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Abstract— In this paper we compare two recent threads
of research on the stabilization of non-linear control systems
under information constraints. In a deterministic setting, characterizations of the smallest bit rate of a noiseless channel
connecting a state coder to a controller have been obtained,
above which local stabilization or set-invariance is possible.
These characterizations use quantities similar to topological
entropy in dynamical systems and lead to estimates of the
corresponding bit rates in terms of Lyapunov exponents. In
a stochastic setting, a decisive quantity is the channel capacity.
For different notions of stochastic stability, namely stationarity,
ergodicity and asymptotic mean stationarity, estimates for the
smallest capacity, above which stabilization in one of these
senses can be accomplished, are available. We review the results
of the deterministic and the stochastic theory, highlight their
analogies and compare the corresponding methods of proof.

I. I NTRODUCTION
Networked control systems challenge the paradigm of
classical control theory that information can be transmitted
instantaneouly, lossless and with arbitrary precision. Under
the assumption that the communication between different
components of a networked system is limited by the use of
finite-capacity channels, it is a natural problem to determine
the class of communication channels through which it is
possible to stabilize the system. Already in the simplest
network topology – one dynamical system and one controller
connected by a digital channel – (see Fig. 1) this problem
is very hard to solve for non-linear systems with currently
existing techniques. This paper reviews and compares partial
results that have been obtained in deterministic and in
stochastic settings.
In the deterministic setup, the system is modeled by
difference or differential equations of the form
xt+1 = f (xt , ut ) or

ẋ(t) = f (x(t), u(t))

and the channel is modeled as a ‘bit-pipe’, allowing a fixed
number r of bits to be transmitted error-free in each time
slot.
In the stochastic setup, a discrete-time model of a control
system takes the form
xt+1 = f (xt , wt , ut ),

(1)

where wt is a model for the noise, usually assumed to
be an i.i.d. sequence of random variables. The channel in
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this model is also stochastic, in general, with memory and
(noiseless) feedback. We present the details of this setup in
Section III.
Stability Notions. On the deterministic side, we are
concerned with necessary and sufficient conditions on the
channel leading to invariance of a given set under some
control and coding policy. On the stochastic side, we are
concerned with conditions on a noisy communication channel in the presence of which there exist coding and control
policies such that the controlled system is stochastically
stable in the following senses: (i) {xt } is asymptotically
stationary, or asymptotically mean stationary (AMS) and
satisfies Birkhoff’s sample path ergodic theorem, (ii) {xt }
is ergodic, and in case a Markov chain can be constructed
(iii) {xt } is a stable Markov chain.
Throughout the paper, we use the convention that log =
log2 , when we are dealing with discrete-time systems and
log = loge for continuous-time systems.
II. T HE D ETERMINISTIC T HEORY
A. Entropy notions
To explain the notion of feedback entropy [9], we first
recall the definition of topological entropy (cf. [1]). Let X
be a compact topological space and f : X → X a continuous
map. The solutions of the difference equation
xn+1 = f (xn )
are given by xn = f n (x0 ), where f n : X → X is the n-th
iterate of f . If U, V are open covers of X, we define the
pullback of U under f by f −1 U := {f −1 (U ) : U ∈ U}
and the join of U and V by U ∨ V := {U ∩ V : U ∈
U, V ∈ V}, which are again open covers. The last operation
can be extended recursively for any finite number of open
covers. We write N (U) for the minimal cardinality of a finite
subcover of U. The entropy of f on the cover U is given by
n−1


_
1
f −i U ,
log N
n→∞ n
i=0

h(f ; U) := lim

where f −i = (f i )−1 and the existence of the limit follows
from subadditivity. The topological entropy of f is
htop (f ) := sup h(f ; U) ∈ [0, ∞) ∪ {∞},
U

the supremum taken over all open covers of X. Topological
entropy has been constructed in strict analogy to the measuretheoretic entropy of Kolmogorov and Sinai, which we will
comment on later.

