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ABSTRACT

In this thesis, state estimation and control problems in linear time invariant (LTT)
systems where the controller and the plant are connected through digital noiseless
channels and communication networks are investigated. For deterministic (noiseless)
systems, uniform quantization noise is shown to be the effective one, and distor-
tion constrained quantization is introduced as a time-invariant stable quantization
method. Forward-looking schemes where the intention is the stabilization of the
state estimation error, and recursive schemes where the objective is to achieve a
monotonic variance in state estimation error are considered. In deterministic systems
both approaches are shown to lead to the same performance in terms of the commu-
nication rate values. In stochastic (noisy) systems however, forward-looking schemes
require less stringent conditions. For systems with communication networks, the rate
required for the stability of the differential entropy of the state estimation error is de-
termined as a function of the system and network parameters. The trade-off between
the sampling period, packet loss probability and the rate requirements is illustrated,
a Markov chain model is introduced to capture the state of reliability of the network,
and conditions for stability in the mean in a control theoretic setting are studied.
Conditions for the mean-square stability in the state estimation error, stability in
the mean, and stability in the mean-square of an LTI system with communication
networks are introduced, and in case of a packet loss, the usage of the latest control
and the zero control usage are compared. The communication rate requirements for
higher dimensional centralized and decentralized control systems where the controller

and the plant are connected via a noiseless bandlimited channel are also studied.
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Recursive time-invariant quantizers that achieve stability in the sense of worst-case
state estimation error are introduced. Rate requirements for centralized schemes are
shown to be lower than those for decentralized schemes. A quantification of the in-
formation sharing between the controllers, such as full, instant, and one-step delayed
information sharing, is shown to be an important factor contributing to communi-
cation requirements and complexity. Slepian-Wolf coding argument is used to show
that information sharing by the controllers, and not by the plants, is sufficient for
optimality, and schemes confirming this efficiency are constructed. Finally, the linear
quadratic regulator (LQR) problem for systems with digital channels (and hence sub-
ject to bandwidth constraints) is solved and the structure of the optimal quantizer

for this class of problems is determined.
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CHAPTER 1

INTRODUCTION

1.1 Background and Literature Overview

Classical control analysis assumes perfect information share between the system
plant and the decision maker/controller, with no delay, no precision effects, and no
communication constraints. However, particularly in recent applications such as re-
mote control over wireless systems, control over the Internet, control in decentralized
and distributed systems and digital control of automatic systems, a joint analysis of
communications, digital signal processing and control is necessary to design the de-
sired system with optimal performance under a specified criterion. Presence of delay
in the information or feedback channel might lead to severe degradation in system
stability, whereas discretization of the space might force one to target limited form
of stability and controllability, and the presence of noise in the channel might lead to
loss of data and necessitate the construction of robust schemes.

Thus, the general problem and the underlying issues are multifold: how to uti-
lize available partial information about the state as received by the controller; how
to generate the partial information (i.e., how to quantize, encode and decode the
state information); and finally, how to use this information to generate a satisfactory
control meeting a given criterion, which is also to be drawn from a finite set of de-

cisions. The problem might be broken into two stages (the state estimation problem



and the decision making problem), which are however generally coupled in the case of
communication constrained control problems, in which case a joint analysis becomes
inevitable to achieve the best performance. In general, the parameters in the system
design might have adverse effects on each other. For instance, as the bit rate used for
communication increases, the complexity in the decoder might decrease, and the opti-
mality in the decision generated by the controller might improve, whereas the delay in
the state dynamics might require the designer to be cautious, in addition to the cost
due to the higher bit rate carried over the communication channel. Signal processing
theory and communications theory enter the picture for the quantization, coding, and
decoding aspects; however, it is control theory that motivates the underlying problem
and the objectives and specifications which have not been in the repertoire of classical
communications and signal processing problems so far. For instance, one cannot use
block coding in a control system, unless an asymptotic analysis is being performed,
as it leads to delay at unacceptable levels.

Before reviewing the literature, we would like to note that some of the work in
this thesis has been partly included in [1],[2],[3].

There has been significantly increasing interest on this set of problems recently,
where various different models for the systems and the channels have been taken into
consideration. We now describe below some of the work that is most relevant to our
work.

