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Abstract—This paper studies the optimization of observation and we used the notation
channels and quantizers in partially observed stochasticantrol
problems. Continuity properties of the optimal cost in chamels Y}, ; = {Y;, 0 < s <t—1}, Uo,i—11 = {Us, 0 < s <t—1}.
and quantizers are explored. Sufficient conditions for segential
compactness under total variation and setwise convergenc&e The joint distribution of the state, control, and obsemati

presented. Condi_tions for existence of optimal c_hannels ahquan- processes is determined by the above and the following rela-
tizers are established. It is shown that quantizers are exgme tionships:

points of the space of channels in an appropriate sense.
|. INTRODUCTION Pr((Xo,Yo) € B) :/ P(dzo)Q(dyolzo), B € B(XxY),
B

In stochastic control, one is often concerned with the folghere P is the (prior) distribution of the initial staté,, and
lowing problem: Given a dynamical system, an observation

channel (stochastic kernel), a cost function, and an asén p, (X,.Y)) € B
when does there exist an optimal policy, and what is an optima
control policy? The theory for such problems is advanced, an
practically significant, spanning a wide variety of appiicas
in engineering, economics, and natural sciences.

x[O,tl]ay[O,tl]au[O,tl])
= / P(d:vt|:vt_1,ut_l)Q(dyt|:vt), Be B(X X Y),
B

In this paper, we are interested in a dual problem with t¥¢"€€°("|z,u) is a stochastic kermel fro x Uto X.
One way of presenting the problem in a familiar setting is

following questions to be explored: Given a dynamical syste . ) X :
a cost function, an action set, and a set of observation ch l?ug following: Consider a dynamical system described by the
’ ' Iscrete-time equations

nels, how can one optimize the observation channels? Wha
an optimal obse_rvation_channel subject to eonstraints en _th Xo1 = f(Xo, Uy, We), Y, = (X3, Vi)
channel? What is the right convergence notion for contynuit
in such observation channels for optimization purposes? for some measurable functiorisg, with {W;} being indepen-

We start with the probabilistic setup of the problem. Ledlent and identically distributed (i.i.d) system noise gssand
X c R", be a Borel set in which elements of a controlledV;} an i.i.d. disturbance process, which are independent of
Markov process{X;,t € Z.} live. Here and throughout X, and each other. Here, the second equation represents the
the paperZ, denotes the set of nonnegative integers Bnd communication channé), as it describes the relation between
denotes the set of positive integers. DétC R™ be a Borel the state and observation variables.
set, and let an observation chanfebe defined as a stochastic With the above setup, let the objective of the decision maker
kernel (regular conditional probability) froiX to Y, such that be the minimization of the cost

Q(-|z) is a probability measure on the (Borehalgebra5(Y) T_1
onY for everyz € X, andQ(A|-) : X — [0,1] is a Borel J(P,Q,II) = E}gﬂ{z c(Xt,Ut)}, 1)
measurable function for every € B(Y). Let a decision maker o

(DM) be located at the output an observation charpelvith h  all admissibl lici h XxU R
inputs X; and outputsY;. Let U be a Borel subset of somePVe" the set of all admissible policiek wherec : X xU —

. JII
Euclidean space. Amdmissible policyll is a sequence of IS a Borel me_aSl_Jr_a_bIe cost func'uo_n_ a'ﬂﬁ deno_tes the
control functions{v;, ¢ € Z.} such thaty, is measurable expectation with initial state probability measure given ®

with respect to thes-algebra generated by the informatioryNder policyll af‘d given channap. We ad‘?!p‘ the convention
variables that random variables are denoted by capital letters andriow

case letters denote their realizations. Also, given a fritiba
I = {Ypo.Ups—1y}, teN, Iy = {Yo}. measurey, the notationZ ~ p means thatZ is a random
variable with distribution.
whereU; = (1), t € Z4., are theU-valued control actions  |n the paper, we will regard quantizers as a particular class
of channels. With this interpretation, we will be interabta
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of communication channels converging in some sense to aVe will observe that the optimal cost is concave in the

channel@. When does space of observation channels. This is related to statisic
the context of comparison of experiments as discussed by
@Qn — @ Blackwell [5].
imply A related area is on the theory of optimal quantization:
ng; J(P,Qn,1I) — ng; J(P,Q,II)? References [1], [13] are related as these papers study the

effects of uncertainties in the input distribution and ddes
PROBLEM P2. GONCAVITY ON THE SPACE OF CHANNELS Is robustness in the quantizer design. References [17] arld [19

the optimization problem study the consistency of optimal quantizers based on ecapiri
S data for an unknown source. In the context of decentralized
J(P,Q) := inf Eg,n { Z (X, Ut):| de.tection, [21] ;tudied cerf[ain topological properties dme
I existence of optimal quantizers.

