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Abstract— For a vector Markov source driven by additive
Gaussian noise, we study the existence and structure of opti-
mal quantization policies. The quantizers allowed are the ones
which have convex codecells. For the finite horizon problem and
bounded cost, we show that an optimal zero-delay quantization
policy exists. Then the linear quadratic Gaussian problem is
considered as an important extension of the bounded cost as-
sumption for the finite horizon setting. For the infinite hori zon
setup, the existence of an optimal stationary policy is established
among the class of Markov coding policies.

I. I NTRODUCTION

A. Quantizers as Control Actions

We consider a causal encoding problem where a sensor en-
codes an observed source to a receiver with zero-delay. The
source{xt} to be encoded is anRn-valued Markov process.
The encoder encodes (quantizes) its information{xt} and
transmits it to a receiver over a discrete noiseless channel
with common input and output alphabetM := {1, 2, . . . ,M},
whereM is a positive integer, i.e., the encoder quantizes its
information.

Formally, the encoder is specified by acomposite quantiza-
tion policyΠcomp, which is a sequence of Borel measurable
functions{Qcomp

t , t ≥ 0} such that

Qcomp
t : (Rn)t+1 ×M

t → M.

In particular, at timet the encoder transmitsqt generated as

qt = Qcomp
t (It)

where
It = (x[0,t], q[0,t−1]), t ≥ 1,

and I0 = {x0}, where we have used the notationx[0,t] =
(x0, x1, . . . , xt) andq[0,t−1] = (q0, . . . , qt−1).

The receiver, upon receiving the information from the en-
coders, generates its decisionut at timet, also causally. An
admissible causal receiver policy is a sequence of measurable
functionsγ = {γt} such that

γt : M
t+1 → U, t ≥ 0

whereU denotes the decision space (usually a Borel subset
of Rn). Thus

ut = γt(q[0,t]), t ≥ 0.

We assume that the encoder and decoder have an agreement
on the distributionπ0 on the initial statex0.
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For a finite horizon setting the goal is to minimize the cost

Jπ0
(Πcomp, γ, T ) := EΠcomp,γ

π0

[

1

T

T−1
∑

t=0

c0(xt, ut)

]

, (1)

for someT ≥ 1, wherec0 : Rn×U → R+ is a (measurable)
cost function andEΠ

π0

[

·
]

denotes the expectation with initial
state distributionπ0 and under the composite quantization
policy Πcomp and receiver policyγ.

We have the following assumptions in the source{xt} and
the cost function.

Assumption 1.
(i) The evolution of the Markov source{xt} is given by

xt+1 = f(xt) + wt, t ≥ 0 (2)

where {wt} is an independent and identically distributed
zero-mean Gaussian vector noise sequence andf : Rn → R

n

is measurable.
(ii) U is compact andc0 : Rn×U → R+ is bounded and con-
tinuous (the compactness and boundedness conditions will be
relaxed in Section V).
(iii) The initial conditionx0 is zero-mean Gaussian.

B. Revisiting Structural Results

Structural results for the finite horizon control problem
described in the previous section have been developed in
a number of important publications. Reference [18] summa-
rizes the two main approaches, one adopted by Witsenhausen
[20], and the other by Walrand and Varaiya [19]. Teneketzis
[18] extended these approaches to the more general setting
of non-feedback communication and [22] extended these re-
sults to more general state spaces (complete and separable
metric spaces, such asRn). The following state, somewhat
informally, these two important structural results.

Theorem 1. [Witsenhausen [20]] For the finite horizon prob-
lem, anycausal composite quantization policycan be re-
placed without any loss in performance by one which, at
time t = 1, . . . , T − 1, only uses,xt and q[0,t−1].

For a Polish spaceX, let P(X) denote the space of prob-
ability measures onX endowed with the Prohorov metric.
Given a composite quantization policyΠcomp, letπt ∈ P(Rn)
be the conditional probability measure defined by

πt(A) := P (xt ∈ A|q[0,t−1])

for any Borel setA.
Walrand and Varaiya [19] considered sources taking values

in a finite set, and obtained the following result. In its current



generalized form, the result appears in [22] forR
n-valued

sources.

Theorem 2. For a finite horizon problem, anycausal com-
posite quantization policycan be replaced, without any loss
in performance, by one which at any timet = 1, . . . , T −
1 only uses the conditional probabilityP (dxt−1|q[0,t−1])
and the statext. This can be expressed as a quantization
policy which only uses(πt, t) to generate a quantizerQt :
R

n → M, where the quantizerQt usesxt to generate the
quantization output asqt = Qt(xt) at time t.

