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A Random Time Stochastic Drift Result and
Application to Stochastic Stabilization Over Noisy
Channels
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Abstract— A random time state-dependent drift result leading
to various forms of stochastic stability for a Markov Chain
is presented. Application to a network stabilization problem is
studied. In particular, we observe that, for control over a discrete
erasure channel with feedback, for recurrence or stochastic
stability, it suffices to have the capacity being greater than the
logarithm of the unstable eigenvalue. For the finiteness of a
second moment, however, more stringent criteria are needed.

I. INTRODUCTION

Many network applications and recently popular networked
control applications require the access of control and sensor
information to be observed intermittenly. Toward generating
a solution for such problems, this paper studies random time
state dependent drift conditions leading to the existence of
an invariant distribution possibly with moment constraints.
Earlier, Meyn and Tweedie [11] considered a number of
conditions for both deterministic and random time state de-
pendent drift conditions. In this paper, we extend some of
the conditions in [11] with regard to both finite moment
conditions, and the existence of an invariant distribution. We
apply these results to a stabilization problem over an erasure
channel.

We first present results on stochastic stability.

II. RESULTS ON STOCHASTIC STABILITY

Let us first make a number of definitions. Let {z;,t > 0}
be a Markov chain with state space (X, 5(X)), and defined
on a probability space (2, F,P), where B(X) denotes the
Borel o—field on the complete, separable, metric space X, )
is the sample space, F a sigma field of subsets of 2, and P a
probability measure. Let P(x, D) := P(x¢t41 € Dl|a: = x)
denote the transition probability from x to D, that is the
probability of the event {z;y1 € D} given that x; = z. The
evolution of the probability of events is completely determined
by the transition probability and the probability of the initial
state, P(dxg). The probability of the event {x;11 € D} for

any t can be computed recursively by starting at ¢t = 0,
with P(z; € D) = [, P(xz1 € Dl|zg = x)P(dxo), and
iterating with a similar formula for ¢ = 1,2,.... See [9] for
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Definition 2.1: For a Markov chain with transition proba-
bility defined as before, a probability measure 7 is invariant
on the Borel space (X, B(X)) if

7(D) = | P(x,D)r(dz), VD € B(X).

Definition 2.2: AX Markov chain is u-irreducible, if for any
set B C X, such that u(B) > 0, and Vz € R, there exists
some integer n > 0, possibly depending on B and z, such that
P™(z,B) > 0, where P"(z, B) is the transition probability
in n stages, that is P(z¢4n, € Blz: = x).

Definition 2.3: A set A C X is p — petite on (X, B(X))
if for some distribution 7 on N (set of natural numbers), and
some measure [,

> P*(x,B)T(n) > u(B), Vx€ A, andB € B(X),
n=0

where B(X) denotes the (Borel) sigma-field on X.
Definition 2.4: A compact set A € X, is Harris recurrent
if P(min(t >0:2, € A) < oolzg =2) =1,Vz € X.
Theorem 2.1: ([10] Thm. 4.1) Consider a Markov process
{z:} taking values in X. If a recurrent set A is p—petite, if
the chain is p-irreducible, and if

sup Emin(t > 0: 2z, € A)|zo = 2] < 0.

z€A
then the Markov chain is positive Harris recurrent and it admits
a unique invariant distribution.

Some further related results on convergence and further
relaxations will be reported elsewhere.

Theorem 2.2: Let {(z;} be a Markov chain taking values
in X. Define a sequence of stopping times: {7, z € N, }, with
70 = 0. Let for V : X — Ry — {0}, x € (0,1), C C X and
b € R, the following hold:

EV(zr.)IFr] < (1= r)V(er.) + bl co

with {F;} the filtration generated by {z}. Further, suppose
that, for some € > 0,

E[Tz—i-l - TZ|‘/E7—2] < GV(‘T‘I’z)’

{(z¢} is a y—irreducible Markov chain, and C' is a ¢ —petite
set.

Then, the Markov chain is positive Harris recurrent, and
there exists a unique invariant distribution.