t=0
The rest of the paper is organized as follows. In the next

section, we introduce three relevant topologies on theespac
PROBLEM P3: EXISTENCE OF OPTIMAL CHANNELS Let Q  of communication channels. The continuity problem is consi
be a set of communication channels. When do there exigbq in Section Ill. In Section IV, concavity properties bét
minimizing and maximizing channels for the problems optimization problems are discussed. We study the problem
[Tl ] of existence of optimal channels in Section V, followed by

convex/concave on the space of channels?

inf inf Eg,n

Jnf, inf) Z (X, Uy) applications in quantization in Section VI. Concluding eeks

t=0 and discussions in Section VIl end the paper.
and
o -1 II. SOME TOPOLOGIES ON THE SPACE OF COMMUNICATION
sup inf E3 c(Xe,Up) .
geotier P {; (X, t>] CHANNELS

The answers may help solve problems in application area\soma questllon that we wish address is the choice of an ap-
such as: propriate notion of convergence for a sequence of observati

iallv ob q hasti | bi channels. Toward this end, we first review three notions of
« For a partially observed stochastic control pro em'som&')nvergence for probability measures.

times we have control over the observation channels byLet P(RY) denote the family of all probability measure
encoding/quantization. When does there exist an opti% (X, B(RY)) for some N € N. Let {un, n € N} be a

quantizer for such a setup? (Optimal quantization) sequence iP(RY). Recall that{x,,} is said to converge to
« Given an uncertainty set for the observation channels, and P(RY) weakly if f c(z)u ”(dx) . f c(z)u(dx)
RN n RN

tools available for learning the channel, can one identi by every continuous and bounded: RN — R. On the

2 . . .
\allv\r/1vorst eledment/tbtlist eletrr?enth. (RolbusttCﬁntrol)t fisi ofher hand{.u,} is said to converge ta € P(RY) setwise
* en we do not xnow fthe channe, but have staisticg S~ c(@)pn(dz) — [on c(x)p(dz) for every measurable
tools z_;md emp!ncal megs_urements to I_e_arn, t_ypl_cally Y3hd bounded: : RN — R. Setwise convergence can also be
der mild technical conditions, the empirical dlstrlbulssondeﬁned through pointwise convergence on Borel subsats'of

converge to the actual distribution, in some sense. Do&sée e.g., [16]), that is,(4) — pu(A), for all A € BRY)

this imply that we could design the optimal control poli; e the space of simple functions are dense in the space of

. . . . sinc
cies based on empirical estma;es, and does the Opt'rBéLnded and measurable functions under the supremum norm.
cost converge to the correct limit as the number of mea-

- N -
surements grows? (Consistency of empirical Controller%}igﬁrntq\g?rigricjsbgit\)lglaybn;easureys, v € P(RY), thetotal vari
In the following, we will address problems P1-P3. We will

consider the case witl’ = 1. The multi-stage case is ad- |l —v|rv :=2 sup |u(B)—v(B)]

dressed in [26] and [27]. BeBRY)

A. Relevant literature = sup f(z)p(dx) —/f(x)V(dx) (2
Fillflle<1

The problems stated are related to three main areas of re-
search: Robust control, optimal quantizer design and desighere the infimum is over all measurable rgalsuch that
of experiments. [ flloc = supgern |f(z)] < 1. A sequence{pu,} is said to
References [6], [7], [8] have considered both optimal asintrconverge tqu € P(RY) in total variation if||,, — || v — O.
and estimation and the related problem of optimal control Setwise convergence is equivalent to pointwise convelenc
design when the channel is unknown. Similarly, there are coon Borel sets whereas total variation requires uniform eonv
nections with robust detection, when the source distroutd gence on Borel sets. Thus these three convergence notiens ar
be detected belongs to some set. Recently, [25] considenedncreasing order of strength: convergence in total Viana
continuity and other functional properties of minimum meaimplies setwise convergence, which in turn implies weak-con
square estimation problems under Gaussian channels. vergence.



A. Convergence of information (observation) channels before, in this sectior® denotes the set of all channels with

Here X = R™ andY = R™, and Q denotes the set of all INPUt spaceX and output spac¥. _ ,
observation channels (stochastic kernels) with inputspac L€t us firstlook for conditions under which gnvopUmaI con-
and output spac&. For P € P(X) andQ € Q we let PQ Frol popc_y exists; i.e, when the infimum imf, E}5"7 [c¢(X, U)]
denote the joint distribution induced @& x Y, B(X x Y)) by 'S & minimum.

channelQ with input distributionP: Theor(_em 3.1 Su_ppose assumpt_ions A3 and A4 hold. Then,
there exists an optimal control policy for any changel
PQ(A) = /AQ(dylw)P(dfc% A€ BXxY). A. Weak convergence

1) Absence of continuity under weak convergentfe; state
the following. The proofs are available in [27].