The main difference between the two structural results
above is the following: In the setup of Theorem 1, the en-
coder’s memory space is not fixed and keeps expanding as
the decision horizonT . In the setup of Theorem 2, the mem-
ory space of an optimal encoder is fixed. In general, the space
of probability measures is a very large one; however, it may
be the case that different quantization outputs may lead to the
same conditional probability measure on the state process,
leading to a reduction in the required memory. Furthermore,
setup in Theorem 2 allows one to apply the theory of Markov
Decision Processes.

In this paper, we will show that under the stated assump-
tions on the Markov process and the cost function and some
additional assumptions on the admissible quantization poli-
cies, there always exists a policy considered in Theorem 2
that minimizes the finite horizon cost (1). For the infinite
horizon problem (10), we show that an optimal stationary
quantization policy exists among those considered in Theo-
rem 2.

The rest of the paper is organized as follows. The next
section gives a brief review of the literature. Section II con-
tains background material on quantizers considered in this
paper. In Section III a controlled Markov chain is constructed
for our problem. Section IV establishes the existence of op-
timal policies for the finite horizon case for bounded cost
functions. Section V considers the case with linear systems
and quadratic costs. Section VI considers the more involved
infinite horizon case. Section VII contains concluding dis-
cussions.

C. Literature Review

Existence of optimal quantizers for a one-stage cost prob-
lem has been investigated, among other works, by [1], [16],
and [21]. For optimal vector quantization in a multi-stage
problem, Borkar et al. [6] investigated existence results.Re-
cently [2] considered the average cost optimality equationfor
causal coding of i.i.d. sources with finite lookahead. To our
knowledge, the existence of optimal quantizers for a finite
horizon setting has not been considered in the literature for
the setup considered in this paper.

For the infinite horizon setting, [6] provided a stochas-
tic control formulation for the optimal quantization problem
with an entropy constraint. In doing so, they considered a
coding policy in which the admissible quantizersQt were
restricted to ones using the so-called nearest neighbor en-
coding rule and having their granular region contained in

a fixed compact set for all time stages. Furthermore, there
are additional regularity conditions on the dynamics of the
system. Our approach differs from [6] in the relaxed struc-
tural assumptions we make. We allow quantizers with convex
codecells (to be defined later), which is a more general con-
dition than assuming the nearest neighbor encoding rule.

Other relevant work include [5] which considered opti-
mization over probability measures for causal and non-causal
settings, and [18], [13] which considered zero-delay coding
of Markov sources in various setups.

II. SPACE OFQUANTIZER ACTIONS

In this section, we define the space of quantizers consid-
ered in the paper. Our construction builds on [21].

Definition 1. An M -cell quantizerQ on R
n is a (Borel)

measurable mappingQ : R
n → {1, . . . ,M}. We let Q

denote the collection of allM -cell quantizers onRn.

Note that eachQ ∈ Q is uniquely characterized by its
quantization cells(or bins) Bi = {x : Q(x) = i}, i =
1, . . . ,M which form a measurable partition ofRn.

Remark 1.
(a) We allow for the possibility that some of the cells of the
quantizer are empty.
(b) In source coding theory, a quantizer is a mappingQ :
R

n → R
n with a finite range. ThusQ is defined by a

partition and a reconstruction value inRn for each cell in
the partition. That is, for given cells{B1, . . . , BM} and
reconstruction values{c1, . . . , cM} ⊂ R

n, we haveQ(x) =
ci if and only if x ∈ Bi. In our definition, we do not include
the reconstruction values.

A quantizerQ with cells{B1, . . . , BM} can also be char-
acterized as a stochastic kernelQ from R

n to {1, . . . ,M})
defined by

Q(i|x) = 1{x∈Bi}, i = 1, . . . ,M

We will endow the quantizers with a topology induced by
such a stochastic kernel interpretation. IfP is a probability
measure onRn and Q is a stochastic kernel fromRn to
{1, . . . ,M}, thenPQ denotes the resulting joint probability
measure onRn × {1, . . . ,M}.

Let P(RN) denote the family of all probability measures
on (RN ,B(RN)) for someN ∈ N. A sequence{µn, n ∈ N}
in P(RN) is said to converge toµ ∈ P(RN ) weakly if

∫

RN

c(x)µn(dx) →

∫

RN

c(x)µ(dx)

for every continuous and boundedc : RN → R.
For two probability measuresµ, ν ∈ P(RN), the total

variation metric is defined by

‖µ− ν‖TV = 2 sup
B∈B(RN)

|µ(B)− ν(B)|.