We have the following corollary to Theorem 2.2.
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Corollary 2.1: Consider the Markov Chain {z;}. If for
some non-negative function V : X — (0,00), x € (0,1),x >
0,C cXandbeR,

E[V(SCTZH)LFTZ] <V(z.)-1+ ble. cc

sup E[Terl - 7-z|:C'rz = :17] < 0,
recX
{x+} is a ¢—irreducible Markov chain, and C is a ¢ —petite
set; then, the Markov chain is positive Harris recurrent, and
there exists a unique invariant distribution.
The following improves the results to a finite moment
setting.
Theorem 2.3: Consider the Markov Chain {z;}. If for
some function V : X — Ry — {0}, x > 0, C C X and
beR,

Toy1—1
En«xuﬂnfglsvmngn(EmJ 3 f@%ﬂ>+mwﬁe@,
k=t

{x} is ayp—irreducible Markov chain and C'x H is a ¢)—petite
set, the Markov chain is such that

tlgg@ E[f(z¢)] < o0.

Theorem 2.4: In the above theorems, if the irreducibility
condition is replaced with the condition that the Markov Chain
is weak Feller, then (i) Under Theorem 2.2, there exists an
invariant distribution (ii) Under Theorem 2.3, for all invariant
distributions , sup,. lim;_, o, E[f;] < oo exists.

III. APPLICATION TO CONTROL OVER AN ERASURE
CHANNEL

In this paper, we will show that, there exists an invariant
distribution. This is in particular useful, because of the sample-
path individial ergodic theorem:

Theorem 3.1 (Birkhoff’s Individual Ergodic Theorem):
Consider a positive Harris recurrent Markov process {x:}
taking values in X, with invariant distribution (.). Let
f + X — R be a bounded function, measurable on B(X).
Then, the following holds almost surely:

=
p&?;ﬂm/ﬂwww

We consider a remote stabilization problem where a con-
troller having access to measurements from a channel, and acts
on a plant, which is open-loop unstable.

A channel coder maps the source symbols, state values, to
corresponding channel inputs.

The quantizer outputs are transmitted via a noisy memory-
less channel, hence the receiver has access to noisy versions
of the quantizer/coder outputs for each time, which we denote
by {¢'} € M generated according to a probability distribution
for every fixed ¢ € {1,2...,m} = M, which we denote by
{P(d'la)}-

Before proceeding further with the description of the sys-
tem, we discuss the quantization policy investigated. A quan-
tizer, (), for a scalar continuous variable is a map R — R,

Controller

Plant

Fig. 1: Control over a noisy channel with causal feedback.

characterized by a sequence of bins {83;} and their represen-
tation {g'}, such that Vi, Q(z) = ¢ if and only if = € B;.
Of particular interest is the class of uniform quantizers. In the
following, we modify the description of a traditional uniform
quantizer by assigning the same value when the state is in
the overflow region? of the quantizer. As such, a uniform
quantizer: QX : R — R with step size A and an (odd) K
number of levels satisfies the following for k =1,2..., K:

(LD LA, if
€ [(ZE + (k- 1)A,(Z& +k)A)
0, it |z >L5A or z=5A

Q% (x) =

A general class of quantizers are those which are adaptive.
Let S be a set of states for a quantizer state S. Let I': S x
M’ — S be a state update-function. An adaptive quantizer has
the following state update equations:

Sev1=F (S, q')

Here, g, is the channel output at time ¢, and S; is the state of
the quantizer. We note that, such a quantizer is implementable
since the updates can be performed both at the encoder and
the decoder.

One particular class of adaptive quantizers is introduced by
Goodman and Gersho [3]. One such type has the following
form with QIA( being a uniform quantizer with K bins and bin-
size A and @) determining the updates in the bin-size of the
uniform quantizer as a function of the source and the current
bin size:

g = QR (1), Avy1 = AQ(q, Ar) (D

Here A; characterizes the uniform quantizer, as it is the bin
size of the quantizer at time t.

We consider an LTI discrete-time scalar system described
by

Te41 = axy + buy + dy, (2)

2As such, when |z| > (K/2)A, the receiver knows that the source is in
the overflow region of the quantizer.
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where a is the system coefficient with |a| > 1, that is, the
system is open-loop unstable. We take b # 0. Here x; is
the state at time ¢, u; is the control input, zy is a second
order random variable, and {d;} is a sequence of zero-mean
independent, identically distributed (i.i.d.) Gaussian random
variables with a finite second moment.

This system is connected over a channel with a finite
capacity to an estimator (controller). The controller has access
to the information it has received through the channel.