One of the first papers on the general topic of this thesis [4] has analyzed the
effects of quantization. The author has argued that quantization is more than an
instantaneous approximation of a continuous state, and that a white noise approxi-
mation of the error due to quantization is not generally correct. Yet another paper
[5] has studied the effects of communication constraints on a continuous-time system
in an information-theoretic context, where two types of recursive coder-estimator se-
quences have been introduced, and stabilization and convergence requirements for the

sequences have been established. The companion paper to [5], [6] introduces the no-



tion of containability as a new interpretation for limited stability for continuous-time
systems, develops necessary and sufficient conditions in this context, and studies the
data rate, delay and code length as factors affecting containability. In [7], an linear
quadratic Gaussian (LQG) system with an analog noisy channel between the plant
and controller has been considered. Under appropriate definitions for the information
available at the decoder and the encoder and for a given power constraint, a bound
for the required bit rate for stability is obtained. In [8], it is shown that for a system
with an uncertain initial state, where the cost is the mth moment of the state, the
necessary and sufficient condition for exponential stability is that the rate should be
higher than the sum of the logarithms of the ratios between the unstable open-loop
eigenvalues and the desired exponential factor. In [9], the quantization problem in
a different model, where the sensor measurements and the plant are connected via a
channel, has been analyzed. In [10], conditions on the encoder and the norm of the
transition matrix are obtained to achieve global asymptotic stabilization. There exist
information theoretic approaches to the problem as well, which is more in line with
the spirit of this thesis. Sahai [11] shows that the classical Shannon capacity is not
the best measure to analyze capacity in systems with feedback. In the paper, Sahai
introduces a different notion of capacity where the probability of error decays expo-
nentially, where the code length is a variable parameter that can be used to decrease
the probability of error.

This thesis develops information theoretic, quantization theoretic, and coding and
control theoretic approaches for different classes of systems with a variety of channels.
As the title suggests, the main intention is to achieve a degree of stability either in
state estimation or at the actual state at the plant.

We will consider the following system in its most general form:

Ti+1 — A.It + B’U,t + D’U}t, (11)



where x and u are the state and control variables of dimensions n and k, respectively;
A is an n X n matrix; B is an n X k matrix; D is an n X m matrix; and w; is an m—
dimensional noise.

Throughout the first few chapters of the thesis, we will consider systems of the

form as shown in Figure 1.1. The state information will be sent over the channel

Decision
E
LTI Q ek
Quantizer Encoder Channel Decoder

Plant (Controller)

U U

Figure 1.1 Control and state estimation over a channel.

(after being quantized and encoded) from the plant to the controller. The controller,
after having decoded the message and estimated x will determine the control input
and send it back to the plant, again over the channel, thus closing the loop.

We will start off with the analysis of scalar systems and then generalize the results
to higher dimensional systems. In Chapter 2 we analyze the state estimation problem
for a digital noiseless channel. In Chapter 3 we investigate stochastic linear time-
invariant (LTT) systems over digital noiseless channels. In Chapter 4 we consider the
scenario where the channel between the controller and the plant is a communication
network, such as the Internet. Subsequently, in Chapter 5 we extend the analysis to
higher dimensional systems, before considering decentralized LTI systems in Chapter
6. In Chapter 7 the linear quadratic regulator (LQR) problem for LTI systems with

digital noiseless channels is introduced, and the optimal quantizer is presented along



with a discussion on dynamic system analysis. Finally, in Chapter 8 we summarize

the main results of the thesis and identify directions for future research.



CHAPTER 2

QUANTIZATION AND CODING FOR
DETERMINISTIC LTI
SYSTEMS WITH NOISELESS CHANNELS

2.1 Introduction

In this chapter we analyze and construct quantization schemes under various cost
criteria and carry out performance analyses of recursive and forward-looking schemes
for deterministic (noiseless) systems, where the plant and the controller are connected
via a digital noiseless channel. The criteria include having a nonincreasing sequence
of estimation error variances, mean square stability in the Lyapunov sense, and expo-
nential stability of the estimation error variance. Asymptotic mean square stability
has been studied before in [8] using asymptotic quantization theory. In the approach
here, however, information and rate-distortion theoretic arguments are used to de-
termine the requirements for mean square stability in the sense of Lyapunov and for
exponential stability.