A sequence{µn} is said to converge toµ ∈ P(RN) in total
variation if ‖µn − µ‖TV → 0.



Definition 2 ([21]). A quantizer sequenceQn converges to
Q weakly atP (Qn → Q weakly atP ) if PQn → PQ
weakly. Similarly,Qn converges toQ in total variation atP
(Qn → Q at P in total variation atP ) if PQn → PQ in
total variation.

The class of quantization policies which admit the struc-
ture suggested in Theorem 2 is an important one, we hence-
forth define

ΠW :=

{

Πcomp = {Qcomp
t , t ≥ 0} : ∃γ0 : P(Rn) → Q

Qcomp
t (It) = (γ0

t (πt))(xt), ∀It

}

, (3)

to represent this class of policies.
We restrict the the set of quantizers considered by only

allowing quantizers having convex cells.

Assumption 2. Let Qc denote the set of all quantizers inQ
having convex cells, i.e.,Q ∈ Qc if and only if Q−1(i) is a
(possible empty) convex subset ofR

n for all i = 1, . . . ,M .
We assume that all quantizersQt are fromQc.

Let ΠC
W denote the set of all composite quantization poli-

ciesΠW (defined in (3)) which in addition satisfy the con-
dition that all quantizersQt, t ≥ 0 have convex cells (i.e.,
Qt ∈ Qc for all t ≥ 0).

As discussed in [11], by the separating hyperplane theo-
rem, there exist pairs of complementary closed half spaces
{(Hi,j , Hj,i) : 1 ≤ i, j ≤ M, i 6= j} such that for all
i = 1, . . . ,M , Bi ⊂

⋂

j 6=i Hi,j . Since B̄i :=
⋂

j 6=i Hi,j

is a closed convex polytope for eachi, if the probability
measureP has a density function, then one hasP (B̄i \
Bi) = 0 for all i = 1, . . . ,M . One can thus obtain a (P–
a.s) representation ofQ by the M(M − 1)/2 hyperplanes
hi,j = Hi,j ∩ Hj,i. One can represent such a hyperplane
h by a vector(a1, . . . , am, b) ∈ R

n+1 with
∑

k |ak|
2 = 1

such thath = {x ∈ R
n :

∑

i aixi = b}, thus obtaining a
parametrization overR(M−1)(n+1) of all quantizers inQc.

Remark 2. We note that the assumption of convex codecells
is adopted for technical reasons and it may be the case that
there is a loss in optimality in restricting the analysis to
convex codecells.

III. C ONTROLLED MARKOV CHAIN CONSTRUCTION

Suppose we use a quantizer policy inΠW . Properties of
conditional probability lead to the following expression for
πt(dx):
∫

πt−1(dxt−1)P (qt−1|πt−1, xt−1)P (dx|xt−1, ut−1)
∫ ∫

πt−1(dxt−1)P (qt−1|πt−1, xt−1)P (dx|xt−1, ut−1)
.

Here,P (qt−1|πt−1, xt−1) is determined by the quantizer pol-
icy. The following follows from the proof of Theorem 2.5
of [22].

Theorem 3. The sequence of conditional measures and quan-
tizers{(πt, Qt)} form a controlled Markov process inP(Rn)×
Q.

The following is a key lemma.

Lemma 1. For all t ≥ 1, πt(dx) is absolutely continuous
with respect to the Lebesgue measure, i.e., it has a probability
density function, which we will also denote byπt by an abuse
of notation. The density functionπt is uniformly continuous
for every t and the sequence{πt} is a uniformly bounded
and uniformly equicontinuous family.

IV. EXISTENCE OFOPTIMAL POLICIES: FINITE HORIZON

SETTING

For any quantization policy inΠW and anyT ≥ 1 we
have

inf
γ

Jπ0
(Πcomp, γ, T ) = EΠcomp

π0

[

1

T

T−1
∑

t=0

c(πt, Qt)

]

,

where

c(πt, Qt) =

M
∑

i=1

inf
u∈U

∫

Q
−1

t (i)

πt(dx)c0(x, u).

Theorem 4. Under Assumption 1, an optimal receiver policy
exists.