Theorem 3.2: J(P, Q) is not continuous or® under weak
convergence.

2) Upper semi-continuity under weak convergence:

Definition 2.1 (Convergence of Channels):

(i) A sequence of channels),,} converges to a channé)
weakly at inputP if PQ,, — PQ weakly.
(i) A sequence of channel§Q,} converges to a channel

Q setwise at input? if PQ, — PQ setwise, i.e, if  Thasrem 3.3: Suppose assumptions Al and A5 hold. If

_ PQu(A) — PQ(A) for all Borel setsA € X x Y. {Q.,.} is a sequence of channels converging weakly at input
(i) A sequence of channel$@,} converges to a channel p ;4 4 channeb), then

Q in total variation at inputP if PQ, — PQ in total
variation, i.e., if| PQ,, — PQ||7v — 0. limsup J(P, Q) < J(P,Q),
If we introduce the equivalence relatigh= Q' if and only ) THOO ) )

if PQ = PQ’, Q,Q" € O, then the convergence notions irfhat is, J(P, Q) is upper semi-continuous o@ under weak
Definition 2.1 only induce the corresponding topologiesre cOnvergence.
metrics) on the resulting equivalence classegininstead of g continuity properties under setwise convergence
Q. Since in most of the development the input distributidn
is fixed, there should be no confusion when (somewhat incor-
rectly) we talk about the induced topologies (resp. méetiics

Q. J(P,Q) = inf E27 (X, U)]

1) Upper semi-continuity under setwise convergence:
Theorem 3.4: Under assumption A2 the optimal cost

B. Classes of assumptions is sequentially upper semi-continuous on the set of communi
Throughout the paper the following classes of assumptioftion channel® under setwise convergence.

will be adopted for the cost function and the (Borel) set 2) Absence of continuity under setwise convergence:

U c R in different contexts: Theorem 3.5: The optimal cost

ASSUMPTIONS | | J(P,Q) i= it EZ7[c(X,U)
Al. The functionc : X x U — R is non-negative, bounded, gl

and continuous oiX x U. is not sequentially continuous on the set of communication
A2. The function functiorc : X x U — R is non-negative, channelsQ under setwise convergence, even for continuous
measurable, and bounded. cost functions and compa#, Y, andU.
A3. The functionc : X x U — R is non-negative, measurable, o o
bounded, and continuous dn for everyz € X. C. Continuity under total variation
A4. U is a compact set. Theorem 3.6: Under assumption A2 the optimal co&tP, Q)
A5. U is a convex set. is continuous on the set of communication chanr@lander

under the topology of total variation.
[1l. PROBLEM P1: CONTINUITY OF THE OPTIMAL COST IN
CHANNELS IV. PROBLEM P2: CONCAVITY ON THE SPACE OF

. . : - . CHANNELS
In this section, we consider continuity properties undéalto

variation, setwise convergence and weak convergence. We co 1ne following is a result with important consequences in
sider the single-stage case, and thus investigate thencityti _decentrallzed stochastic control problems as is elabdrae

of the functional in [26] and [27]. _
Theorem 4.1: The expression

J(P,Q) = igf ES7[e(X,U))

- éréé/}w oz, 7(y))Q(dy|z) P(dz) is a concave function of).

: _ _ Proof of Theorem 4.1.Fora € [0,1] andQ’, Q" € Q, let
in the channel), whereg is the collection of all Borel mea- Q=aQ +(1-a)Q" € Q, e,

surable functions mappinyg into U. Note that by our previous
notation,IT = ~ is an admissible first-stage control policy. As Q(Alz) = aQ'(Alz) + (1 — a)Q"(Alx)

J(P.Q) = inf EPM e(Xo, U)]



for all A € B(Y) andz € X. Noting thatPQ = aPQ’ + (1 — For a probability density functiop on R we let P, de-
a)PQ", we have note the induced probability measurg;(A) = [, p(x) dz,
- , / A € B(RY). The next lemma gives a sufficient condition for
J(P,Q) = J(P,aQ + (1 - a)Q) precompactness under total variation.

= inf Egﬂ[c()g U)] = inf /c(:v,’y(y))PQ*(dm,dy) Lemma 5.3: Let u be a finite Borel measure dR” and
K V€9 let 7 be an equicontinuous and uniformly bounded family of
_ infg (a/c(x,w(y))PQ'(dm,dy) probability density functions. Defin& c P(RY) by
S
! U={P,: P, <p,peF}
1"
+(1 - O‘)/C(x’W(y))PQ (dm’dy)) Then ¥ is precompact under total variation.
. , Lemma 5.4: Let Q be a set of channels such th@®qQ :
> irelfg (04/0(£C,W(y))PQ (dw,dy)) Q € Q} is a precompact set of probability measures under
total variation. ThenQ is precompact under total variation at
+ inf ((1 — oz)/c(x,v(y))PQ”(da:, dy)) input P.
769/ . The following theorem, when combined with the preceding
= aJ(PQ)+(1-a)J(PQ") (3) results, gives sufficient conditions for the existence it lzad
proving thatJ (P, Q) is concave inQ. m Worst channels Wh_en the given family of chann@lss closed
under the appropriate convergence notion.
V. PROBLEM P3: EXISTENCE OF OPTIMAL CHANNELS Theorem 5.1: Recall problem P2.
Here we study characterizations of compactness (or sequefi} There exist a worst channel i@, that is, a solution for
tial compactness) which will be useful in obtaining existen the maximization problem
results.