To explain the concept of (topological) feedback entropy,
let X be a topological space, U a non-empty set and
xn+1 = f (xn , un )

(2)

a discrete-time control system on X, where f : X × U → X
is a map with the property that fu := f (·, u) : X → X is
continuous for each u ∈ U . We merge all solutions of (2)
into one map ϕ : Z+ × X × U Z+ → X,
ϕ(n, x, u) := fun−1 ◦ · · · ◦ fu0 (x), u = (u0 , u1 , . . .).
Let Q ⊂ X be a compact set with non-empty interior
satisfying the following strong invariance condition: For
every x ∈ Q there is ux ∈ U with f (x, ux ) ∈ intQ.
Let A be an open cover of Q, τ ∈ N, and G : A → U τ
a map with components G0 , . . . , Gτ −1 that assign control
values to all sets in A, such that for each A ∈ A the
sequence of controls G(A) yields ϕ(k, A, G(A)) ⊂ intQ for
k = 1, . . . , τ . Then we call the triple (A, τ, G) an invariant
open cover of Q. The existence of an invariant open cover
easily follows from the strong invariance condition on Q and
continuity of the maps fu , u ∈ U , cf. [7, Sec. 2.4].
Now, for any sequence α := (Ai )i≥0 of sets in A we
define the control sequence
iτ −1
≡ G(Ai−1 ).
u(α) := (u0 , u1 , . . .) with (ul )l=(i−1)τ

Bj := {Bj (α) | α ∈ AZ+ }.
Writing N (Bj |Q) for the minimal cardinality of a finite
subcover of Bj , we define the feedback entropy by
lim

1
log N (Bj |Q),
jτ

the infimum taken over all invariant open covers of Q.
Existence of the limit follows again from subadditivity.
A conceptually simpler definition of hfb (Q) was given
in [4] under the name invariance entropy. Though originally
defined for continuous time, invariance entropy can easily be
adapted to the discrete-time setting above. For any τ ∈ N,
a set S ⊂ U τ is called (τ, Q)-spanning if for each x ∈ Q
there is u ∈ S with ϕ(j, x, u) ∈ intQ for j = 1, . . . , τ . The
minimal cardinality of such a set is denoted by rinv (τ, Q)
and the invariance entropy of Q is defined by
1
hinv (Q) := lim log rinv (τ, Q),
τ →∞ τ

k−1
1X
log |Sj |
k j=0

of the channel satisfies R > hfb (Q), then a coder-controller
pair exists, which renders Q invariant. If R < hfb (Q), then no
such coder-controller pair exists.

Furthermore, for each j ≥ 1, letting α run through all
sequences in A, another open cover of Q is given by

(A,τ,G) j→∞

II.1 Theorem: Consider system (2). Suppose that a sensor
measures its states and is connected to a controller via a
noiseless digital channel which carries one discrete-valued
symbol per sampling interval, selected from a coding alphabet
Sk of time-varying size. If the transmission data rate

k→∞

Bj (α) := {x ∈ X | ϕ(iτ, x, u(α)) ∈ Ai , 0 ≤ i < j} .

inf

In spite of similarities in the construction of feedback
entropy and topological entropy, which also reflect in similar
properties, there is no direct relation between these two
quantities. While topological entropy detects exponential
complexity in the orbit structure of a system, feedback
entropy measures the complexity of the control task to keep
a system in a given set by applying appropriate inputs. If
no escape from this set is possible, the feedback entropy is
zero, no matter how complicated the orbit structure is. Hence,
topological entropy is sensitive to the local behavior of the
system, while feedback entropy in general is not. Interpreted
in terms of information, topological entropy is a measure for
the largest average rate of information about the initial state a
system can generate. In contrast, feedback entropy measures
the smallest rate of information about the state above which
a controller is able to render the set invariant. This is the
contents of the following data-rate theorem (cf. [9, Thm. 1]):

R = lim inf

We further define for each j ≥ 1 the open set

hfb (Q) :=

B. Interpretation

(3)

where again subadditivity guarantees the existence of the
limit. In [5] it was proved that hinv (Q) = hfb (Q).

