoint fro®or fully contained inS. Similarly for the F-cosets
in Hg. Since|A| + |B| = |A+ B| + 1, we may write

Q) A=Aju(F+ap)u...u(F+a)with Ay C (F + ap);
(2) B=Bou (F+byu...u(F +bs) with By € (F + bg);

(B) A+ B=(Ag+By)u(F+d)u...u(F+dsst)with (Ag+ Bg) € (F + ag + by).
HereF + ag, F + by andF + ag + bg are the three improper cosets.

LEMMA 11.12 With the above notation let S be a criticatk tmaximal cap. Suppose that
F is a P,-decomposing subgroup for S (with respect tQ)HThen

(1) [A+B|=|A+|B| -1
(2) PG(F) € Hy;
(3) Define k byPG(F) = PG(k, 2). Thenk<n —3;
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(4) S is a critical cap which i€ c-maximal;

(5) Thereis atleast one elemanofL¢c which is uniquely expressible as the sum of a point
in A and a point inB.

Proof. The statement (1) was already given above.

Consider0 # f e F. Wehaved; =0+ di e F+d; C A+ BC Hcandf +d; €
F +d; C Hc. Thereforef = (f +d;) 4+ d; € Hy. This proves (2).

To prove (3) we have from (2) thiat< n — 2. From Definition 11.3 we have theéA -+ B)
containsD together with at least one ful-coset not equal to the coset containdgThus
k<n-3.

The proof of (4) follows from Theorem 3.8 together with the fact pointed out above that
|Al+|Bl=|A+B|+1

The statement (5) follows from the fact thatD) has exactly one representatioD) =
a+ bwherea € o (A) andb € o (B). [

Let A be theF-cosetF + ag containingAy, let Be be theF-cosetF + by containingBg
and letCg be theF-cosetF + ag + by containingAg + By. These are the three improper
cosets. LelCy denoteSN Cg. SinceSis Lc-maximal, Hc = Co U (Ag + Bg). Let A
denote the subspace Bfgenerated by the three improper cosets. Thus PGk + 2, 2).
We have a decompositioh = XUYU Zwith X =Y = Z=PG(kk + 1,2) andAg C X,
By C Y andCy C Z.

By part (2) of the above Lemma we may subdividg into F-cosets:Hc = (F + dp) U
(F+dpu...u(F+dsyt) b (F+dgytpr) U...u (F +d) whereF 4+ dy = Cg and
r=2"%2_1 ThenC = Cou(F +ds;41)U...U(F+d;). Therefore 21 +1= |5 =
|A| + |B| + |C| = | Ag| + S(2t1) + | Bo| + t(2t1) 4+ |Co| 4+ (2" K2 — 1 — (s + 1)) 2Kt
From this we obtain thatdg| + | Bo| + |Co| = 2“1 + 1. Finally since Ag+ By = Cr \ Co
it follows using Theorem 3.8 that := Ap U By LI Cy is a critical cap inA = PG(t + 2, 2)
which is Z-maximal.

LEMMA 11.13 Letw € A. Then every secantline of S passing through in fact a secant
of T.

Proof. Takew € A \ Sand suppose that,z € Swith y + z = w. Assume by way
of contradiction, thayy ¢ A. Thenz ¢ A also. By the uniqueness of the decomposition
Cr = Ar + Br this implies thatw # Cg, i.e., thatw ¢ Lc. Without loss of generality
suppose thay € B andz € C and thusw € Ag. Choosew’ € (AF N'S) = Ay. Since

y ¢ Br andz ¢ Cg we have that the complete cosétst y andF + z are contained i1s.
Butthenw’ +y € F + zand the lingw’, y, w’ + y} is contained irS. This contradiction
proves the lemma. [ |

LEMMA 11.14 Let S be a critical cap which is quasi-maximal with respect tg. Hf S is
P;1-decomposable with respect to Hhen one of the three hyperplanes LXtontaining
H. satisfie§SNL| > 2"2 4 1.