The controller in our model estimates the state and then
applies its control. As such, the problem reduces to a state
estimation problem since such a scalar system is controllable.
Hence, the stability of the estimation error is equivalent to the
stability of the state itself.

We assume the data rate (bits transmitted per channel use)
to be some rate R. We will try to find a relationship between
the packet loss probability and the data rate which leads to
stability.

A. Literature Review with Regard to Stabilization

There has been considerable amount of research in the
literature on quantizer design for such a stabilization problem,
for a detailed review see [23]. Due to space constraints, we
are unable to provide a detailed account here and only review
some of the directly related literature to this note. Zooming
type adaptive quantizers, which will be described further in
the paper, have been recently introduced by Brockett and
Liberzon [2], for remote stabilization of open-loop unstable,
noise-free systems with arbitrary initial conditions. Nair and
Evans [8] provided a stability result under the assumption that
the quantizer is variable-rate and showed that for a noisy setup
(with unbounded support for the noise probability measure)
that on average it suffices to use more than log,(|a|) bits to
achieve a form of stability. [8] used asymptotic quantization
theory to obtain a time-varying scheme, where the quantizer
is used at certain intervals at a very high rate, and at other
times, the quantizer is not used. In contradistinction with the
result of Nair and Evans, we provide a technique which allows
us to both provide a result for the case when the quantizer is
fixed-rate as well as to obtain an invariance condition for a
probability measure on the quantizer parameters. There is also
a large body of literature on quantizer design in the commu-
nications and information theory community. One important
reference is the work by Goodman and Gersho [3], where an
adaptive quantizer was introduced and the adaptive quantizer’s
stationarity properties were investigated when the source fed
to the quantizer is a second order and i.i.d. sequence. In fact,
zooming type quantizers is a special class of Goodman and
Gersho’s adaptive quantization scheme. Kieffer and Dunham
[5] have obtained conditions for the stochastic stability of a
number of coding schemes when the source considered is also
stable, where various forms of stability of the quantizer and
the estimation error have been studied. In our case, however,
the schemes in [3] and [5] are not directly applicable, as
the process we consider is open-loop unstable, as well as
Markovian.

[19] showed that zero-error capacity is related ; and this
was also discussed further in [12] for systems with no noise.
Matveev and Savkin showed that, almost sure stabilization is
not possible for a class of channels. In their definition, almost
sure stabilization is equivalent to the following lim sup ||z|| <
oo, almost surely. [22] proposed any-time capacity as an
appropriate measure of channels used in control systems.
References [21], [20] and [8] studied control over noisy
channels and obtained fundamental bounds. Recently, [13]
studied this problem and provided a necessity and sufficiency
result. Earlier, we had obtained conditions for the existence of
an invariant distribution in [23] for noisy channels and in [17]
for discrete-channels, under a fixed-rate constraint. Earlier, we
had adopted the approach of using stochastic drift arguments
in [23].

In this paper, our contribution here is on stochastic sta-
bilization over erasure channels. The results presented are
new. Minero et al had studied erasure channels to obtain
a boundedness of the second moment. We show that the
second moment has a limit, and the individual ergodic theorem
applies.

One important result in this paper is the observation that
there exists a well-defined limit for the sequence of second
moments {F[||z;||3], t € Z,} and this limit is finite. This
result allows us to formulate an optimal quantization problem
when the noise process has unbounded support and the state
space for the quantizer bin edges are unbounded. This paves
the way for extending the results of [1] to unstable systems
for optimal quantizer design.

In view of the literature, the contributions of this note are
stated as follows.

o Results on the existence of an invariant distribution is
presented. To our knowledge, the first result showing that
limsup,_, . E[z?] = lim;—o E[z?] < oo is obtained,
when the system is driven by a Gaussian disturbance.
This result paves the way for solving average cost infi-
nite horizon optimal control problems under quantization
constraints.

o The obtained result uses a fixed-rate quantization scheme.
This is implementable in a practical setting.

Note that P(p; = 1) = p, and p; = 1 is the event that the
signal is transmitted with no error.