An important result in the deterministic setup is with
regard to stabilization to a point: Under the assumptions that
(i) f has the form (2) with X = RN , U = Rm and is
continuously differentiable, (ii) there exists an equilibrium
pair (x∗ , u∗ ), i.e., x∗ = f (x∗ , u∗ ), (iii) a local strong
invariability condition is satisfied, namely for any ε > 0
there is ρ > 0 so that for all ε′ ∈ (0, ρ], the set {x :
|x − x∗ | ≤ ε′ } is strongly invariant with the control value
set U = {u : |u − u∗ | ≤ ε}, and (iv) the pair (A, B)
with A = Dx f (x∗ , u∗ ), B = Du f (x∗ , u∗ ) is controllable,
[9] has reported that
P for convergence to the equilibrium an
average rate R > |λi |>1 log |λi | is sufficient, where λi are
the eigenvalues of A.
C. Estimates in terms of Lyapunov exponents
Using a definition slightly different from (3), several estimates and formulas have been proved, relating the entropy
to dynamical characteristics of the control system.
Consider now a continuous-time control system
ẋ(t) = f (x(t), u(t)),

u ∈ U = L∞ (R, U ),

(4)

where U ⊂ Rm is compact with intU 6= ∅, M is a
Riemannian manifold and f : M ×Rm → T M is continuous
and smooth in the first argument with f (x, u) ∈ Tx M . We
let ϕ(t, x, u) denote the solution of (4) for the control u and

the initial state x at time t = 0. For simplicity, we assume
that all solutions are defined for t ≥ 0, which yields a map
ϕ : R≥0 × M × U → M,

(t, x, u) 7→ ϕ(t, x, u).

We also write ϕt,u : M → M for the diffeomorphism
ϕ(t, ·, u). A pair (K, Q) of sets with K ⊂ Q ⊂ M is called
admissible if K is compact and for each x ∈ K there is
u ∈ U with ϕ(R≥0 , x, u) ⊂ Q. For τ > 0, a set S ⊂ U
is called (τ, K, Q)-spanning if for each x ∈ K there is
u ∈ S with ϕ([0, τ ], x, u) ⊂ Q. Writing rinv (τ, K, Q) for
the minimal cardinality of such a set, we define
hinv (K, Q) := lim sup
τ →∞

1
log rinv (τ, K, Q).
τ

II.2 Theorem: Let D be a control set with compact closure.
Under a strong accessibility rank condition on intD, for every
compact set K ⊂ D, the admissible pair (K, D) satisfies
(u,x)

t→∞

1
log+ kDϕt,u (x)∧ k ,
t

ẋ(t) = f0 (x(t)) +

m
X

ui (t)fi (x(t)).

(6)

i=1

If additionally U is assumed to be convex, a continuous
skew-product flow Φ : R × (U × M ) → U × M , called
control flow, is induced on the extended state space by
Φt (u, x) = (u(· + t), ϕ(t, x, u)).

Under additional assumptions, it is possible to obtain upper bounds for hinv (K, Q) in terms of Lyapunov exponents.
Recall that a set D ⊂ M with non-empty interior is a
control set if it is maximal with the property of complete
approximate controllability, i.e., for each two x, y ∈ D and
every neighborhood N of y there are u ∈ U and τ > 0 with
ϕ(τ, x, u) ∈ N . For a proof of the following result, see [3,
Thm. 3.5 and Cor. 3]. We refer to [16, Ch. 4] for a definition
and implications of the Lie algebra rank condition.

hinv (K, D) ≤ inf lim sup

strong accessibility, a result of Coron [2] yields sufficiently
many regular periodic trajectories to approximate every other
trajectory that evolves in a compact subset of D.
To obtain similar lower bounds, additional dynamical
structure is useful. In this case, it is convenient to assume
that the system is control-affine,

(5)