— ; Q,y
The discussion on weak convergence showed us that weak Slé% J(P,Q) = Slé% Hylf Ep Ble(X,U)]

convergence does not induce a strong enough topology, i.e.,
under which useful continuity properties can be obtained. |
the following, we will obtain conditions for sequential cem
pactness for the other two convergence notions, that is, fi
setwise convergence and total variation.
We first discuss setwise convergence. A set of probabilft')'/')
measuresM on some measurable space is said toskée
wise sequentially precompaiftevery sequence ifM has a . =< :
subsequence converging setwise to a probability measote (n hQOIEScompact under total variation and assumption A2
necessarily inM). For two finite measures andy. defined on '
the same measurable space we writg p if v(A) < u(A) V1. QUANTIZERS AS A CLASS OF CHANNELS

for all measurabled. . Here we consider the problem of convergence and optimiza-
The following sufficient condition follows from Dunford (o of quantizers. We start with the definition of a quantize

and Schwartz ([11], p. 305-306) (see also Hernandez-Lerm&yefinition 6.1: An M-cell vector quantizerg, is a (Borel)

and Lasserre ([16], p. 7): measurable mapping frofi = R” to the finite se{1,2, ..., M},

Lemma 5.1 (Dunford-Schwartz): L_et p be a finite Borel ~paracterized by a measurable partit{d, Bs, ..., By} such
measure on a locally compact metric spdteAssume a set thatB; = {z : ¢(z) =i} fori = 1,..., M. The B; are called

of Borel probability measure® C P(T) satisfies the cells (or bins) of;.

P<p, foral Pev. REMARKS.

« For later convenience we allow for the possibility that
some of the cells of the quantizer are empty.

« Traditionally, in source coding theory, a quantizer is a
mappingg : R®™ — R with a finite range. Thug is
defined by a partition and a reconstruction valueRih
for each cell in the partition. That is, for given cells
{Bx, ..., B} andreconstruction valugg,, ...,ca } C
R™, we haveq(xz) = ¢; if and only if z € B;. In our
definition, we do not include the reconstruction values.

PQ<v, forall Qe Q. A quantizerq with cells{By, ..., By}, however, can also

Then Q is setwise sequentially precompact at inin the be characterized as a stochastic kefpélom X to {1,...,M})

sense that any sequencedhhas a subsequende),} such defined by
that Q,, — Q setwise at inpuf’ for some channel). Qilz) = 1{gen,y, i1=1,...,.M

when the set© is weakly sequentially compact and as-
sumptions Al, A4, and A5 hold.

gp There exist a worst channel i when the setQ is
setwise sequentially compact and assumption A2 holds.
There exist best and worst channels §h that is, solu-
tions for the minimization problernfgco J(P, Q) and

the maximization problemup,. o J/(P, Q) when the set

Then V¥ is setwise sequentially precompact.

As before,PQ € P(X x Y) denotes the joint probability
measure induced by input and channel), whereX = R"
andY = R™. A simple consequence of the preceding ma-
jorization criterion is the following.

Lemma 5.2: Let v be a finite measure oB(X x Y) and
let P be a probability measure ofi(X). SupposeQ is a set
of channels such that



so thatg(z) = Zf”l Q(i|z). We denote byo , (M) the space Proof: We will prove the existence of a sequeng@,}

of all M-cell quantizers represented in the channel form. in Qrr(M) such that Q,,(-|z) — Q(-|z) setwise for all

addition, we letQ(M) denote the set of (Borel) stochasticr € X.

kernels fromX to {1, ..., M}, i.e.,Q € Q(M) if and only if LetPy ={zeRM : 21+ +2zyy=1,2 >0,i =

Q(-|x) is probability distribution on{1,..., M} forall z € 1,...,M} denote the probability simplex i®* and note

X, andQ(i| - ) is Borel measurable for all=1,..., M. Note that each) € Q(M) is uniquely represented by the function

that Op (M) C Q(M), and by our definitior@Qp(M — 1) € QY : X — Py, defined by

Qp(M) for all M > 2. We note that elements @@(M) are .