Proof. At any given time an optimal receiver will minimize
∫

P (dxt|q[0,t])c(xt, ut). The existence of a minimizer then
follows from Theorem 3.1 in [21]. 2

We have the following result on the existence of optimal
quantizers for the finite horizon setting.

Theorem 5. For any T ≥ 1, under Assumption 1, there
exists a policy inΠC

W such that

inf
Πcomp∈ΠC

W

inf
γ
Jπ0

(Πcomp, γ, T ) (4)

is achieved. LettingJT
T (·) = 0 and

JT
0 (π0) := min

Πcomp∈ΠC
W

,γ
Jπ0

(Πcomp, γ, T ),

the dynamic programming recursion

TJT
t (πt) = min

Q∈Qc

(

c(πt, Qt) + TE[JT
t+1(πt+1)|πt, Qt]

)

holds for all t = 0, 1, . . . , T − 1.

Proof. The following lemmas provide the essential steps in
the proof.

Lemma 2. (a) Let {µn} be a sequence of density functions
on R

n which are uniformly equicontinuous and uniformly
bounded and assumeµn → µ weakly. Thenµn → µ in total
variation.
(b) Let{Qn} be a sequence inQc such thatQn → Q weakly
at P for someQ ∈ Qc. If P admits a density, thenQn → Q
in total variation atP .
(c) Let PnQn → PQ weakly, where{Qn} is a sequence
in Qc and Q ∈ Qc. Suppose further thatPn → P in total
variation whereP admits a density. ThenPnQn → PQ in
total variation.

Let S ⊂ P(Rn) be the set of reachable states forπt

under any composite coding policy. Note that by Lemma 1,



the collection of densities inS is uniformly bounded and
equicontinuous. We have the following supporting results.

Lemma 3. Qc is compact in total variation at any input
π admitting a density in the sense that any sequence inQc

has a subsequence that converges in total variation to some
Q ∈ Qc at π.

Lemma 4. c(π,Q) is continuous onS ×Qc.

We can now apply backward induction. Att = T − 1 we
have

JT
T−1(π) = inf

Q
c(π,Q).

By Lemma 4 and the compactness of the set of quantizers
Qc (Lemma 3) there exists an optimal quantizer that achieves
the infimum.

Lemma 5. Let F : S ×Qc → R be continuous onS ×Qc

in the sense thatπnQn → πQ in total variation implies that
F (πn, Qn) → F (π,Q). TheninfQ∈Qc

F (π,Q) is achieved
by someQ in Qc andmin

Q
F (π,Q) is continuous inπ.

As a consequence of Lemmas 4 and 5,JT
T−1(π) is con-

tinuous inπ.
Considert = T−2. We want to show that the minimization

problem

JT
T−2(π) = min

Q

(

1

T
c(π,Q)

+ E
[

JT
T−1(πT−1)|πT−2 = π,QT−2 = Q

]

)

(5)

has a solution andJT
T−2(π) is continuous inπ.

Define the conditional probability distributions given by

π̂(m,π,Q)(C)

:= P (xt+1 ∈ C|πt = π,Qt = Q, qt = m)

=
1

π(Bm)

∫

C

(
∫

π(dx)1{x∈Bm}φ(z − f(x))

)

dz

whereBm, m = 1, . . . ,M are the cells ofQ (if π(Bm) = 0,
then π̂(m,π,Q) is set arbitrarily). Note that

E
[

JT
T−1(πT−1)|πT−2 = π,QT−2 = Q

]

=

M
∑

m=1

JT
T−1

(

π̂(m,π,Q)
)

π
(

Q−1(m)
)

(6)

where

π
(

Q−1(m)
)

= P (qT−2 = m|πT−2 = π,QT−2 = Q).

The following lemma implies that ifπnQn → πQ, then

JT
T−1

(

π̂(m,πn, Qn)
)

πn

(

Q−1
n (m)

)

→ JT
T−1

(

π̂(m,π,Q)
)

π
(

Q−1(m)
)

(7)

for all m.

Lemma 6. If πnQn → πQ in total variation, then for every
m = 1, . . . ,M with π(Bm) > 0, we haveπ̂(m,πn, Qn) →
π̂(m,π,Q) in total variation.

It follows that if π̂(m,π,Q) > 0 for somem, then Lemma
6 implies thatπ̂(m,π,Qn) → π̂(m,π,Q) in total variation
asπnQn → πQ; hence (7) holds in this case. Ifπ

(

Q−1(m)
)

=
0, then by the boundedness of the cost (7) holds again. In
view of (6), E

[

JT
T−1(πT−1)|πT−2 = π,QT−2 = Q

]

is
continuous in(π,Q).