B. Results for Control over Erasure Channels

We have the following Theorem.
Theorem 3.2: If,

o logs(llall + 1)
p

there exists an adaptive quantization policy such that there
exists a compact set .S with

)

sup E[min(t > 0: a2 € S)|zg = 2] < o0,
resS

thus S is a recurrent set.
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With, K = 2%, let us define R’ = log,(2f — 1). We will
consider the following update rules. For ¢ > 0 and with Ay €
R selected arbitrarily, consider:

a .
uy = —Eﬂfu
Ty = th;A(t (),
_ €Tt
A1 AtQ(|W|7pt) 3
If we use d,¢,m > 0 with 7 < € such that,
Q(z,p) = |a| + 9 if |z[>1, or p=0
- lal :
(x,p)zm if 0<|z|<l,p=1,A>1L
Qz,p) =1 if 0<|z|<1l,p=1,A<L
with Tl gt % < 4. Note that, the above imply that A; >
W,
la| _.
e

Our result on the existence and uniqueness of an invariant
distribution is the following.

Theorem 3.3: Under the setup of Theorem 3.4, for a
zooming quantizer, if the quantizer bin sizes are such that
their (base—2) logarithms are integer multiples of some scalar
s and log,(Q(.)) take values in integer multiples of s, then the
jointly Markov process (x; — &, A;) forms a positive (Harris)
recurrent Markov chain, and, as such, has a unique invariant
distribution, given an initial condition.

If the integers taken are relatively prime (that is they
share no common divisors except for 1), then the invariant
distribution is independent of the initial condition (the value
of the integer multiplying s).

Theorem 3.4: If, under Theorem and 3.3, we have that,

P
5) <1

a%l—p-km

it follows that
thm E[(J?f — .f?t)Q] < 00,
and this limit is independent of the initial states of the

quantizer and the system. The finiteness of % Z;‘::_Ol xi holds
almost surely.

(1-p)laf* < 1.

Remark: We note that the above results are directly appli-
cable to multi-dimensional systems when the system matrix
can be diagonalizable. o

C. Proofs

1) Proof of Theorem 3.4 -Recurrence-:: Toward the proof,
we will first obtain a supporting result.

Lemma 3.1: Let B(R x R, ) denote the Borel o—field on
R x R . It follows that

P((]}t, At) S (C X D)|($t_1, At—l); . ($07A0)>

_ P((xt,At) € (C % D)|(z1, At_1)>,

V(C x D) € BR x Ry), i.e. (z¢, A¢,py) is a Markov chain.

Let us define hy := —f—. Consider the following sets:
C, = {x:

2| < B}, Cyp = {h:|h| < 1}, with E =
2R'=11/  Further, let another set be C, = {x : |z| < F},
with a sufficiently large F' value to be derived below. We will
study the expected number of time stages between visits of
{(x¢, ht)} to C, x C},. Consider the drift of the (z, h) process
in Figure 2: When x¢, hy are in C, x C}, the expected drift
increases both |h| and |xz|. When the x; process gets outside
C! and h; outside C}, (under-zoomed), there is a drift for h;
towards C}, however, |z;| will keep increasing on average.
Finally, when the process hits C}, (perfect-zoom), then the
process drifts towards C’,. We first show that the sequence

Fig. 2: Drift in the Error Process. The x-axis is |z| and the
y-axis is |h|: When under-zoomed, the error increases on
average; when perfectly-zoomed, the error decreases.

{ht,t > 0} visits C}, infinitely often with probability 1 and
the expected length of the excursion is uniformly bounded
over all possible values of (z,h) € C. x Cy,. Let V(hy) = h?
serve as a Lyapunov function. Define a sequence of stopping
times for the perfect-zoom case with

70=0, 741 = Inf{k>7:|h| <1}, 2z€Zy

We have that, if |h;| > 1 (under-zoomed) E[h7 4 |h¢,z¢] <

(a*+£L4)
—@i5i7—(he)?. Since when |h;| > 1, we have that |z,| >
2R =11/ it follows that
2 4 Eld’]
B2 2
E[hf+1|ht7xt] S( (CL+5)2 )(ht)

If |hy| < 1, then
Ay)? /
a2 B 4) +E[df](2R —77)2
@m0z T
> 20”1 pla?)
(B2 T2(]al + o)
GQLT,Z + E[d?] (QR, -7
=T

E[h} ] < P(p: =1)

+P(pe = 0)

)P =K1 (4)
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where L' = L lel'—n is is a lower bound on Ay).
Hence, it follows that