sorrEetimes referred to in the literature as randorrg quastizer Q"(x) = (Qx), Q(2l2),..., Q(M]x))
Lemma 6.1: The set of quantizer®p (M) is setwise se- For a positive integen let Py, ,, be the collection of probabil-

guentially precompact at any inpit. ity vectors inPy, with rational components having common
Proof: Proof follows from Lemma 5.2 and the interpretadenominatom, i.e.,

tion above regarding a quantizer as a channel. In particalar n—

majorizing finite measure is obtained by the relati®@ (B x  Pin = {2 € Par: 2; € {0 e T Ay, i=1,..., M}

{i}) < P(B) for everyB ¢ B(R™) andi=1,...,M. m
The following simple lemma provides a useful formula.
Lemma 6.2: A sequencd@®,,} in Q(M) converges to &

in Q(M) setwise at inpuf if and only if . 1

max min ||z—2'||cc = max min = max |z;—z}| < —
2€PM 2’ €PM,n 2€PM 2'€Pumn i=1,.

/AQ"(“I)P(dI) - AQ(i|x)P(dI) vA € B(X), Vi Breaking ties in a predetermined manner, we can make the
selection ofz’ for a givenz unique, and thus define a Borel
measurable mapping, : Py — P Such that:’ = g, (2)
Q(M) and measurablé C X x {1,..., M}, approximates: in the above sense. GiveR € Q(M), use

this mapping to defin€),, € Q(M) through the relation

d x da: iz
/ Qldye) Z (QinP) QL) = 4n(Q" ().

whereB; = {x € X : (x,i) € B}. B (The measurability ofQ(i|z) in z follows from the mea-
The following counterexample shows that the space of quagurability of the mappingy,,.) Let {z(V), ... 2(:(")} be an

tizers Qp (M) is not closed under setwise convergence:  enumeration of those elementsBf;,,, for which the sets
Let X = [0, 1] and P the uniform distribution or0, 1]. Let

Clearly, anyz € Pys can be approximated within errdr/n
in the [, sense by a member @y, ,,, i.e.,

Proof: The lemma follows by noticing that for any €

(0 OV () = 2D -
Lo = [%2 2-1) and letB,,, = U[_, Ly and By, » = Si={z: Q@) =27} J=1.... L)
[0,1]\ Bn.1. Define{@,} as the sequence afcell quantizers are not empty (clearlyl(n) < (n + 1)M). Note that theS;
given by form an.A-measurable partition o and we have
Qn(llz) = ]‘{ZEEBn,l}? Qn(2z) = l{meBn,z}' U= (2(1), 2(2), Ceey 2L ) (’P]u) ()
The proof of Riemann-Lebesgue Lemma can be used to shguy
that for all A € B([0, 1]), Qi(z) =29 if zes;
1
lim Qn(dy|x P(dz) = lim fn( )dt = lp(A)7 Viewed as a subset dR™L(")  the set(PM)L(") is com-
nee n—eeJo pact and convex and therefore by the Krein-Milman theo-
and thus by Lemma 6.2),, converges setwise 1@ given by rem (see, e.g., [2]) it is the closure of the convex hull of
Q(1]z) = Q(2|z) = 3 for all 2 € [0, 1]. However,Q is not a its extreme points. The set of extreme points(Bh ) ™) s
(deterministic) quanuzer N , B (&)"™ where€y = {e1,. .., en} is the standard basis for
Definition 6.2: The class ofinitely randomized quanuzersRM | icul finds £V ™ and
Qrr(M) is the convex hull ofQp (M), i.e.,Q € Qrr(M) - N particuiar, we can fin A € (Eu) ) an
if and only if there existt € N, Q1,...,Qx € Qp(M), and (a1,...,an) € Py such thatH“ =2 k=1 O‘k“kH_ <z -1
ar,...,ax € [0,1] with Zf La; = 1, such that denotes the standard Euclidean norm in any dlmenS|on)§S|nc
up = (U1, Uk, L(n)), Whereuy ; € &y for all k£ andj,

, , we can define the deterministic quantizé}s , € Qp(M),
= Zanj(zkc), foralli=1,...Mandze€X. 1 _1 N by setting

The next result shows tha@z (M) is the (sequential) clo- ni(7) =uk; i €8

sure of the convex hull 0@ p(M). Putting things together, we obtain that

Theorem 6.1: For any@ € Q(M) there exists a sequence N
{Q,} of finitely randomized quantizers i® (M) which HQZ(I) _ Zath(m) < L forallzex (4)
converges ta@) setwise at any inpuP. ' n




