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Abstract— We present necessary and sufficient conditions for alphabetAM’, and a conditional probability mass function

stochastic stabilizability of unstable (non-stationary)noisy lin- P(q'|q), from M x M’ to R. A DMC from M"*! to M
ear systems over channels with memory with feedback. Stocka satisfies the following:

tic stability notions include recurrence, Birkhoff sample path
ergodicity and asymptotic mean stationarity, and the existnce n

of finite second moments. We extend recent results in the lite Pgﬂc(qfo,n] lq10,n)) = H Ponre (qilax)-

ature on noiseless and erasure channels for systems drivery b ) k=0 _

possibly unbounded noise. Our constructive proof uses rar@m-  The quantizer outputs are transmitted through a noisy chan-

time state-dependent stochastic drift criteria for stabilzation of  nel, hence the receiver has access to noisy versions of the
Markov chains. For asymptotic mean stationarity, it is sufficient quantizer/coder outputs for each time, which we denote by

that the capacity of a channel is (strictly) greater than the 7, , .
sum of the logarithms of the unstable pole magnitudes for 9 € M’. The quantizers and controllers are causal such that

memoryless channels and a class of channels with memory. the quantizer function at timeé > 0 is generated using the
We also present the tightness of the sufficient condition uretr  information vector/; available at the encoder for> 0:
a technical condition. We provide sufficiency conditions fothe
existence of finite average second moments, for such systems I = {If_pxt,qpl,q;sq},
driven by unbounded noise, which had not been studied in the ] -
literature to our knowledge. Comparison with relevant resuts ~ and I§ = {vo(dz),xo}, Wherevy, = m is the probability
in the literature is presented. measure for the initial state. The control policies are mea-
surable with respect to the sigma-algebra generated;py
fort > 1: If = {I7_,,¢;}, and are mappings tRB.

We consider a scalar LTI discrete-time system described
by

Coder ; Channel ¢ Controller
Tyl = axy + buy + dy, t>0, (1) L g
wherez; is the state at time, u,; is the control input, the , ohant u
initial condition z is a second order random variable, and
{d;} is a sequence of zero-mean independent, identical
distributed (i.i.d.) Gaussian random variables with a dnit
second moment. It is assumed that > 1 andb # 0: The
system is open-loop unstable, but it is stabilizable. ) ) ) -
This system is connected over a Discrete Memoryless Chan! N€ goal of the paper is to identify conditions on the chan-
nel with a finite capacity to a controller, as shown in Figure 1"€! under which the controlled procegs; } is stochastically
The channel source consists of state values, taking valugi@ble in each of the following senses:
in R. The source igjuantized: A quantizer(Q is represented ¢ {z:} is recurrent: There exists a compact setsuch
by a mapQ: R — R, characterized by a sequence of non-  that{z; € A} infinitely often almost surely.

|. PROBLEM FORMULATION

|
Iyig. 1: Control over a discrete noisy channel with feedback.

overlapping Borel-measurable big#;}, such thatQ(z) = o {x:} is asymptotically mean stationary and satisfies the
¢' e Rifand only if z € B;; thatis,Q(z) = >, ¢'1zen,}- sample path grgodic theorem.

The quantizer outputs are transmitted through a chanrief, af « limr_.o & ", ' [|z¢||? exists and finite almost surely.
being subjected to a channel encoder. We will make the definitions more precise, after a literature

Definition 1.1: A finite-alphabet channel with memory is review is provided and some review of Markov chains and
characterized by a sequence of finite input alphaléts™,  ergodic theory is presented.
finite output alphabetﬁ/l’”“, and a sequence of conditional
probability measures, (g, ,, ldo,n) - ML s p - . . o
R, W|th,_q_f0,n] =: {q}, q_i, e @n )t qo.m) = 190,915 qn ) There is a very Igrge I|terat_ure on stochas_uc stabilizatio