We obtain that both expressions on the right side of (5) are
continuous in the sense of Lemma 5. The the same lemma
implies that the minimization problem (5) has a solution and
JT
T−2(π) is continuous inπ. The recursion applies for all

further stagest = T−3, . . . , 0, establishing the result. Details
will be given in [24]. 2

V. L INEAR SYSTEMS WITH QUADRATIC COSTS

Linear systems driven by Gaussian noise are important
in many applications in control, estimation and signal pro-
cessing. Furthermore, as observed in [23] (see also [15]),
for jointly optimal quantization and control for linear sys-
tems under quadratic cost criteria and under mild technical
assumptions, the total cost can be separated into an esti-
mation component (for a control-free source) and a control
component. The results in this section address the estimation
component.

In view of this motivation, in this section, we consider lin-
ear sources under quadratic criteria.We modify Assumption1
as follows.

Assumption 3.
(i) The evolution of the Markov source{xt} is given by

xt+1 = Axt + wt, t = 0, 1, 2, . . .

where {wt} is an independent and identically distributed
Gaussian noise sequence andA is a square matrix.
(ii) c0(x, u) = ‖x− u‖2 = (x− u)′(x− u) (where(x− u)′

denotes the transpose of(x− u)) andu ∈ R
n.

(iii) x0 admits a zero-mean Gaussian density.

We note that for every given quantizer action,
∫

‖x‖2P (dxt|q[0,t]) dx < ∞,

so a unique optimal receiver policy exists and is given by

γt(q[0,t]) =

∫

xP (dxt|q[0,t]). (8)

Theorem 6. Under Assumption 3, for anyT ≥ 1 there exists
a policy inΠC

W such that

inf
Πcomp∈ΠW

inf
γ
Jπ0

(Πcomp, γ, T ) (9)

is achieved. LettingJT
T (·) = 0 and

JT
0 (π0) := min

Πcomp∈ΠW ,γ
Jπ0

(Πcomp, γ, T ),

the dynamic programming recursion

TJT
t (πt) = min

Q∈Qc

(

c(πt, Qt) + TE[JT
t+1(πt+1)|πt, Qt]

)

holds for all t = 0, 1, . . . , T − 1.



Proof. The proof differs from that of Theorem 5 in that the
cost is unbounded. A rather technical uniform integrability
argument allows the generalization; details will be given
in [24]. 2

VI. I NFINITE HORIZON SETTING

To facilitate the analysis in the infinite horizon setting, we
add the following assumption.

Assumption 4. There exists a unique invariant probability
measureπ for the Markov chain{xt} such that under the
invariant probability measureπ, Eπ [‖x‖

2] < ∞. (Note that
uniqueness comes naturally due to the irreducibility of{xt}
caused by the presence of Gaussian noise in (2))

For the infinite horizon setting, one goal may be to an-
alyze a discounted cost problem where the objective is the
computation of

inf
Πcomp

inf
γ

Jβ(Πcomp, γ)

for someβ ∈ (0, 1), where

Jβ(Πcomp, γ) = lim
T→∞

EΠcomp,γ
π0

[T−1
∑

t=0

βtc0(xt, ut)

]

.

The solution to this problem follows from the discussion
in Section IV. In particular, it is well known that the value
iteration algorithm (see for example [12]) converges to an
optimal solution since the cost function is bounded and the
measurable selection hypothesis are applicable in view of
Theorem 5.

The more challenging case is the average cost problem
where a policy achieving

inf
Πcomp

inf
γ
J(Πcomp, γ) (10)

is sought, where

J(Πcomp, γ) = lim sup
T→∞

EΠcomp,γ
π0

[

1

T

T−1
∑

t=0

c0(xt, ut)

]

.

For this infinite horizon setting, the structural results in
Theorem 1 and Theorem 2 are not available in the literature.

To facilitate the analysis, we first consider various classes
of composite quantization policies.

A. Performance of Classes of Quantization Policies

We will consider two classes of policies.
1) Markov Quantizer Policies (ΠC

M ): This class contains
quantizer policies that are Markov and which belong toΠC

W .
Such a Markov composite quantizer policy is a sequence of
mappings such that at timet ≥ 0, the policy causally maps
πt ∈ P(Rn) to Qc to generate the quantizerQt.