DefineQ,, € Q(M) by where B A B = (B}’ \ B) U (B\ Bl"). Then we have

A N [PQn — PQllrv
k=1

M
- w3 / F(,0) (Lwenry — 1oensy) Plda)
fo”oogl i=1 X
Combining (4) with[|Q"(z) — Q4 (z)|| < %, we obtain M _
< sw S [ i)
R 2 Fillflle <1 i=1 T AB;
|Q(i|x) — Qn(ilx)| < = forallzeXandi=1,...,.M M
n
< Y P(B}AB;)—0 (5)
which implies ghath(- |z) — Q(-|z) setwise for allx € =1
X. Since eachy,, is a convex combination of deterministicand convergence in total variation follows. [ |
quantizers inQp (M), the proof is complete. ] We next consider quantizers with convex codecells and a

The preceding theorem has important consequences in tingut distribution that is absolutely continuous with resp
it tells us that the space of deterministic quantizers is & “bto the Lebesgue measure &% [15]. AssumeQ € OQp(M)
sis” for the space of communication channels betwEesnd with cells By, ..., By, each of which is a convex subset of
{1,..., M} in an appropriate sense. R™. By the separating hyperplane theorem, there exist pairs of
In the following we show that an optimal channel can beomplementary closed half spacfd?; ;, H;:) : 1 <i,j <
replaced with an optimal quantizer without any loss in perfol,i # j} such that for ali = 1,..., M,
mance.
Proposition 6.1: For any Q € Q(M) there is aQ’ e Bi c ﬂ Hij.
Qp(M) with J(P,Q') < J(P,Q). If there exists an optimal e
channel inQ(M) for problem P3, then there is a quantizer ifEach B; := ﬂ#i H; ; is a closed convex polytope and by

Qp(M) that is optimal. the absolute continuity of” one hasP(B; \ B;) = 0 for all
Proof: Only the first statement needs to be proved. We= 1,..., M. One can thus obtain aP{a.s) representation
follow an argument common in the source coding literatui@f @ by the M (M — 1)/2 hyperplanes; ; = H; ; N Hj ;.

(see, e.g., the Appendix of [24]). Let Q¢ (M) denote the collection ai/-cell quantizers with
For a policyy : {1,...,M} — U = X (with finite cost) convex cells and consider a sequetics, } in Q¢ (M). It can
define for alli, be shown (see the proof of Thm. 1 in [15]) that using an

appropriate parametrization of the separating hyperglaae
By = {x: e(z,7(i)) < c(x,4(j)), j=1,...,M}. subsequence€),, can be can be chosen which converges to

aQ € Qc(M) in the sense thaP(B;* A B;) — 0 for all

i=1,...,M, where theB!™ and theB; are the cells of),,,

and @, respectively. In view of (5), we obtain the following.
Theorem 6.3: The setQ (M) is compact under total vari-

Letting B; = B; andB; = Bl-\Uj;ll Bj,i=2,...,M, we

obtain a partition{B;, ..., By} and a corresponding quan-

H / H le'Y <
tizer Q" € Qp(M). It is easy t0 see thaky "[c(X, U)] < ation at any input measure that is absolutely continuous with

Q.
Eple(X, U)_] for any @ € Q(M),' . respect to the Lebesgue measureRsh

The following shows that setwise convergence of quantizerSyye can now state an existence result for optimal quantiza-
implies convergence under total variation. tion (problem P1)

Theorem 6.2: Let {Q,} be a sequence of quantizers in Thegrem 6.4: Let P be absolutely continuous and suppose
Qp(M)} which converges to a quantize} € Qp(M) set- the goal is to find the best quantiz@rwith A cells minimiz-
wise atP. Then, the convergence is also under total variatiqRg j(P, Q) = inf,, Eg,V(X U) under assumption A2, where

at p. Q is restricted toQ¢(M). Then an optimal quantizer exists.
Proof: Let BY, ..., By, be the cells of,,. Since@,, — Proof: Existence follows from Theorems 5.1 and 6 8.
Q setwise at inpuP’, we havePQ,, (B x {i}) — PQ(Bx{i}) In the quantization literature finding an optimal quantizer
forany B € B(X). SincePQn(Bx{i}) = [31{zepryP(dx), means finding optimal codecells and corresponding recamstr
we obtain tion points. Our formulation does not require the existeoice
optimal reconstruction points (i.e., optimal poligy. For cost
P(BNB}') — P(BNB;), foralli=1,...,M. functions of the forme(z, u) = ||z — u||? for z,u € R™ and

somep > 0, the cells of “good” quantizers will be convex by

If Bi,...,Bu are the cells of)), the above implie?(B; N Lloyd-Max conditions of optimality; see [15] for further re

B!') — P(B; N B;) for all 4,5 € {1,...,M}. Since both sults on convexity of bins for entropy constrained quatitira
{B!"} and{B,} are partitions ofX, we obtain problems. We note that [1] also considered such cost fumgtio
for existence results on optimal quantizers; Graf and Lggch

PB!AB;))—0 foralli=1,...,M, [12] considered more general norm-based cost functions.