Definition 1.2: A Discrete Memoryless Channel (DMC) of sources via coding, both in the information theory and
is characterized by a finite input alphabt, a finite output control theory communities. We are unable to state the con-

tributions of many researchers in view of space constraints
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estimation errors as well as the encoder state processes systems driven by an unbounded noise process considering
studied. These systems mainly involve causal and non-causgainstability in probability. [17] also showed that when the
coding of stationary sources [8], [14], asymptotically meadiscrete noisy channel has capacity less thagn(|a|), there
stationary sources as well as to a limited extent on nonataugxists no stabilizing scheme, and if the capacity is strictl
coding for non-stationary sources [12]. Real-time seftinggreater than this number, there exists a stabilizing scheme
such as sigma-delta quantization schemes have also beeMany network applications and networked control applica-
considered in the literature. In contrast, the control thieo tions require the access of control and sensor information t
literature has mainly considered unstable (or non-statign be observed intermittently. Toward generating a general ap
sources, in the context of networked control systems. In thgroach for such problems, [29] and [31] developed random-
following, we will provide a discussion on the contribut®n time state-dependent drift conditions leading to the erist

in the literature which are contextually close to our papenf an invariant distribution possibly with moment constitai

For Gaussian channels, the fact that real-time linear seBemextending the earlier deterministic state dependent tesul
are rate-distortion achieving has been observed earligin in [21]. Using drift arguments, [30] considered noisy (both
for scalar systems (see also [6] on Gaussian channels discrete and continuous alphabet) channels, [32] coresider
garding relevance to Shannon capacity for multi-dimereionnoiseless channels and [29] considered erasure chanmels fo
systems). Aside from such results (which involve matchingositive Harris recurrence and ergodicity. We acknowledge
between rate-distortion achieving test channels and @gpac[22], which also considered erasure channels and obtained
achieving source distributions), capacity is known not éo btime-varying rate conditions for control over erasure chan
a good measure of information reliability for channels fonels. Recently, [11] also considered the stochastic #abil
real-time control and estimation problems [25]. [13], [27] over erasure channels, parallel to the results of [29].

and [23], obtained the minimum lower bound needed for The question ofwhen does a linear system driven by
stabilization over noisy channels under a class of assumgnbounded noise, controlled over a channel (possibly with
tions on the system noise and channels. [23] consideredn@mory) satisfy Birkhoff’s sample path ergodic theorem?,
class of quantizer policies for systems driven by noiseh withas not been answered to our knowledge. Also, the finite mo-
unbounded support set for its probability measure, caetiol ment conditions for an arbitrary discrete memoryless ceann
over noiseless channels, and obtained necessary and syffi-a system driven by unbounded noise have not been in-
cient conditions for the boundedness in the following sensgestigated to our knowledge, except for the bounded noise
lim sup,_,, E[||z¢|[*] < oo. [32] extended the result by analysis in [25]. In this paper, we will show that, the result
replacinglim sup with lim. The problem of control over in the literature can be strengthened to asymptotic mean sta
noisy channels has been considered later in a large numbg@narity and ergodicity. We will also consider conditicios

of publications including [25], [15], [16], [19], [18], [42 finite second moment stability, which had not been studied

[30]. in the literature for systems with unbounded noise.
The particular notion of stochastic stability is very im-

portant in characterizing the conditions on the channd] [1 Il. STOCHASTIC STABILITY OF DYNAMICAL SYSTEMS

considered the following, when the system noise is bounded: AND RANDOM PROCESSES

lim sup,_,, |z:| < oo a.s., and observed that one needs . . . .
the zeri)-err|or |capacity (with feedback) to be greater tha@‘ Stationary, Ergodic, and Asymptotically Mean Stationary
a particular lower bound. A similar observation was mad TOCESSES

in [25]. [25] considered systems driven by bounded noise In this subsection, we review ergodic theory, in the con-
and considered a number of stability criteria: Almost suréext of information theory (that is with the transformatson
stability for noise-free systems, moment stability fortepss  being specific to the shift operation). A comprehensive dis-
with bounded noiselim sup,_, ., E[|z:|’] < oo,) as well cussion is available in Shields [26] and Gray [9], [10]. Let
asstability in probability (defined in [18]) for systems with X be a complete, separable, metric space. BEX) de-
bounded noise. Stability in probability is defined as fokow note the Borel sigma-field of subsets Bf Let ¥ = X*°

For everyp > 0, there exists & such thatP(|z:| > () < denote the sequence space of all one-sided or two-sided
p for all t € N. [25] also offered a novel and insightful infinite sequences drawn froif. Thus, ifz € ¥ thenz =
characterization for reliability for controlling unstabpro- {...,z_1,z¢,21,...} withz; € X. Let X,, : ¥ — X denote
cesses, named, any-time capacity, defined for the followirthe coordinate function such that,(x) = z,,. Let T denote
criterion: lim sup,_, . F[|x:|?] < oo, for positive moments the shift operation ok, that isX,,(T'z) = z,,+1. Let B(X)

p. In a related context, [15], [25], [18] and [17] considereddenote the smallest sigma-field containing all cylindes sét

the relevance to Shannon capacity. [15] observed that whére form{z : z; € B;,m < i < n} whereB; € B(X), for all

the moment coefficient goes to zero, Shannon capacity iistegersm, n. Note thatN,>oT~"B(X) is the tail o—field:

the right measure for a channel when noise is bounded, o(x,,znt1, ), sinceT "(A) = {z : T"z € A}. Let