The class of systems considered in this chapter is described by
$t+1:A$t+BUt+D’wt, t:(),]_,..., (21)

where xy is random with a known distribution; w;, ¢t > 0, is a stage-independent

zero-mean driving noise with a known distribution; and the control has access to



only a quantized version of the state x. The state is quantized (source-coded) and
then channel-coded before being made available to the control u, at which site the
quantized state information is recovered by a decoder.

The chapter is organized as follows: First a brief review of the topic of quanti-
zation is provided to the extent of its relevance to the development in this chapter.
Then quantization schemes for a deterministic scalar system (i.e., (2.1) with D = 0
and dim(z) = 1) are investigated, and subsequently they are extended to higher

dimensions. Finally, the chapter ends with a few concluding remarks.

2.2 Quantization

A quantizer Q(z) is a function that maps a large, possibly infinite, set (where a
variable takes values) into a smaller finite set (where the quantized values lie), and
is characterized by a set of thresholds or bin edges that partition the input space
into quantization bins and a set of reconstruction values as the representative values
of the corresponding bins (see, for example, [12], [13], and [14]). We briefly discuss
below three main types of quantizers, which will be used in the development of this

chapter.

2.2.1 Different types of quantization for random variables
2.2.1.1 Uniform quantizer

Among the different types of quantizers, the uniform quantizer is the most pop-
ular one, because of the ease with which it can be designed and implemented, and
because of its asymptotic optimality under the mean square distortion measure [12].
In uniform quantization, the support of the probability density function is partitioned
evenly (see Figure 2.1), and the reconstruction values are taken to be the mid-points
between consecutive bin edges. Although uniform quantizers are mostly applied to

sources with densities of finite support, they are also used for infinite sources, with



the least likely outermost bins in this case regarded as overload regions and analyzed

separately.

5r -

3r

Q(x)

-3r

-5r

. reconstruction values
— threshold valuesor bin edges

Figure 2.1 Uniform quantizer.

2.2.1.2 Logarithmic quantizer

In the logarithmic quantizer, the support set of the density of a random variable

is partitioned logarithmically; in other words, lengths of the partitioning intervals

increase exponentially with the quantization parameter. This way, the ratio between

the quantized input and the quantization bin length remains smooth throughout the

input space. The logarithmic quantizer has been proven to be optimal for stabilization

of systems with quantized signals [15].

2.2.1.3 Lloyd-Max quantizer

The third class of quantizers we will discuss is the Lloyd-Maz quantizer, which fea-

tures an important optimality property. Let z be a random variable, ¢ = Q(x) be a

particular quantization, and Z(g) be the least squares estimate for = using the informa-



tion Q(z), that is an & that minimizes the quadratic distortion measure E|[(z —Z)?].
Let Qx be the class of all quantizers with a fixed finite number K of quantization
levels. Then, a problem of interest is the minimization of FE[(z — i(Q(k)))Q] over
all Q € Q. An algorithm to solve this optimization problem was proposed inde-
pendently by Lloyd [16] and Max [17], and is based on a Gauss-Seidel-type recursive
optimization of the values of the quantizer thresholds and quantizer reconstruction
values, which is the following: Given the reconstruction values, the thresholds are de-
termined as the midpoints between the reconstruction values, and given the threshold
values, the reconstruction values are obtained as the centroids of the intervals between
the corresponding reconstruction levels. Hence, at each step of the iteration, either
the threshold values or the reconstruction values are updated according to these rules.
The algorithm converges at least to a local minimum, and if the logarithm of the prob-
ability density function (pdf) of the random variable x is concave, then the algorithm
is known to be globally convergent. If the pdf is not concave, then one can still achieve
global convergence if the initial conditions are chosen carefully.

The Lloyd-Max quantizer has the following appealing properties:

1. The error is orthogonal to the quantizer output, so the input variance can be
expressed as the sum of variances of the quantization error and the quantizer

output.
2. The quantization error is zero mean.
3. The variance contributions of each bin to the error variance are equal.

A quantizer is said to be a high-rate quantizer if the number of levels is very high, so
that the quantization error at each bin is approximately uniform [12]. The minimum
quantization error variance,

ok = Jin Ef(z —(e)],



is given, for high rates, by the Panter-Dite, or the Aigrain formula [12]:

7~ 1y ([ (el )| (2.2)

where K is the number of quantization levels. If the input to the quantizer has a
uniform distribution, then the Lloyd-Max quantizer becomes the uniform quantizer.
In this case, the Panter-Dite formula is exact, and it becomes:

1 A?

—— 2.
Tyl (2.3)

o =

where A is the support of the uniform quantization input.