The concavity property applies directly to the multi-staggf|| s < M} for some0 < M < oo, where|| - || gz, denotes
case. That is, the optimization problem P1 is concave in ttiee bounded Lipschitz norm [9].
space of channels. The proof of this fact follows that of The- Thus, if we restrict the class of control policies, and given
orem 4.1. a cost function, we can obtain consistency and robustness to

One further interesting problem regarding the multi-stagaismatch in the channel due to learning. The classificatfon o
case is to consider adaptive observation channels. For-exadhe class of objective functions and policies which wouladle
ple, one may aim to design optimal adaptive quantizers fot@such a consistency result is a future research problem.
control problem. In this case, Markov Decision Processstool

can be used for obtaining existence conditions for optimal VIIl. CONCLUDING REMARKS AND EXTENSIONS

channels and quantizers. This paper studied the structural and topological properti
of some optimization problems in stochastic control in the
VII. DISCUSSION EMPIRICAL CONSISTENCY OF space of observation channels. The main problem we consid-
OPTIMAL CONTROLLERS ered is how to approach appropriate notions of convergence

One further issue to discuss is the connections of our r@Ad distance while studying communication channels in the
sults with consistencyn learning the channel from empiricalcontext of stochastic control problems.
observations. It was observed that the optimization problem is concave

When one does not know the system dynamics, such as theuch channels. One implication of this observation ig tha
observation channel, one typically attempts to learn tleneh in @ decentralized control problem, if signaling is present
nel via test inputs or empirical observations. L€X;,Y;), i € the original convex problem (which may be convex under a
N} be anX x Y-valued i.i.d sequence generated according figsted, partially nested or a stochastically nested irdéiom
some distribution:. Defining for every measurablg ¢ XxY, structure) loses its convexity.

andn € N, the empirical occupation measures The restriction to Euclidean state spaces is not essential a
n many (but not all) of the results can be extended to the case
1 h d Polish In particular, all th
B) = = i v 7 whereX, Y, and U are Polish spaces. In particular, all the
tin(B) n ; tyoen) results in Sections Il and IV carry through without change,

except Theorem 3.3. The results of Section V hold for this
one hasy,, (B) — p(B) almost s_ur_ely (a.3 by the strong 0 general setup (however, in Lemma 5.3 we need the ad-
law of large f?“mbers- However, it is generally not true &itional condition that the space iscompact). Likewise, the
fin — ju SEIWISE A.S. (€.gun NEVEr CONVEIGEs gy SEWISE 1 requits in Section VI on quantization hold more gemeral
when either; or ¥; has a honatomic d_|str|but|on), n WhICh(in fact, Theorem 6.1 holds for an arbitrary measurableapac
casep, cannot converge tp in total variation. but two of the main results, Theorems 6.3 and 6.4, do need

Again by the strong law, for any-integrable functionf on ¢ assumption that is a finite-dimensional Euclidean space.
X x Y, one has, almost surely,

:O’

A. Sufficient conditions for continuity under setwise andkve
Jim [ f (@, y)pn(de, dy) = / f(@,y)p(dz, dy) convergence
. . . It turns out that we need a uniform convergence principle
In pamcular,M M weak_ly with probability one [10]. for setwise convergence to be sufficient for continuity:
In the learning theoretic context, the convergence of the
costs optimal foru,, to the cost optimal fop: is called the o
consistency of empirical risk minimization (see [23] for an nh—»ngo 228 /</Q(dy|z)c(x’7(y))
overview). In particular, if the cost function and the alkdvle
control policiesF are such that —/Qn(d?/|$)6(17a’7(l/))) P(dz)
lim sup ’ /C(xﬁ(y))ﬂn(d% dy) — /c(x,v(y))u(d:v, dy) to be_able to have cor_ltinuity unde_r setyvise con\_/ergencs,Thu
N0 NeF one important question of practical interest, is the folow
= 0, ing: What type of stochastic control problems, cost functio
. ) and allowable policies lead to solutions which admit such
then we obtain consistency. _ a uniform convergence principle under setwise converggnce
A class of measurable functiors is called aGlivenko- gume sufficient conditions for uniform setwise convergence
Cantelli clasg[9], if the integrals with respgct to the erlnp|r|calalre presented in [22].
measures converge almost surely to the integrals with céspe
to the true measure uniformly ovér Thus, if B. Robustness in source distribution
G={v:clz,7(y)) € &, ) The results in this_pa}per_ may also bg applicable _to ro-
ustness to source distribution. We considered robustiness
where& is a class of Glivenko-Cantelli family of functions,the observation channel. However, some of results alsoyappl

then we could establish consistency. One example of a (erealmost without change to robustness in the input distrdouti
Cantelli family of real functions oR” is the family {f : Ornstein'sd-distance [18], [13] is also a meaningful distance



when the uncertainty is in the input distribution, but reqai

(1]

(5]

(6]

[9]

[10]
[11]
[12]
[13]

[14]

[15]

[16]
[17]
(18]
[19]
[20]

[21]

[22]
(23]
[24]

[25]

[26]

REFERENCES

E. A. Abaya and G. L. Wise, “Convergence of vector quartz
with applications to optimal quantizatiol§IAM Journal on Applied
Mathematics vol. 44, pp. 183-189, 1984.