A parallel argument is provided by [25] also for bounded: be a stationary measure di,3(X)) in the sense that
noise signals. With a departure from the bounded noise ag(T' B) = u(B) for all B € B(X). The sequence of random
sumption, [17], made the discussion in [25] more explicivariables{z, } defined on the probability spa¢E, 5(X), 1)

and considered a more general model of multi-dimensiona a stationary process.



Definition 2.1: Let P be the measure on a process. This Theorem 2.2: [29] [31] Suppose that is ap-irreducible
random process is ergodic # = T A implies thatP(A4) € Markov chain. Suppose moreover that there are functions
{0,1}. V:X — (0,00),0: X — [1,00), f: X — [1,00), @ petite

Definition 2.2: A random process with measufeis N—  setC, and a constarti € R, such that the following hold:

stationary, (cyclo-stationary or periodically statiopawith
period N) if (TN B) = u(B) for all B € B(S). ElV(@r0) [ Fr] < V(wr) = 0(zr) + blia, ec)

Definition 2.3: A random process i&V—ergodic if A = el
TN A implies thatP(A) € {0,1}. E[ Y flow) | Fr| <0(ar), 220
Definition 2.4: We say that a coordinate sdte B(X) is k=T 3)
coordinate-recurrent iy~ 1 x,, 1+ (x))ca) = 00, AMOSt  rpoy ¥ i positive Harris recurrent, and moreove(f) <
surely_. . . oo, with 7 being the invariant distribution.
Definition 2.5: A process on a measuf®, F, P) is asymp-
tOtica”y mean Stationary (AMS) if there exists a probaplll 11l. STOCHASTIC STABILIZATION OVER A DMC

measureP such thatlim, .., £ >>32) P(T~*F) = P(F),
for all eventsF'. Here P is called the stationary mean &,
and is a stationary process. Theorem 3.1: For a controlled linear source given in (1)
P is stationary since, by definitio(F) = P(T'~'F), for over a DMC under any causal encoding and controller policy,
all eventst in the tail sigma field for the shift. AV —stationaryto satisfy the AMS property under the following condition:
process is AMS, see for example [2], [10] or [9] (Theorem 1
7.3.1). lim inf —h(zr) <0,

Definition 2.6: A random process is second-moment sta- T=oo T
ble almost surely ifimr oo & 31—y X (T(x))? < 0o a.s..the channel capacitg' must satisfy

A. Asymptotic Mean Stationarity and n—ergodicity

B. Sability of Markov Chains and Random-Time Sate De- _ C > log,(|al).
pendent Sochastic Drift Criteria Proof: See Section V. o

In this section, we review the theory of stochastic stabil- The above condition is al_most sufficient as well.
ity of Markov chains. The reader is referred to Meyn and | €0reém 3.2: For the existence of a compact recurrent
Tweedie [20] for a detailed discussion. We lt= {z,,¢ > et the following is sufficientc” > log, |al).
0} denote a Markov chain with state spake which is Proof: See Section VI. ©

assumed to be a complete, separable, metric space, whosEor the proof, we ponsidgr_the following update algorithm.
Borel o-field is denoted3(X). The transition probability The algorithm and its variations have been used in source

is denoted byP, so that for anyz € X, A € B(X), the coding gnd networked control Iiteratu_re: See _for example
probability of moving fromz to A in one step is given by the earlier papers [8], [14], [4] (zooming algorithms); and
P(xis1 € A | 2, = 2) = P(x, A). Then-step transitions are Moreé recent ones [23], [19], [18], [17]. Let be a given
obtained via composition in the usual wa§(z., € A | blogk length. We will conS|der_a clfe\ss_of uniform quantizers
@, = x) = P"(x, A), for anyn > 1. A measurer on B(X) defined by two parameters, with bin si2e> 0, and an even

is called invariant iftrP = P. That is, [ r(dz)P(z, A) = numberK (n) > 2. The uniform quantizer map is defined as
m(A), A e B(X). For any initial probability measure on  follows: Fork = 1,2.... K(n),
B(X) we can construct a stochastic process with transition (k= L(K(n) + 1)A
law P, and satisfyingco ~ v. We let P, denote the resulting . 2 '

" - Qum (@) =z €k —1-3Kn)A, (k- 3K(n))A)
probability measure on sample space, with the usual conver(n) E X 2
tion for v = §, when the initial state is: € X. Whenv = & Z, z¢[-3K(n)A, ;K (n)A),

then the resulting process is stationary.