Proof. The proof is by induction on. If n = 3 then it is easily seen that the ovoid is the
only quasi-maximal cap and that the ovoid satisfies the conclusions of the lemma.
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Suppose now that > 4. Let(F,C") € Pi(A, B) and definekAby PG(F) = PG(k, 2).
Let © denote the quotient geometry Bfby PG(F). ConstructSin Q as above. The®
is critical and quasi-maximal.

We now consider two cases:

Case 1. Sis P, decomposable with respect k. o L
By induction there exists a hyperplaheof X containingH., and such thatL N S| >
2"k=3 1 1. Then|H N S| > 1+ (2" 32 =14 22,

Case 2. Sis not P;-decomposable with respect i,
By Theorem 11.10¢A, B) is an elementary pair. Sincis P;-decomposable, we see by
Lemma 11.12 (5) that case (iii) of Definition 11.8 does not apply.

Assume we are in case (ii). Then there exists a gfouguch thatA + B is a coset of '.
Definingk’ by [F'| = 2¢ we have thak + k' < n—3since, by Lemma 11.12 (R)< n—3.
First suppose th&t+k’ < n—4. SinceSis quasi-maximal,Lc N'S| = 2" %2 -2, Thus
|Sﬁ LC| > 1+ 2k+1(2n—k—2 _ 2k’) — 2n—1 _ 2k+k’+l + 1 > 2n—1 _ 2n—2 + 1= 2n—2 4 1.
Now, if k+ k' = n—3thenA+ B = L¢ \ Hy. Then, without loss of generality\| > |B|
and henceA| > 2" %34 1. ThereforgSN La| > 21217573 4 1) = 202 4 21,

__Finally assume we are in case (i) of Definition 11.8 witi = 1 say. ThenSﬂ (Lg U
Lo)| = 272 Assuming firstthatSNLg| < 222 we obtain thatSNL¢| > 2" -3
and thereforéC| = |SN L¢| = 241 (2"~ 3y f1=o0241, Suppose on the other hand
that|SN Lg| > 2" 3+1 ThenSNLg > 2@ k3411 +1=2"24+1. =

We have seen that any maximal fractal cap gives a critical maximal cap and so the structure
of critical maximal caps appears quite flexible. In view of this our next result is somewhat
surprising in that it pins down the structure, and even more so in the caseSwheritical
and quasi-maximal but not maximal (see Corollary 11.16).

THEOREM11.15 In ¥ = PG(n, 2) let S be a critical cap which is quasi-maximal with
respect to H,. Then either one of the three hyperplane&atontaining H, is tangent to
S or else one of these three hyperplanes intersects S in alledst 1 points.

Proof. By Lemma 3.10A + B is not periodic. Applying Theorem 11.10 we obtain that
either(A, B) is elementary oSis P;-decomposable. In the latter case, the result follows
from Lemma 11.14.

Let us suppose then thgh, B) is elementary. IfA| = 1 or|B| = 1 thenShas a tangent
hyperplane of the required type.

SinceSis quasi-maximal with respect td.,, A+ B = Hc \ C. We examine cases (ii) and
(iii) of Definition 11.8. First supposg-| = 2"~. Then for case (ii)A| + |B| =2"1 + 1
and this is an odd number. So we may choose notation soSiat 5| > 2"~2 4 1. (This
case can also be disposed of as follows} = 2"~ implies thatSN Lc = ¢ which cannot
happen because of the definition®J We consider case (jii) wittF | = 2"~1. ThenA+ B
is obtained from a completé-coset by removing a vector and thus+ B| = 2"~ — 1.
But Hc = (A+ B) uC. ThereforgC| = 1 andLc is a tangent hyperplane.
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Suppose now thafF| < 2"2. For case (i) using again thislc = (A + B) U C we
obtain that|C| = |[Lc NS > 21 — (22 — 1) = 2"2 4 1. For case (i), since
|Al 4+ |B| = |F| + 1 both A andB cannot be completE-cosets. So we assume thats a
proper subset of sonte-coset,F + a. We have thalA + B is anF-coset, say +d. Now
|F| > 2. Choose two pointd, f +d € A+ B with f # 0; both of these points lie ikic.
Adding we see that € H,,. ThereforéPG(F) C H... SinceSis quasi-maximal, we have
as before thatc = (A + B) u C. Thus sincePG(F) C H., C is a union of complete
F-cosets. Therefore no point OF + a) \ A can lie on a secant &. This contradicts the
guasi-maximality ofS. [ |