where log+ = max{0, log} and the infimum runs over all
(u, x) ∈ intU × intD such that ϕ(t, x, u) is contained in a
compact subset of D for all t ≥ 0. If the system is controlaffine and U is convex, the strong accessibility rank condition
can be weakened to the usual Lie algebra rank condition.
In (5), Dϕt,u (x)∧ denotes the linear map between the full
exterior algebras of the tangent spaces Tx M and Tϕ(t,x,u) M ,
induced by the derivative Dϕt,u (x). The norm of Dϕt,u (x)∧
equals the maximal value that a product of k singular values
of Dϕt,u (x) can have when 1 ≤ k ≤ dim M . Using this, it
is not hard to prove that the lim sup on the right-hand side
of (5) equals the sum of the positive Lyapunov exponents for
periodic trajectories. The core argument in proving Theorem
II.2 is the following: One fixes a periodic controlled trajectory (ϕ(·, x∗ , u∗ ), u∗ (·)) in intD with controllable linearization. Using complete approximate controllability on D and
local controllability along (ϕ(t, x∗ , u∗ ), u∗ (·)), every initial
state in K is first steered into a neighborhood of x∗ and then
kept close to ϕ(t, x∗ , u∗ ) for all future times, using controls
that are close to u∗ . On average, the sum S of all positive
Lyapunov exponents along ϕ(·, x∗ , u∗ ) tells how fast one
is driven away from ϕ(t, x∗ , u∗ ) without applying controls
different from u∗ . Hence, the growth rate of the number
of different controls needed to stay close to ϕ(t, x∗ , u∗ ) is
≥ S. This yields the upper bound (5), when the infimum
runs over all regular periodic (u, x). Using the assumption on

The base space U becomes compact metrizable with the
weak∗ -topology of L∞ (R, Rm ) = L1 (R, Rm )∗ .
We assume that Q is compact and full-time controlled
invariant, i.e., for every x ∈ Q there is u ∈ U with
ϕ(R, x, u) ⊂ Q. The lift of Q to U × M is defined by
Q := {(u, x) ∈ U × M : ϕ(R, x, u) ⊂ Q}.
The set Q is called uniformly hyperbolic if for each (u, x) ∈
Q there is a direct sum decomposition
+
−
Tx M = Eu,x
⊕ Eu,x
±
±
such that (i) Dϕt,u Eu,x
= EΦ
for all t ∈ R and (ii)
t (u,x)
there are c, λ > 0 such that |Dϕt,u (x)v| ≤ c−1 e−λt |v| for
−
t ≥ 0 and v ∈ Eu,x
, |Dϕt,u (x)v| ≥ ceλt |v| for t ≥ 0
+
and v ∈ Eu,x . From the two conditions it follows that the
±
subspaces Eu,x
vary continuously with (u, x). Combining [3,
Thm. 5.4] and [8, Thm. 5], we obtain the following result.

II.3 Theorem: Let Q be a compact uniformly hyperbolic
chain control set of (6) with non-empty interior such that Q
is an isolated invariant set. Assume that the Lie algebra rank
condition holds on Q. Then Q is the closure of a control set
D and for each compact K ⊂ D of positive volume,
hinv (K, Q) =

inf

(u,x)∈Q

lim sup
t→∞

1
+
log det Dϕt,u |Eu,x
. (7)
t

The proof of this result also reveals a qualitative statement.
To render Q invariant with a bit rate arbitrarily close to
hinv (K, Q), no control strategies are necessary that are more
complicated than stabilization of a periodic orbit in intQ.
If a similar result holds without uniform hyperbolicity, is a
completely open question. We also note that in the discretetime case the inequality ‘≥’ in (7) can be proved in the same
way as for continuous time. The upper estimate, however,
is more problematic, because a discrete-time analogue of
Coron’s result for smooth systems does not seem to exist.
III. A S TOCHASTIC F ORMULATION : E RGODICITY,
S TATIONARITY AND A SYMPTOTIC M EAN S TATIONARITY
The results for deterministic systems pose questions on set
stability which are not sufficient to study stochastic setups
which may inevitably require that the state process visits

every open set in the unbounded state space, such as Rn .
Stochasticity also allows for studying control over general
noisy channels and establishing connections with information
theory. The measure-theoretic (also known as KolmogorovSinai or metric) entropy is more relevant to informationtheoretic as well as random noise-driven stochastic contexts,
since in this case, one considers the typical distinguishable
orbits of a dynamical system and not all of the sample paths
the system can take.
Consider now an N -dimensional controlled non-linear
system described by the discrete-time equations
xt+1 = f (xt , ut , wt ),
for a (measurable) function f , with {wt } being an independent and identically distributed (i.i.d.) system noise process.
This system is connected over a noisy channel with a finite
capacity to a controller, as shown in Fig. 1. The controller has
access to the information it has received through the channel.
A source coder maps the source symbols, state values,
to corresponding channel inputs. The channel inputs are
transmitted through a channel; we assume that the channel
is discrete with input alphabet M and output alphabet M′ .
Coder