Bl

t1 — hilhe, @) < —phi + Kilgp, <1y, (5)

where 1(g) is the indicator function for event U with p =

(a2+ E[d2] )
1 — — 5. Since for A,B > 0, A%? + B? < (A + B)?
it follows that the hypothesis Li[gfll < 6 in the theorem

statement ensures p > 0. Now, let us define K| := Ky + 1,
My =V (hg), and for ¢t > 1,

t—1
My =V (h)) =Y (=p+ Kilnec,)
1=0

Define a stopping time: 7% = min(N, min{i > 0: V(h;) >
N},min{i > 0: V(h;) < 1}). As |h] > 1 when hy ¢ Cp,
E[Mii1|(xs, hs),s < t] < Mg, ¥Vt > 0, it follows that,
{M,} is a Super-Martingale sequence.

The stopping time 7 is bounded and the Super-
Martingale sequence is also bounded for ¢t < 7V. Hence,
we have, by the Martingale optional sampling theorem:

E[M~)] < E[MO] Hence, we obtain E[>._ 0_1]p
N _

V(ho) + K{E[XT_y " 1(nicoy]- Thus, pE[rN — 1 + 1]

V(ho) + K1, and by the Monotone Convergence Theorem,

<
<

p Jim E[TN] = pE[r] < V(ho)+ K| = 1 + K7,

E[TZ-H - TZ] < (1 + K{)/pa (6)

uniformly for all h., € C}. By the strong Markov property
(zr.,h;.) is also a Markov chain as {7, < n} € F,, the
filtration generated by the quantizer state and the quantizer
output at time n. The probability that 7,11 # 7, + 1, is upper
bounded by the probability:

pP ({aATZ 24 d,, > (2R A, 2R|,“| }
f—aa. /2 +d. < 2% A, 2R, ; )
= 2pP(de > (lal/2)An (27728 =) = 1)) (@)

Let us define:

PA) = P(dzz > (A (Jal/2)(@F 127 — ) — 1)2>.

It follows that, conditioned on increment in the error, until the
next stopping time, the process will increase exponentially and
hence

Tz+1—‘l'z—1

T —T
z+1 z(xTz + E

t=0

_ —t—1
Troyy =0 a disr.)-

We now show that, there exist ¢ > 0, |G| < oo such that

E[log( T2 +1)|A727h’7-z] < 1og( ) 1/)+G1 (AL, |<F) (8)

Now, it follows that,
Ellog(AZ, +1)|A72a hr.]
|a|

< (- P(A)D) (mog(m) +1og(a))

+ZE log(A2 )|Tar1 — 72 = k]P(reqy — 72 = k)

©)

We now bound the probability that P(7,41 — 7, > k). We
first have a lemma.

Lemma 3.2: Let A, B,C,D be events in a probability
space (€2, F, P). It follows that,

PQAUBMNCUD»

< P((AUB)|C)P(C) + P((AU B)|D)P(IX10)
Proof:

PQAUBMNCUD»

<[ . p(@ope)ran)
" /wemww P (<A U B)Iw) P(dw)

1D

o We now apply this Lemma to obtain the following:
P(Tz+1 — Tz Z k)

k—1
~P( N =0 Ul > 1)

s=1

k—1
= P( m (ps =0)

s=1

/- s—1__lal
U(lzs| = 277 (Jal + 0)* ™ o AoI

k—2

<P =0) Ul > Dipecs = o)(l )

s=1
( E[¢?] >
(15E2) k=T ]al (2= — 1/2)A0)2

lal

:P(Tz—l—l_Tsz_l)(l )
& ’
+(<<“T”>k-1|a|<§,’:ﬂ 1/2)0)? ) "

As such, we can bound the probability that P(7,41 — 7, =
k). Here ( is a random variable with variance
2 _ E[d2]
1—la[=>

Let for k € Z

O := P(1y41 — 12 > k).
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Then, we have that

O, < @k,1(1 — ) K2]
- KAQAF—1’
where A > |a||;|—5’ with k > 0. As such, we can obtain,
recursively
k—1
0, <O:(1—p)k~ <Z p)F A )
=1

e S

- E[Cg] (1=pA)~!
k=1

<=9 (0 T )
with ©; = 1. We now show that

0 > (1 —p)F 1t

This follows since
P(nit =0y u(nl > ) 2 P it
As such,
P(ryy1 — 1. = k)
< (1—p)kt <@1 +
—(1-p*
As Ag — oo, it follows that (since ©; = 1)

P(Terl) — Tz = k) - (1 _p)kil(p)

As such, the probability distribution is asymptotically dom-
inated by a geometrically distributed process, for large Ag
values.