COROLLARY 11.16 Let S be a critical non-maximal cap which is quasi-maximal with re-
spect to H,. Then there is a tangent hyperplane L to S which contains Furthermore
the other two hyperplanes which containHach contair"~2 points of S.

Proof. This follows immediately from the above theorem together with Lemma 3.5.
]

We are now able to describe all critical quasi-maximal caps which are not maximal.

PROPOSITION11.17 In ¥ = PG(n, 2) let S be a non-maximal critical cap which is quasi-
maximal with respect to K. Then there exists a unique pointeeH,, which lies on no
secantto S and S is obtained from the construction described in Section 7. THeasiS
the unigue maximal cap containing S.

Proof.  Since, as is easily checked, there are no non-maximal, quasi-maximal caps
in PG(2, 2) we assume that > 3. Let E be the set of points of lying on no secants

to S. We first show thatE is itself a cap inH,. By the above Corollary, we may
assume thatA| = |B| = 2"2 andC = {c}. Takee;, & € E and choose any point

a € Aand definea; = ¢ + aanda, = e, + a. Thenaj,a, € Ha \ A. Therefore

by = & + candb, = &, + c are both points 0B. Thereforee; + &, = b; + b, liesona
secant tcSand is not a point of. ThusE is a cap. Therefor& := Su E is the unique
maximal cap containing. Since|S| > |S], Sis a periodic cap. Le¥ be the set of vertices

for S. Since|A| = |B| = 22 > 1, we see thaV € Hc. But then for eachv € V we
haveE = v 4+ C = {v + ¢} and thu§E| = 1. [ ]

12. A Structure Theorem

Let S be a critical quasi-maximal cap. We use the notation of previous sections. We
have seen above that the gett- B is not periodic. From Theorem 11.10 it follows that
either (A, B) is an elementary pair or elsg is P;-decomposable. We have described

the construction of fractal caps in Section 9: as explained earlier fractal cafg®-are
decomposable. However, as pointed out in Section 10 such caps may or may not possess
tangent hyperplanes. Our first structure result is as follows.

THEOREM12.1 Let S be a critical quasi-maximal cap B = PG(n, 2). Take H, =
PG(n — 2, 2) a subspace of disjoint from S. Assume that S is nqtdecomposable with
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respect to H,. Then one of the three hyperplanes containing id a tangent hyperplane
for S.

Proof. From Section 3 we know thak and B are non-empty. By Theorem 3.18,+ B

is not periodic. From Theorems 3.8 and 11.10, we have(ihaB) is an elementary pair.
Referring to Definition 11.8 we see that in case (i) eithgror L g is a tangent hyperplane
to S containingH,,. Case (ii) implies thaA + B is periodic contradicting Theorem 3.10.

Assume case (iii) occurs. Thus there exist a subgfwb V (n + 1, 2) such thatA + B
is obtained from arf-coset by deleting a single element from that coset. Defi(€) by
|F| = 2™©, Thus|C| = 21 —2M© + 1. If m(C) = n—1then|C| = L andLc is a
tangent hyperplane.