Channel

is ergodic, and in case a Markov chain can be constructed,
(iii) {xt } is a stable Markov chain.
The following definition (see [17, Def. 3.1]) will be useful.
III.1 Definition: Channels are said to be of Class A type, if
• they satisfy the following Markov chain condition:
′
qt′ ↔ qt , q[0,t−1] , q[0,t−1]
↔ {x0 , ws , s ≥ 0},
•

(8)

their capacity with feedback is given by
C = lim

max

′
T →∞ {P (qt |q[0,t−1] ,q[0,t−1]
), 0≤t≤T −1}

1
′
(9)
I(q[0,T −1] → q[0,T
−1] ),
T
where the directed mutual information is defined by
′
I(q[0,T −1] → q[0,T
−1] ) =

T
−1
X

′
)
I(q[0,t] ; qt′ |q[0,t−1]

t=1

+I(q0 ; q0′ ).
Memoryless channels belong to this class; for such channels, feedback does not increase the capacity [12]; see [18]
for examples of channels that belong to this class.
For the proofs of the results in this section see [18].

Controller

A. Supporting results and a generalization of Bode’s Integral
Formula for non-linear systems
Plant

Here, instead of a general RN -valued non-linear state
model (1) we will consider non-linear systems of the form
Fig. 1.

Control over a noisy channel with feedback.

We refer by a Coding Policy Π, to a sequence of functions
{γte , t ≥ 0} which are causal such that the channel input at
time t, qt ∈ M, under Π is generated by a function of its
local information, i.e.,
qt = γte (Ite ),

′
},
Ite = {x[0,t] , q[0,t−1]

where qt ∈ M, the channel input alphabet given by
M = {1, 2, . . . , M }. Here, we have the notation x[0,t−1] =
{xs , 0 ≤ s ≤ t − 1} for t ≥ 1. The channel maps qt to
′
qt′ in a stochastic fashion so that P (qt′ |qt , q[0,t−1] , q[0,t−1]
)
′
is a conditional probability measure on M for all t ∈ Z+ .
If this expression is equal to P (qt′ |qt ), the channel is said
to be memoryless, i.e., the past variables do not affect the
channel output qt′ given the current channel input qt . The
receiver/controller, upon receiving the information from the
channel, generates its decision at time t, also causally: An
admissible causal controller policy is a sequence of functions
′
γ = {γt }, γt : M′t+1 → Rm , so that ut = γt (q[0,t]
). We
call such encoding and control policies causal or admissible.
This section is concerned with necessary and sufficient
conditions on information channels in a networked control
system for which there exist coding and control policies
such that the controlled system is stochastically stable in one
or more of the following senses: (i) {xt } is asymptotically
stationary, or asymptotically mean stationary (AMS) and
satisfies Birkhoff’s sample path ergodic theorem, (ii) {xt }

xn+1

= f (xn , wn ) + Bun ,

(10)

xn+1
xn+1

= f (xn ) + Bun + wn ,
= f (xn , un ) + wn .

(11)
(12)

In all of the models above, xn is the RN -valued state, wn
is the RN -valued noise variable, un is Rs -valued and wn
assumed to be an independent noise process with wn ∼ ν.
We assume throughout that f is continuously differentiable
in the state variable. For a differentiable function f : Rn →
Rm , we write Jf (x) for the Jacobian matrix at x ∈ Rn .
1 Assumption In the models considered above f (·, w) :
RN → RN is invertible for every realization of w.
In the following |J(f )| will denote the absolute value of
the determinant of the Jacobian. Furthermore, with fw (x) =
f (x, w), we define J(f (x, w)) := J(fw (x)).
2 Assumption There exist M1 , L1 ∈ R so that for all x, w
L1 ≤ log2 |J(f (x, w))| ≤ M1
Let πt (B) = P (xt ∈ B) for all Borel B, i.e., πt is the
marginal occupation probability for the state process xt .
III.2 Theorem: Consider the networked control problem
over a Class A channel. (i) Let f have the form (10), (ii)
Assumptions 1 and 2 hold, and (iii) x0 have finite differential

entropy. a) If, under an admissible coding and control policy,
lim inf t→∞ h(xt )/t ≤ 0, it must be that
T −1 Z
Z