Let us now use V(4A;) = log(A?). We will then invoke
Theorem 2.2. Now, it follows that,

[log( T +1)|A727h72]

B¢ (Q-pM7! )
RAG 1= ((1—p)A)~!

< (1= P30 (210 ") +lop(a2) )
+ZE10g 2 IIP(regr — 7 = k)]

L o :

= (1= 8. 0) (208 ) + o8

+(1 - p)Ellog((Ja| + 6)2™) + log(A2/221)]
(- P& ) >(210g< i n>+1og<A3/2QR’>)

FE[(r211 — 7.) log((|a] + 6)2) + log(A2/227)]

for large A, values

Ellog(A?,,)|Ar. hr ]

< 2210l +) - 2108(2" — 1) +Iog(A2)

As such, for some arbitrarily small > 0, we require:

log(2% — )

for stochastic stability.

2) Proof of Theorem 3.3: Uniqueness and Irreducibility:
In our setting, (z, A;) form the Markov chain, as was proved
in Lemma 3.1. Let I, 4 p be defined as

I)/S :dN4,Ng,n = —NAA+NBB+ZQ}.

1
> S loga(lal +9),

{n €Zi,n>logy(L

Under the conditions of the paper, 1., 4,p forms a communi-
cation class, where zy = logy(Ag)/s is the initial condition
of the parameter for the quantizer: Since we have A;; =
Q(|ﬁ|,pt)At, it follows that

loga(Ar41)/s = loga(Q =5 D)/5 + loga(A0) 5,

is also an integer. Furthermore, since the source process
x; is Lebesgue-irreducible (as the system noise admits a
probability density function with positive mass on every
open set), and there is a uniform lower bound L’ on bin-
sizes, the error process takes values in any of the admissible
quantizer bins with non-zero probability. Let the values taken
by logz(Q(|A§f_1 [))/s be {—A, B}. Consider two integers

t

kol > 222D For all Ik € I, ap, that is there exist
Ny,Np € Z, such that | — k = —N A + NpB. Consider
first the case where k > % + NpA. We show that
the probability of N4 occurrences of perfect zoom, and Np
occurrences of under-zoom phases is bounded away from zero.
This set of occurrences includes the event that in the first N4
time stages perfect-zoom occurs and later, successively, Np
times under-zoom phase occurs. The probability of this event
is lower bounded by

Na N
<P(dt el-2st -1/, -2 + L'])p) <1 —p) > 0.

10g2(L/) +

A similar analysis can be performed when k <
N 4 A, by considering the opposite order of events, where in the
first Np times, under-zoom occurs, and in the successive V4
time stages, perfect-zoom occurs. As such, for any two integers
k,l and for some p > 0, P(logy(Avtp) = Is|logy(As) =
ks) > 0. In our setting, the recurrent set consists of both A,
and e;. Hence, in this setting, the product space is the product
of a discrete-space and a real space. For x;, the Borel sets
are the open intervals, which are visited infinitely often, and

(13) for Ay, the individual atoms are visited infinitely often with
) probability 1.
Now, since o Now, we can connect the results of the previous section
Z =1/p, with Theorems 3.4 and 2.2. The recurrent set C! x C}, is
1 v—petite, for some probability measure v as any Borel set in
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the state space is visited starting from C, x C},, and the chain  is a necessary condition.
is irreducible. These two imply that the chain is positive Harris Note that, as p — 0, the result R’ > log,(|a| + &) will be

recurrent. sufficient.