Therefore we may assume thatC) < n — 2. Interchanging the roles & andC we
may assume that again case (iii) occurs and that the corresponding imefyesatisfies
m(A) < n — 2. Interchangind® andC we may similarly assume thai(B) < n — 2. But
then|S| = |A|+|B|+|C| = 3(2"141)— (2™~ 4.2m(B) 4 M)y > Z2"-141)-3(2"2) =
3(2"2+1) > 2"~ 4+ 1 =|S|. This contradiction completes the proof. [

13. Another Structure Theorem

Let Sbe a critical cap wittH,, N S = ¥ andH,, = PG(n — 2, 2). LetL be any one of
the three hyperplanes &f containingH,,: for ease of notation let us assume that L.
We proceed to define a so-call#d-move usingL. Let F be a subgroup o (n + 1, 2)
with |F| = 2Kt1, Let X,Y andZ = X + Y be F-cosets withX N A # ¢, YN B # ¢
andZNC # @PsuchthafX N A+ |YNB|+|ZNC| =2+ 1. Letag be a single
point in X N A and putX; := {ag}, Y1 = Y andZ; = @. Define the sef* as follows.
S =(S\(XuYu2Z)u((XyuYsuZy). Observe thatSt| = |S| = 21 + 1.

DEFINITION 13.1 We say tha§ is obtained fromS* by applying aw(F)-move(or more
simply aW-movgto S*. We denote this by writing 5 s

To illustrate the usage &/-moves we state the following result.

THEOREM13.2 Every fractal cap is obtained by applying a single W -move to some critical
cap.

Proof. Letus use the notation of Section 3 pertaining to the fractaBcd&utX; = XN'S,
Y, =YNSandZ; = ZNS. Letsy be a point ofX; and putX; := {sp}. LetY, := Y\ Hy
andZ, :=0. PutS := (S\ (XpuYyu Zp)) U(Xou YU Zo). Note thatS, is a critical
cap. MoreovelSis obtained frons, by a singlew-move. [ |

Our goal now is to show that every critical quasi-maximal cap whidh idecomposable
can be obtained by performing a certain sequend®'-@hoves starting with a fractal cap.
First however, we examine the situation described below.

NOTATION 13.3 Assume thas is a critical, Lc-maximal cap inX = PG(n,2). Let
S be P; decomposable and Ié¢t be a maximalP;-decomposing subgroup f®&. Let
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oF: ¥ — X/F =X be the quotient map. Then (see 11.11 and the discussion preceding
it) construct the ca®: := Sin . HereS: = (0 (A) LUor(B) Log(C)) \ o (D). Let
Ar = F +ag, BE = F +bgandCr = o~ %(0(D)) = F + dg be the three improper cosets
for S. ThenCg = Ar + B is the unique expression Gf as a sum of twd--cosets which
meetS non-trivially.

Now suppose tha: is alsoP;-decomposable with respectkb,. This decomposition
then yields a subgroup, s&§, of the groupV (n + 1, 2) with F C K. Let S be the cap
in ¥ /K constructed from thé;-decomposable caf-. Let A, B andCy be the three
improperK -cosets ofSe. ThenCy = Ax + B is the unique expression Gf as a sum
of K-cosets meetin@e. Let Ax = o7 (Ag), Bk = of '(Bg) andCx = o 1(Cy).

LEMMA 13.4 Using the above notation we have that GZ Ck. Furthermore either
(AF C Ak and B: z BK)OI' (AF Z Ax and B: C BK)

Proof. If Cg c Ck thenAr C Ak andBg C Bk by the uniqueness of the expressions for
Cr andCy. This then implies thaBis P; decomposable with respect Io contradicting
the maximality ofF. Thus we conclude th&@r ¢ Ck.

We claim that this implies that eadf-coset inK + dp different fromF + dy contains
no points ofS. To see this assume by way of contradiction that there is a moiat
(K 4+ dp) \ (F + dp) which lies inS. Thenog(c) € S andog(c) does not lie in the
improper coseC. Hence the entir&K -coset,K + o () is contained inSz. But this
contradicts the fact thatg (do) ¢ S¢.