1 X
C ≥ lim inf
πt (dx)
ν(dw) log |Jfw (x)|) . (13)
T →∞ T
t=0
This result also holds if the lim inf ’s are replaced by lim sup’s.
In either case, if L := inf x,w log |Jfw (x)|, then C ≥ L.
The proof of Theorem III.2 reveals an interesting connection with and a generalization of Bode’s Integral Formula
(and what is known as the waterbed effect) to non-linear
systems, which we state formally in the following.
III.3 Theorem: (i) Let f have the form in (10) (ii) Assumptions 1 and 2 hold, and (iii) x0 have finite differential
entropy. If there is an admissible coding and control policy
with lim supt→∞ h(xt )/t ≤ 0 it must be that

for functions γ e , γ d , and η. In the form above, m is an Svalued memory or quantizer state variable.
In this section, instead of asymptotic mean stationarity, we
consider the stronger conditions of (asymptotic) stationarity
of the controlled source process, the existence of an invariant
probability measure, and ergodicity. For ease in presentation
we assume that mt takes values in a countable set. In the
following, we assume that the channel is memoryless. Then,
under (14), the process (xt , mt ) forms a Markov chain.
III.6 Theorem: Suppose that the encoding, control and the
memory update laws are given by (14). (i) Let f have the form
(10), (ii) Assumptions 1 and 2 hold, (iii) h(x0 ) < ∞. For
the positive Harris recurrence of the process xt , mt (which
implies the existence of a unique invariant measure π (and
thus ergodicity)), lim supt→∞ h(xt )/t ≤ 0 implies
Z
Z

C ≥ π(dx)
ν(dw) log(|Jfw (x)|) .
(15)

′
lim supT →∞ T1 I(q[0,T −1] → q[0,T
−1] )
R
R
P
−1
πt (dx)( ν(dw) log |Jfw (x)|)). D. Discrete noiseless channels and a policy leading to
≥ lim supT →∞ T1 Tt=0
stationarity and ergodicity
B. Asymptotic mean stationarity and ergodicity
As noted earlier, for noise-free systems it typically suffices

In the following, we build on the approaches in [19], [14]
to account for non-linearity of the system. Consider system
(11), under a given control policy, controlled over a channel.

to consider a sufficiently small neighborhood of an equilibrium point to obtain stabilizability conditions, which is not
necessarily the case for a system driven by an additive noise
process. We consider such an example in the following.

3 Assumption We assume
M

:=

sup log |Jf (x)| < ∞,
x∈RN

L :=

inf log |Jf (x)| > −∞.

x∈RN

III.4 Proposition: Consider system (11) controlled over a
Class A type noisy channel with feedback. Assume that
h(x0 ) < ∞ under Assumption 3. If C < L,
lim sup P (|xT | ≤ b(T )) ≤ 1 −
T →∞

(L − C)
M

for all b(T ) > 0 such that limT →∞ log(b(T ))/T = 0.
An implication of this result follows.
III.5 Theorem: Consider system (11) controlled over a
Class A type noisy channel with feedback, and let Assumptions 1 and 3 hold. If, under some causal encoding and
controller policy, the state process is AMS, then the channel
capacity C must satisfy C ≥ L.
We note that the corresponding results for linear systems
in [19] are recovered as a special case.
C. Stationarity and positive Harris recurrence under structured (stationary) policies

III.7 Theorem: Consider system (12), where {wt } is a sequence of zero-mean Gaussian random vectors and there
exists a control function κ(z) such that |f (x, κ(z))|∞ ≤
|a||x − z|∞ for all x, z ∈ RN , with κ(0) = 0. For the
stationarity and ergodicity of {xt } (and thus a unique invariant
probability measure), it suffices that C > N log(|a|) + 1.
IV. C ONNECTIONS BETWEEN THE D ETERMINISTIC
S TOCHASTIC F ORMULATIONS