If the integers are relatively prime, the invariant set for the Now, since when |h;| < 1, |y < A2R =1 it suffices to
quantizer parameter I will be the entire set, and invariant of have the following to satisfy lim;_ ., E[z?] < oo: For some
the initial condition. x>0,

< T1—1

3) Proof of Theorem 3.4:. Finite Second Moment: By The- ’%E[Z 22 |xo, ho] < Ag_ﬁE[ﬁl |zo, hO]‘f‘bl(zo,ho)e(C;xch)-

orem 2, we have the following: m—0

Lemma 3.3: We have that, if for some > 0, the following  pp. o i¢ ensured by the following:
holds

T1—1 oo -1
Tl—l <
E tlzo,hol =) P(mi=1)) Elzj|m =120,k
E[Z Ai|A0,h0] < A(Q)—E[AE-JAO,ho]‘f'bl(Ao,ho)e(c;xch)a [; i |20, ho] Z (11 )kzzo [2k [T ; Z0, ho
k=0 ) -1 k—1 .
then, lim; .o E[AF] < co. = ZP(Tl =1) Z El(a" (0 + Z a~""1dy))?|m = 1, o, ho)
Let r = (1 — p)~!. Let us now observe that (with a simple t=0 k=0 i=0

bounding argument in the last inequality)

S -1
S < ZP(Tl = Z)Za% (2:103

Z A2|A0 k_llzo k=0
t= i
~ -1 +2E[(Za Yd;)?|m = 1, o, ho])
- ZP(TI - Z) Z E[Azh-l = l7 AO] E[d2] = 1 1 1
t=1 k=0 = (2 2 2) _
o0 -1 (220 + 1—|a|—2)(1—r—1a2 1—T‘1>a2—1
<AZY P(r=1)> (la +6)* < 0.
l:io h=1 This completes the proof. o
< A(Z)(Z M(r —l)(|a| + 5) > Remark: Reference [13] has shown that with the same
B = (lal +6)* - result, one obtains sup E [xt] is finite. In our setting, we show
) 1 1 1 that, the sequence - Zt o 7 is finite almost surely. Our rate
< AO(l ~T(Ja| + )2 1 r—1> (la|+0)% — R is also time- 1nvar1ant and fixed. o,

We now show a result bounding E[AZ |Aq]. It follows that, D. Simulation
As a simulation study, we consider a linear system with the
E[A2]A) = P(r = DEAZ|m = 1,A] g g

following dynamics:
+P(11 > 1,A0)E[A2 |11 > 1, Ag]
0o Ti41 = AT + Ut + dt,

Zp(ﬁ = k) E[ARIm =k, Aol with @ = 2.5, E[d)] = 0,E[d?] = 1, and {d,} are iid.
-~ Gaussian variables.
Z k 1 p(la] + 5)% A2 The erasure channel has packet loss probability 1 —p = 0.1.
P For stochastic stability, we use the zooming quantizer with

o rate log, ([|a|'/?] + 1) = 4. We have taken L' = 1.
p(|al + 9) QZ p) (|| + 6)2F 1 A2 For finite second moment stability, we use the zooming
k=1

quantizer with rate log, ([ /m] + 1) = 5. We have
2

< A1) L taken I/ = 1.
2F —n” 1= (1=p)(la] +0)? The plots below (Figures 3 and 4) corroborate the stochastic
As such, a sufficient condition is stability result, by explicitly showing the under-zoomed and
perfectly-zoomed phases, with the peaks in the plots showing
2R/ )2 Z (p)(la| + 5)2(k 1 (|a| +6)? < the under-zoom phases.
k=1 IV. CONCLUDING REMARKS
or

1 One question is the following: Is Shannon Capacity suf-

1—(Ja| +6)2(1 —p))' ficient for stochastic stability for an arbitrary DMC with
feedback. Earlier, it was observed by Sahai and Mitter that

Shannon capacity was not adequate. We had observed in [23]

a2(1 —-p) <1, that, for there to be an invariant distribution, the capacity

1
R > 3 log, ((|a] + 6)?

Furthermore, it is clear that

634

Authorized licensed use limited to: Queens University. Downloaded on February 21,2010 at 19:45:27 EST from IEEE Xplore. Restrictions apply.



13

8><10
s 6
i
c 4r
S
£
o j
W V
) ‘ ‘ ‘ ‘
0 100 200 300 400 500
Time
x10°
8
ol
8
D4
£
]
ol
0 100 200 300 400 500
Time
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Fig. 4: Finite second moment requires more information.
should be at least greater than the logarithm of the unstable
eigenvalue. This paper showed that for erasure channels, for
stochastic stability, Shannon capacity is sufficient. It is not
easy to extend this result to arbitrary channels, since one loses
Markoviannes; nonetheless, recurrence seems to be a property
that one can verify.
o
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