Next we note that ifAr € Ax andBg C Bk then using the expressions 16 andCy
we obtainCg C Ck. Therefore we may assume without loss of generality ByatZ By .
We observe now that evefy-coset inK + by different fromF + by is entirely contained
in S,

Consider anF-coset,F + ay, different from Ar which is contained irK + ag. Then
(F + a1) + (F + dp) is anF-coset different fromBg = F + ag + dg and contained in
K+a +dy=K +ag+dy = K+ bg. Therefore(F +a;) + (F +dg) € S. Thus if
there were a point o8 lying in F + a; and one inF + dy then S would contain a line.
Thus since there are points 8fin F + dy it follows that(F + a;) N S= @. We have thus
shown that every-coset different fromAr and contained itk + ag is disjoint fromsS, i.e.,
(K4+a)NS=(F+a)NnS. If A ¢ Ag then every--coset inK + ag different from
F + ag would be entirely contained i8 but we have just shown that every suefcoset is
disjoint from S. We conclude thafAr C Ak. [ |

Without loss of generality assume thag ¢ A¢ andBr ¢ Bk.

From our original cafswe construct a caf; as follows. PuiX; = Ae NS, Y1 = BENS
andZ; = Cg N S. Pick any pointsy in X3 and letX; = {s}. PutY, = B andZ, = @.
DefineS = (S\ (X1 uYi U Zp)) U (XaUYaU Zy). By Lemma 11.13 we see th&t is a
cap, in fact a critical cap.

We now have the following result.

THEOREM13.5 K is a R-decomposing subgroup fornh &nd S is obtained from;Sy
applying a single WF)-move to $ Moreover $is Lc-maximal.
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Proof. By constructionS, haskK as aP;-decomposing subgroup. Furthermore, it follows
directly from the definition of &/(F) move thatSis obtained front, by applying a single
W (F)-move. ThatS, is Lc-maximal follows from Theorem 3.8. [ |

We now come to the main structure theorem for caps whiclPgigecomposable.

THEOREM13.6 Let S be a critical Ig-maximal cap which is Pdecomposable with repect
to H.. Then there exists a sequence-°, St, S, ... § of critical caps and a sequence
of subgroups of \h+1,2) {0} C F =F, C F, € ... € Fy1 witht < n — 2 satisfying
the following properties

1 s1i g,
(2) F,1is a P-decomposing subgroup fot,%nd

(3) Sisfractal

Proof. LetF be a maximaP;-decomposing subgroup f& We examine the caﬁ_: S.
By a straightforward argument as in Lemma 11.12 we have that B| = |A| + |B| — 1.

Case 1. $is notP;-decomposable (with respect,).
SinceSis P;-decomposable, the improper cosetlig is uniquely expressible as a sum
of a coset inL o plus a coset irLg both containing points of S namely as the sum of
the two other improper cosets. From the above discussidh-diecomposability we see
that in the quotient space the improper coseL ingives rise to an elemerf such that
vg(A, B) = 1. Therefore the hypotheses of Theorem 11.10 are satisfied and thus the
pair (A, B) is elementary as per Definition 11.8. We have seen that case (i) does not
apply.

Suppose that we are in case (ii) so that there is a subgdfowjth |K | = 2X. Moreover
K containsF and is such thaf lies in aK-coset, sayJ, B lies in aK-coset, say and
that A + B is itself aK-coset, W = U + V. As in the proof of Theorem 11.12 (2) we
may assume th@&G(K) C Hy. Initially supposePG(K) = Hu.. ThenA+ B = Hc
and S is a Swiss cap. Using the improper cosetsFofve see thaiS is a fractal cap.
Next suppose thdPG(K) is properly contained itH,,. SincePG(K) C Hy, we can
decomposeéic as a disjoint union oK -cosets:Hc = Wi uW, L. .. LUW, whereW = W,
andr = 2" %1 SinceSis Lc-maximal it follows thatW,, Ws, . .. W, are each contained
inthe capS. ThenS := (A/K)u(B/K)u(C/K)iscapin(Z/PG(K)) = PG(n —k, 2)
of cardinalityr + 1 = 2"*~1 4 1. Furthermore sincgB/K | = 1 (or using the property of
the improper cosets d¢f), we obtain that there is unique secantfcontaining the point
A/K. Moreover by direct calculation we obtaiSN U| + [SN V| + [SNW| = 2¢ + 1.
ThereforeS is a Swiss cap it /PG(K). ThereforeSis fractal.