A. Barvinok, A Course in Convexityvol. 54 of Graduate Studies in
Mathematics. Providence, RIl: American Mathematical Sgci2002.
P. Billingsley, Convergence of Probability Measuredew York: Wiley
1968.

J. von Neumann, “A certain zero-sum two-person gamevedpnt to
the optimal assignment problenContrib. to the Theory of Gamegol.
2, pp. 5-12, Princeton University Press, Princeton, Newejerl953.
D. Blackwell, “The comparison of experimentsji Proc. Second
Berkeley Symposium on Mathematical Statistics and Préibabpp.
93-102. Univ. of California Press, Berkeley, 1951.

C.D. Charalambous and F. Rezaei, “Stochastic uncestgtems subject
to relative entropy constraints: Induced norms and moricitynprop-
erties of minimax games”lEEE Transactions on Automatic Control
vol. 52, no. 4, pp 647-663, May 2007.

F. Rezaei, C.D. Charalambous and N. U. Ahmed, “Optinnizatof
stochastic uncertain systems with variational norm cangs”, in
Proc. IEEE Conference on Decision and Controp. 2159-2163, New
Orleans, LA, USA, Dec. 2007

Y. Socratous, F. Rezaei and C.D. Charalambous, “Noatimstimation
for a class of systemsTEEE Transactions on Information Theomwol.
55, no. 4, pp. 1930-01938, Apr. 2009.

R.M. Dudley, E. Gine, and J. Zinn, “Uniform and univergalivenko-
Cantelli classes”Journal of Theoretical Probabilityvol. 4, pp. 485—
510, 1991.

R. M. Dudley, Real Analysis and ProbabilityCambridge University
Press, Cambridge, 2nd ed., 2002.

N. Dunford and J. SchwartZ inear operators | Interscience, New
York, 1958

S. Graf and H. Luschgyroundations of Quantization for Probability
Distributions Berlin, Heidelberg: Springer Verlag, 2000.

R. M. Gray and L. D. Davisson, “Quantizer mismatclEEE Trans-
actions on Communicationsol. 23, pp. 439-443, 1975.

A. Gyorgy and T. Linder, “Optimal entropy-constrathecalar quanti-
zation of a uniform source’lEEE Transactions on Information Theory
vol. 46, pp. 2704-2711, Nov. 2000.

A. Gyorgy and T. Linder, “Codecell convexity in optitnantropy-
constrained vector quantizatiolEEE Transactions on Information
Theory vol. 49, pp. 1821-1828, Jul. 2003.

O. Hernandez-Lerma, J.B. Lasserfdarkov Chains and Invariant
Probabilities BirkhauserVerlag, Basel, 2003.

T. Linder, “On the training distortion of vector quargrs”, IEEE
Transactions on Information Theaqryol. 46, pp. 1617-1623, 2000.
D. Ornstein, “An application of ergodic theory to prdiiity theory,
The Annals of Probabilityvol. 1, pp. 43-58, 1973.

D. Pollard, “Quantization and the method kfmeans,|EEE Transac-
tions on Information Theoryol. 28, pp. 199-205, 1982.

W. Rudin, Real and Complex AnalysidNew York: McGraw-Hill,
3rd ed., 1987.

J. N. Tsitsiklis, “Extremal properties of likelihoodtio quantizers”,
IEEE Transactions on Communicatignsol. 41, pp. 550-558, Apr.
1993.

F. Topsoe, “Uniformity in convergence of measure&’, Wahrschein-
lichkeitsth vol. 39, pp. 1-30, 1977.

V. N. Vapnik The Nature of Statistical Learning TheoBpringer, New
York, 2nd ed., 2000.

H. S. Witsenhausen, “On the structure of real-time sewoders,Bell
Syst. Tech. J58:1437-1451, July/August 1979.

Y. Wu and S. Verd(, “Functional properties of MMSEProc. |IEEE
International Symposium on Information TheoAustin, TX, June 13-
18, 2010.

S. Yiksel and T. Linder, “Optimization and Convergeraf Observation
Channels in Stochastic Control”, submittedlEEE American Control
Conference2011.

[27] S. Yuksel and T. Linder, “Optimization and Convergeraf Observation
the cost function to be specific. Such problems for the specifi
case of minimum mean square estimation were considered in
[25]. The important general problem merits further reskearc

Channels in Stochastic Control”, submittedStAM Journal on Control
and Optimization 2010 (available on arXiv).