. . . here Z denotes the overflow symbol in the quantizer. See
The following results and the proofs are available in [29]W v W sy ! quantiz

. . Figure 2.
[31]: Let 7.,z > 0 be a sequence of stopping times, mea-
surable on a filtration generated by the state process with Bin Size
T0 — O —
Theorem 2.1: [29] [31] Suppose thaX is ap-irreducible Overfow bin | | Overfow bin

Markov chain. Suppose moreover that there is a function | I I I | | | | |
V :X — (0,00), a petite selC, and constants € (0, 1),

b € R, such that the following hold: Fig. 2: A modified uniform quantizer.

EV(zr.,) | Fr] <A =r)V(2r.) +blia, ccy At every sampling instant = kn,k = 0,1,2,..., the
Elrey1 — 7 | Fr] < V(z.), z2>0. source code€; quantizer output symbols iR U {Z} to
(2) asetM(n)={1,2,...,K(n)+ 1}. A channel encodef

Then, the Markov chain is positive Harris recurrent. maps the elements iv (n) to corresponding channel inputs

The following provides a criterion for finite moments. k. (ks 1)n—1) € M™.



For each timet = kn — 1,k = 1,2,3,..., the channel B. Finite Second Moment
decoder applies a mappirg, : M'" — M(n), such that For a given coding scheme with block-lengthand a
¢ — Dy (! _ message set(n) = {1,2,...,K(n) + 1}, and a decoding
(b+1)n—1 b (e, (1) functiony : M'™ — {1,2,..., K(n) + 1} define:

Finally, the controller runs an estimator: , )
Pe(n) := max P(y(qq,_1)) #clc is sent),
5 — (&3 )—l(cl )Xl , ceEM(n)
Tin ( kn (k+1)n—1 {C(k+1)n—17éz} .

o ' ) When the block-length is clear from the context, we drop the
In our setup, the bin size of the uniform quantiz&f, indexn. Due to space constraints, the proofs for this section

which acts as the state of the quantizer, is assumed to by not included in the paper.

function of the previous stat&,_, and the past channel  Thegrem 3.4: A sufficient condition for second moment

outputs. We assume that the encoder has access to the preypility over a discrete memoryless channel (DMC) is that:
ous channel outputs. Thus, such a quantizer is implementabl ) Hn) . on
at both the encoder and the decoder. Wittfn) > [|a|"], Jim e (P (n))"™ (|a] 4 6)™ <1,
R(n) =logy(K (n) + 1), let us defineR’(n) = logy (K (n)) . on 2
lim P, 5 1,
and letR'(n) > nlogz(%), for someq,0 < o < 1 and el (m)(laf +8)™ +a” <
d > 0 with R'(n) > nlogQ(%), H(k) = —klog(k)— (1—k)log(l—k)
a® > (Ja| + d)e. (4) and 1

i i i i Kp = .
We will consider the following update rules in the controlle log(|a|+5)/‘a‘((|a| o))+ %1og<m+a) 2)

actions and the quantizers. Foe> 0 and with Ag > L for ) . Tal ,
somel € R,, andi, € R, consider: Remark: For a DMC with block lengthn, Shannon’s

random coding [5] satisfiesP,(n) < e "FU)+o(n) this

n

w = —lg— ke 71}00_@% is uniform for all codewords: € {1,2,...,M(n)} with
- , b ’ ¢ being the decoder output. Heﬁéﬁ—) — 0 asn — o0
Agsiyn = BenQ(Bkn, Cry1yn—1); () and E(R) > 0 for 0 < R < C. Thus, under the above
wherec’ denotes the decoder output variable. If we dise 0 cond|t|ongslgth((laaffép))onent under random coding should gatisf
and L > 0 such that, E(R) > =202, ©
B Assumption A0 The DMC has non-zero zero error capac-
Q(A, ) = (|a| +6)" if =2, ity. o
) " =™ [ ! Theorem 3.5: Under AssumptiorAQ, a sufficient condi-
QA ) =« if #£ZA>L p
QA ) =1 it ¢AZA<L, (6) tion for second moment stability is:

. 2n
we will show that a recurrent set exists. We note that the nlingo Pe(n)(ja] +0)™ <1,

above imply thatA; > La™ =: L’ for all ¢ > 0. lal

Thus, when the decoder output is the overflow signagemark: The non-zero zero-error capacity result is related
then the quantizer is zoomed out. Otherwise, the quantizgy the notion of any-time capacity proposed by Sahai and
is zoomed in, when the current bin size is not smaller thafyiiter for bounded noise systems: A channelds- any-

L. . time reliable for a sequential coding schemefim®(t) #
We note that the stability result for such a scheme can %i(t)) < D2-°(=1) for all i,t. Here m’ is a message

verified with random-time stochastic drift conditions. $hi sent at timel, estimated at time using received channel

is because of the fact that, the quantizer helps reduce g, ts up until timei. Sahai and Mitter also considered a
uncertainty on the system state only when the state is in thg,_cqding setup, for the case when the noise is bounded,
granular region of the quantizer. The times when the state i§ny \yere able to obtain a similar rate/reliability criterio

in this region are random. Furthermore, correct |nformat|0|t is worth emphasizing that, the reliability for sendingeon

reaches the decoder when there is no error in transmissiogs,mbo' for the under-zoom phase allows an improvement in
We now make the quantizer bin size process countable amﬂe reliability requirements drastically. o

the sampled procese;,, A, } irreducible. The following
establishes the AMS property. IV. CHANNELS WITH MEMORY

Theorem 3.3: For an adaptive quantizer satisfying Theo- Definition 4.1: Let Class Abe the set of channels which
rem 3.2, suppose that the quantizer bin sizes are such tlsatisfy the Markov chain condition:
their logarithms are integer multiples of some scalaand / p
log,(Q(-)) takes values in integer multiples ef Suppose 4 < 4t 9[0.t-1)> 9jo,t—1] = Tlo.]>
the integers taken are relatively prime (that is they share ror all ¢ > 0 and whose capacity with feedback is given by:
common divisors except fot). Then the sampled process - %

. . . = 1m max

{xtn, Atn} forms a positive Harris recurrent Markov chain T—00 {P(qelao,e-1),aly, ;) 0<EST—1}
at sampling times on the space of admissible quantizer bins 1 ,
and state values. Furthermore, the prodessA;} is AMS. TI((I[(LT*IJ - q[O.,Tfl])’

nd rateR’(n) > nlog,(la).



whereI(qqo,r—1 — qfonyl]) is defined to be

S

1

(0,073 9:19(0,4—1)) + I(q03 00)
1

t

and is called the directed mutual information (see [28]).

VI. PROOF OFTHEOREM3.2:

For a DMC with block length, it is known that there exist
coding schemes, by Shannon’s random coding [5], which
satisfy:

P.(n):=P(cd #clc is —nE(R)+o(n)

transmitted) < e

Such a class includes discrete memoryless channels, finite

state stationary Markov channels which are indecomposabkhiformly for all codewordse € {1,2,.. .,
and a class of stationary ergodic symmetric channels witpeing the decoder output. Hefe>

memory, for example see [28].

M(n)} with ¢
— 0 asn — oo and
ER)>0for0< R<C.

Theorem 4.1: For a linear system controlled over a noisy Toward the proof, we will first obtain a supporting result.

channel with memory with feedback @lass A if the chan-

Lemma 6.1: The sampled proce$s;,, A:,) is a Markov

nel capacity is less thalvg,(|a|) then the AMS property chain.

under the following conditiorlim infr_. %h(z7) < 0,
cannot be satisfied under any policy.