Finally suppose that case (i) applies wjth| = 1. SinceSis P;-decomposable with
repect toH.,, A must correspond to an improper coset. It follows with a proof similar to
the above tha§is a fractal cap.
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Case 2. $is P;-decomposable (with respectkb,).
By Lemma11.12 (5), Lemma 13.4 and Theorem 13.5 there exists a critic8| safisfying
the following properties:

@ s8 s;

(2) there exists a subgroupof V(n+1, 2) with F C K such thaK is aP;-decomposing
subgroup fors;;

(3) there are at least two distin€t-cosets in_c each having the property that it is uniquely
expressible as the sum ofka-coset inL o which intersectsS, plus aK-coset inLg
which intersectss;;

(4) S is L¢-maximal;
(5) PG(K) C Hy.

Next letK* D K be a maximaP;-decomposing subgroup f&. Puts®* = S, St = S,
Fi = FandF, = K*,

We examine the cag = (S)r,. This is a cap in the quotient geometryDdfoy PG(F2)
where as in the proof of Lemma 11.12 @F(F,) C Hs. As usual leb = of, denote the
quotientmaw: V(n+1,2) — V(n+ 1, 2)/(K*). By Lemma 11.12E is a critical cap.
ThenA=0(LaNS =0(LaNS)andB =o(LgNS) = o(Lg N S). Therefore by
Lemma 11.12 (1) we havé\ + B| = |A| + |B| — 1. By the statement (3) above we are in
a position to apply Theorem 11.10. Again we consider two cases.

Case A. Hs notP;-decomposable.

From Theorem 11.10 the p&iA, B) is elementary. It follows from (3) above that we are
notin case (ii) nor case (iii) of Definition 11.8. We conclude that we are in case (i). Arguing
as in Case 1 above we conclude tBats a fractal cap.

Case B. Hs P;-decomposable.

Then as before, we choose a maxinPaldecomposing subgroup fd&. We proceed as
above. Now the chain d?;-decomposing subgrougs C F, C ... is strictly increasing.
Therefore eventually we obtain a subgrapand a cas' such that the capS)f, is not

P1-decomposable. As abo®is a fractal cap and furthermo®:_, i Sforalll<i <t
Now |Fi| > 2'. Thus dimPG(F;) > t — 1 and thus by Lemma 11.12 (2) we have that
t —1 < n-—3givingt < n— 2. This completes the proof. [ |

Note next that quasi-maximality implies-maximality. Thus, combining Theorem 13.6
with Theorem 12.1 we have the following structure theorem.

THEOREM13.7 Let S be a critical quasi-maximal cap i = PG(n, 2). Then

(1) there exists a subspaceH= PG(n — 2, 2) of X which is disjoint from S;
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(2) if S is not R-decomposable then there exists a hyperplane containiggwHich is
tangent to S;

(3) if Siis R-decomposable then S is obtained from a fractal cap by a sequence of at most
n — 2 W-moves as detailed in Theorem 13.6.

We conclude by showing that for a critical quasi-maximal cap there is always at least one
point of space which lies on a unique secant line.

THEOREM13.8 Let X = PG(n, 2) and suppose that & X is a critical quasi-maximal
cap with respect to K. Then there exists a point &f \ Hy, lying on exactly one secant
lineto S.

Proof. We proceed by induction om The result is vacuously true for= 2. The result
is also easily verified fon = 3 since there every point & \ Slies on exactly one secant
line.

Takingn > 4 we see that by Theorem 11.10, eitliér, B) is an elementary pair @8 is
P;-decomposable.

Suppose thatA, B) is elementary. ThegA, B) satisfies one of the three conditions of
Definition 11.8.