A more general class of Markov policies containrandom-
ized ones, which assign a probability measurePQc,t,πt

at
time t on B(Qc), in the following sense:

PΠ(Q(x) = q|q[0,t−1], Q[0,t−1], π[0,t])

=

∫

Qc

∫

Rn

PQc,πt,t(dQt)1{Qt(x)=q}πt(dx).

Assigning a probability measure onQc is well-defined due
to the hyper-plane parametrization of quantizers with convex
codecells in Section II.

It follows from an argument in [9] or [7, Thm. 1] that
without any loss, we can express the joint measure using a
uniform random variable supported on a space of quantizers
in the following sense. Withr denoting a realization of an
independent uniformly distributed random variable with sup-
port [0, 1] and a Borel measurable mappingQ∗ that maps,
for everyt, [0, 1]×P(R) into Qc (hence,Q∗(r, π, t) ∈ Qc),
we have that for everyD ∈ B(Rn) andq ∈ M

∫

Qc

∫

D

PQc,πt,t(dQt)1{Qt(x)=q}πt(dx)

=

∫

[0,1]

∫

D

U(dr)1{(Q∗(r,πt,t))(x)=q}πt(dx).

Hence, if randomization is allowed, we assume that the
randomization information is shared between the encoder and
the decoder, that is

Irt = {q[0,t−1], r[0,t−1], (Q
∗(r, π, t)[0,t−1]},

and πt(dx) denotes the conditional probability measure on
R

n such that

πt(A) := P (xt ∈ A|q[0,t−1], r[0,t−1]), A ∈ B(Rn).

2) Stationary Quantizer Policies (ΠC
S ): A further restric-

tive class of quantizer policies are those which are stationary.
Such policies are Markov (hence are inΠC

M ), but they do
not depend on time. Thus, the functionQ∗(r, π, t) considered
earlier does not depend ont.

B. Linear Programming Approach under Policies Admitting
Separation

In the following, we adopt the convex analytic approach of
[4] (see [3] for a detailed discussion). Here we only present
the essential steps. LetFt denote the filtration generated by
the information at the controller. Define aFt measurable
empirical occupation measure for allD ∈ B(P(Rn)×Qc):

vt(D) =
1

t

( t−1
∑

s=0

1((πs,Qs)∈D)

)

.

DefineG to be the set of ergodic occupation measures on
B(P(Rn)×Qc), which satisfy the following for all contin-
uous and bounded functionsg : P(Rn)×Qc → R:

{

v :

∫

g(π′, Q′)v(dπ′, dQ′)

=

∫

(

∫

g(π,Q)PΠ(dπ, dQ|π′, Q′)
)

v(dπ′, dQ′)

}

where PΠ(dπ, dQ|π′, Q′) stands for the transition kernel
under a quantizer policyΠ which is stationary and possibly
randomized.

With Π ∈ ΠC
M , it follows that any weak limit ofvT (·) is

in the setG.



If vT → v∗ weakly, for continuousc, we have that

lim inf
k→∞

∫

P×Qc

c(π,Q)vnk
(dπ, dQ)

≥

∫

P×Qc

c(π,Q)v∗(dπ, dQ).

Hence, we look for a minimizingv∗ ∈ G, which provides
a uniform lower bound under any policy. Thus, we solve the
linear program of the minimization of

∫

P×Qc

c(π,Q)v(dπ, dQ),

such thatv ∈ G.

Theorem 7. Under Assumptions 1 and 4, there exists an opti-
mal quantization policy inΠC

M . Without any loss, an optimal
quantization policy is stationary (and possibly randomized;
hence it is inΠC

S )) provided that the initial state is picked
according to the optimal stationary measure.

Theorem 8. Under the setup of Theorem 7, there exists an
optimal quantization policy which is stationary and deter-
ministic.

VII. C ONCLUDING REMARKS

In this paper we established the existence of optimal quan-
tization policies. The key ingredient of our analysis was
the characterization of quantizers as a subset of the space
of stochastic kernels, endowed with a weak convergence
topology on the product space of the input and the output.

For the infinite horizon setting, one weakness possible in
our result is that we restrict the initial condition to live in a
particular set. In some applications, the encoder has freedom
on where to start the belief. Therefore, this may be a realistic
assumption.

The machinery presented here will be useful in the optimal
quantized control of a linear system driven by unbounded
noise. In particular, if the dual effect of the control policies
can be decoupled from the estimation error [23], [17], [15]
then the design here can be used to establish existence of
optimal policies.
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