AND

A. Commonality of Lyapunov exponents and the Jacobian
matrix properties
As we discussed in Section II, an important result in the
deterministic formulation is with regard to stabilization to a
point: Under some technical conditions stated earlier, [9] has
reported that
Pfor convergence to the equilibrium an average
rate R >
|λi |>1 log |λi | is sufficient, where λi are the
eigenvalues of the Jacobian at the equilibrium point.
A further related result in spirit of the stochastic analysis
is in a case where there exists a controlled invariant set Q
with non-empy interior: For continuous-time systems of the
form ẋ = f (x, u), u ∈ U, [4] establishes the lower bound


X ∂fi
(x, u)
(16)
max 0, min
∂xi
(x,u)∈Q×U
i

on the invariance entropy of Q, where fi is the i-th coordinate function of f . A more refined bound under a uniform
hyperbolicity condition is given in Theorem II.3.
These results can be viewed to be related to Theorems III.6
′
qt = γ e (xt , mt ), ut = γ d (mt , qt′ ), mt = η(mt−1 , qt−1
) (14) and III.5 in that the average entropy growth as measured by
In many applications, one uses a state-space formulation
for coding and control policies. In the following, we will
consider stationary update rules which have the form

the eigenvalues of the Jacobian matrix under the invariant
probability measure is lower bounded by a minimum over
the elements in the support set. In the stabilization to the
point example of [9] reviewed in Section II-B, the invariant
measure is a δ-measure on a single point. In the invariant
set example leading to (16), the set Q can be viewed as the
support of some invariant measure if such a measure exists.
To a smaller extent, Theorem II.2 is related to Theorem III.7.
Likewise, [13] has obtained conditions for noise-free systems
controlled over noiseless channels. Due to the absence of
noise, one could identify an invariant compact set, and
consider a bound on the Lipschitz growth parameter for the
system over this invariant set to obtain sufficiency conditions.
When the system is (say, Lebesgue) irreducible, however,
due to the effect of noise, local properties are not descriptive
and the invariant probability measure reflects the rate conditions and entropy growth in the system. In this case, the
local growth integrated under an invariant measure gives a
proper bound.
A related aspect of the stochastic theory is that the stochastic analysis does not assume compactness of the state space.
Furthermore, it may not be natural to ask for a stochastic
stability problem, if compactness is assumed a priori.
Finally, the presence of noise in the stochastic formulation
leads to more desirable regularity properties, such as ergodicity and the existence of an invariant probability measure.
B. Entropy versus volume growth arguments
The analysis for the geometric view typically builds on
partitioning the state space according to invariant subspaces
and the volume growth in each subspace. The volume
arguments naturally require a search for the best metric to
work with, as studied extensively in [7].
The entropy analysis, however, avoids such a search and is
almost universal. Differential entropy is a useful measure for
how much a stochastic system generates uncertainty. On the
other hand, the lower bounds obtained (in Theorems III.6 and
III.5) through entropy are oblivious to the stable and unstable
components of a non-linear dynamical system. That is, in the
analysis that we obtained, the lower bounds consider both
stable and unstable components. For systems where the stable
and unstable components can be decoupled in the sense that
with x = (xs , xu ) where xs represents the stable and xu the
expansive mode, suppose that the dynamics is such that xu
is decoupled from xs in the sense that
xun+1 = f1 (xun , un , wn ).
but xs may depend on xu . In this case, the analysis in
[18] can be generalized so as to include only the unstable
components. However, this is a rare setup (though one which
includes the important case of linear systems).
C. Agreement for the linear case
The stability criteria outlined earlier have been studied for
linear systems of the form
xt+1 = Axt + But + Gwt ,

(17)

where xt ∈ RN is the state at time t, ut ∈ Rm is the
control input, and {wt } is a sequence of zero-mean i.i.d. Rd valued Gaussian random vectors. Here, (A, B) and (A, G)
are controllable pairs. Assume that all eigenvalues λi of
A are unstable. In this case, under the stochastic stability
criteria
P studied in this paper, it has been observed that
C > |λi |>1 log |λi | is necessary and sufficient, see [18]. In
particular, the stochastic and deterministic formulations are
in agreement when the system is linear. For linear systems, (i)
one can in a global fashion split the components into stable
and unstable subspaces, and (ii) the Lyapunov exponents are
global and not just local properties.
D. Convergence of the approaches
Current work focuses on merging the two approaches
in the context of state estimation problems by viewing a
stochastic system as a random dynamical system [10].
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