First suppos¢A| = 1 and writeA = {ag}. Thenifb € B clearlyw = ag + blieson a
unique secant t®. A similar argument handles the possibility thBf = 1.

Secondly we suppose théf, B) is elementary and satifies condition (ii) of Defini-
tion 11.8. TherA + B is periodic in contradiction to Theorem 3.10.

Thirdly we supposéA, B) satifies condition (jii) of Definition 11.8. Then there exists a
subgroupF of AG(n + 1, 2) such thatA + B is obtained by deleting a single element from
anF-coset. Definen(C) by |[F| = 2™©), Thus|C| =2"1—2"© £ 1 Ifm(C)=n—-1
then|C| = 1 andL¢ is a tangent hyperplane and we proceed as in case (i) above.

Therefore we may assume thatC) < n — 2. Interchanging the roles & andC we
may assume that again case (iii) occurs and that the corresponding imefyesatisfies
mM(A) < n — 2. Interchangind andC we may similarly assume thai(B) < n — 2. But
then|S| = |A|+|B|+|C| = 3(2" 141)— (2™~ 4-2m(B) 4 M)y > 32"-14.1)-3(2"2) =
322+ 1) > 21 + 1 = |S|. This contradiction shows that {fA, B) is an elementary
pair then there is a point & \ H., lying on only one secant t8.

Thus we suppose th&is P;-decomposable. Then we have the sub&hich is a
critical quasi-maximal cap in. By induction, there is a point of A \ (A N Hy) lying on
a unique secant line t§. Applying Lemma 11.13 we see that this line is the only secant
line to S passing throughv. [ |

Acknowledgments

We thank Professors Clark, Haddad, Helleseth, and Rogers for valuable comments. Re-
search partially supported by NSERC and ARP.



60

BRUEN AND WEHLAU

References

P

©

10.

11.
12.
13.
14.

A. A. Bruen and D. L. Wehlau, Maximal caps, line free sets and quasi-perfect codes, submitted.
Aiden A. Bruen, L. Haddad and D. L. Wehlau, Binary codes and cagsp, Vol. 6, No. 4 (1998)
pp. 275-284.

R. C. Bose and J. N. Srivastava, On a bound useful in the theory of factorial designs and error correcting
codesAnn. Math. Stat.\Vol. 35, No. 1 (1964) pp. 408—-414.

W. Edwin Clark, Blocking sets in finite projective spaces and uneven binary dddesste Math, \Vol. 94
(1991) pp. 65-68.

W. E. Clark, L. A. Dunning and D. G. Rogers, Binary set functions and parity check matiisesete
Math., Vol. 80 (1990) pp. 249-265.

A. A. Davydov and L. M. Tombak, Quasiperfect linear binary codes with distance 4 and complete caps in
projective geometryProblems of Information Transmissiovol. 25, No. 4 (1990) pp. 265-275.

T. Helleseth, On the covering radius codeiscr. Appl. Math, Vol. 11, No. 2 (1985) pp. 151-173.

R. Hill, Caps and codeBiscrete Math Vol. 22, No. 2 (1978) pp. 111-137.

J. H. B. Kemperman, On small sumsets in an abelian gréaog,. Math. StockholmVol. 103, Nos. 1-2
(1960) pp. 62—-88.

M. Kneser, Ein Sataber abelsche Gruppen mit Anwendungen auf die Geometrie der Zahgh, Z,
Vol. 61 (1955) pp. 429-434.

M. Kneser, Summenmengen in lokalkompakten abelschen Grugpdim, Z, \ol. 66 (1956) pp. 88-110.
B. Segre, Introduction to Galois geometrigttj. Accad. Naz. Lincei Memori&ol. 8 (1967) pp. 133—-236.
G. Tallini, On caps of kindin a Galois -dimensional spacécta Arithmet.\Vol. 7, No. 1 (1961) pp. 19-28.
W. T. Tutte, Colouring problembjath. IntelligencerVol. 0 (1977) pp. 72-75.