V. SKETCH OF PROOF OFTHEOREM 3.1 AND 4.1

Let us define

Rr =

max
{P(qtlq10,4-1),9[g,4—1)),0<E<T—1}

T—1
1
T z% I(qy; (J[o,t]|Qfo,t—1])- (7)
t=
Observe that for > 0:

H(‘JHQ{O,Fl]) -
H (q;|q10,49» 1 ‘Jfo,t—l])

I(QQQ q[O,t]|Qf0,t71]) =
= H(QH‘Jfo,t—l]) -
> H(q;lq(o,—1)) —

It follows that sinceRt is assumed to have a limit,

lim Ry
W=
> lnTn:OLipT ( ; (I $t§q2/s|‘Jfo,t—1])> +I(x0;q6)>
1 /71
= h;n:otip T ( Z; h( xtIqO t— 1]) (It|q/0 t]))

-1

, 1
> h;nj;.}pT; (h ari—1 +bug—1 + di— 1|Q[0t 1)

il )
1 lim inf (—h
og(lal) —lim inf { —h(zr-1)

Y

H(q;|g00,4, qfo.0—1) ™ =0

H(q;|e, qfo 4—17) = I (245 tld)0,,—1) Withoutany loss, let = 0 andry = 0, so thato, =

The above follows from the observations that, the channel
is memoryless, the encoding is Shannon’s random-coding
and the control policies use the channel outputs received in
the last block.

Let us defineh; = W We will say that the
guantizer is perfectly zoomed whéh,| < 1, and under-
zoomed otherwise. Consider the following sets; = {z :
|| < F}, Cn = {h:|h|] <1}, with a sufficiently large
F value to be studied below. We will study the recurrence
properties for such a set. Define a sequence of stopping times
for the perfect-zoom case with (where the initial state is
perfectly zoomed} € Z, :

inf{kn > 7, :

Tepl = \hin| < 1,k € Z4 },

Denote fork € N, Oy := P(1.41 — 7 > kn|A,_,h.).
P(r >
k|A,, hr). We have the following key result, the proof of
which is omitted.

Lemma 6.2: The discrete probability distribution
P(Tz+1 - TZ|ATz7hTz)

is asymptotically, in the limit of largé\._, dominated (ma-
jorized) by a geometrically distributed measure.

P(Tz-l—l
<Z(Ar,n

— Tz 2 kn|A7—z, hTz)
)eH(mn)(k—l)e—(nE(R)—o(n))mn(k—l)’

whereZ(A,,,n) < co andZ(A-
every fixedn and

n) — 0asA,, — oo for

2

1
108 (jaj+6)/]al((la] +0)/a) +

Kp =

10g<‘ Ual+s) (2)

In the above, we have skipped a number of steps due to
space constraints. The inequalities follow from the faetth  Thus,

conditioning reduces entropy, control actions are uniguel
determined from channel outputs and and that the system

noise process is independent. By the hypothesis,

1
lim inf ;h(:ct) <0,

t—o0o

Eln|Ag) =Y P(rn > k) <Y P([r/n]n > kn)

= K' < o0.

it must be thatimy_. ., Ry > logy(|a|). Thus, the capacity By the strong Markov propertyz._,h,. ) is also a Markov

also needs to satisfy this bound. o

chain. We now apply random-time drift from Theorem 2.1



below. The probability that, ., # 7. +n, is upper bounded [10]
by the probability:

[11]
P+ (1= Pgp(d 2 (2P 1)802)
|al [12]
<P, +2P <Jz @R Lyn _ 1)A0/2) = T(A,)
|al [13]

If 7,41 # 7. +n, then this means that the error is increasing
on average and the system is once-again under-zoomed [&4]
timet =7, +n o, 11 = ax,, +d. With A, 11 > a"A,, [15]
(when A, > L). The inequality is due to the observation
that, if there is an error in the transmission, the receividr w
enlarge the quantizer bin. We now show that, there exigt
1 >0, |G| < oo such that

Elog(A2_,)|Ar. hy.] € 105(AZ) ¥+ Gla icry. 8)
It follows that, [18]
Ellog(A2_)|Ar., h-.] 9]
<0100 - P)(2nlog(0) +10602)) g

+(Y (A7) + P.— P.T(Ar,)) [21]
B|2(rei — rlogllal +0) + 2008(8,)|

It now follows from (8) that for every fixed, if LAGIER 23]

logy(|al/a), lima_s T(Ar) = P.(n). For (8) to hold,
it suffices that the following equation is satisfied for large
enoughA .. andn values, for some) > 0: [24]

(T(An) + PemU)){(zK') log(ja] + 5)} 25

+(1=T(A.))(1 = P.)2nlog(a) < — < 0. (9)

Thus, for a set off a compact set, sai, : Ag > F} >0, [26]

for some large enought’, by lim,,_,, P.(n) = 0, and for
some sufficiently large finite:, there exists a drift towards
a compact set. This implies recurrence by Theorem 2.1.

[27]
(28]
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