2.2.2 Quantization for random sequences: causality

When the quantity to be quantized is a sequence of (correlated) random variables
rather than a single random variable, the time variable also enters the picture, and
the dynamic information upon which the quantization is allowed to depend at each
point of time becomes an important factor in the performance of the quantizer. Let
X :={wxy, t =0,£1,42,...} be a doubly infinite sequence of random variables, with
X', denoting its truncation to the semi-infinite interval (—oo,t]. Then we say that
a quantizer @ := {q; = Q¢(X), t =0,+1,£2,...} is causal, if it depends only on the
past and present values of the random sequence, i.e., ¢ = Qi(X" ) Vt.

When different elements of the sequence are independent, it has been shown
that particularly for a stationary, independent, and identically distributed random
sequence, optimal causal coding is identical to memoryless coding where only the
current source outcome is used for coding [18]. For sources with memory, however,
feedback from the receiver is useful [19], and if the source is kth order Markov, then
the optimal causal coding uses only the last k£ source symbols and the current state at
the receiver’s memory [20]. In [21], it is shown that the results of [18] are applicable
to schemes with side information for the case where the side information is available

to both the receiver and the transmitter, and the causal side information, that is only

10



available to the encoder is useless. We will find an occasion to use these results in

our analysis in this chapter.

2.2.3 Time-invariance of the quantizer

We introduce here two notions of time invariance, which will be used in the chap-

ter.

Definition 2.1 A time-invariant quantizer is one that can change only up to a scaling
constant. A strictly time-invariant quantizer is one that does not change over time

at all.

2.3 Optimal Quantization

We now start off with the scalar deterministic LTI system:
Ty =axg+buy, t=0,1,...

where the initial state z( is a random variable with a given pdf. At each stage ¢, only
a particular quantized value of the state is available to the controller, possibly with
memory, and the problem of interest is to design a quantization scheme under some
prespecified constraints and according to a particular optimality criterion. We will
assume that the control function is available at both the receiver and the transmitter,
which is a legitimate assumption since the channel is noiseless and the control signal
is transmitted error-free; thus, the control function will not have any effect on the
evolution of the uncertainty in the initial state. Hence, in essence, we can work

without any loss of generality with the control-free system:
Typr =axy, t=0,1,... (2.4)

Note however that the system is still a control system, and, for instance, one cannot
use block quantization where outcomes belonging to different time stages are quan-

tized jointly, since there is a recursive evolution at the receiver and the transmitter.

11



One can regard the state in the above equation as the uncertainty at a particular
time.

We will assume, unless otherwise stated, that the initial state xy is uniformly
distributed, with finite support. Note that under this assumption x; is also uniformly
distributed for each t. Our objective is to design optimal dynamic quantizers, @) :=
{g: = Q(X), t =0,1,2,...} under one of the following two criteria, where in both
cases I denotes the least squares estimate (equivalently, the conditional mean) of z,
and we use throughout the notation already introduced for quantizers. The class of
admissible quantizers, Q, to be used in each case will be specified later in individual

subsections.

Criterion 1: Monotonic boundedness of variance with recursive quantization.
Find a recursive () under which the estimation error variance is a nonincreasing

sequence, and thus will be bounded, that is, V¢ =0,1,.. .,

E[(ze41 — jt+1(61t+1))2] < E[(z — j15(617:))2] :

For this criterion, we will investigate the existence of strictly time-invariant quantiz-
ers that achieve a bounded variance and time-invariant quantizers that will achieve
exponential stability.

Criterion 2: Forward-looking stabilizing quantization.

Find a forward-looking quantizer ); that minimizes for each given ¢ the estimation

error variance
E[ (2~ 2:(0)°],

and keeps it bounded as ¢ goes to oo.

We use here the terminology, forward-looking, since the objective is to achieve a
minimum distortion at a particular future time ¢.

Remarks. A problem similar to the second one above has been considered pre-
viously in [8], where asymptotic quantization theory has been used to find the re-

quirements for asymptotic stability. Here we use a different, information-theoretic

12



approach to find the requirements for stability in the sense of Lyapunov, which leads

to a different, less stringent condition.

Definition 2.2 Communication rate is the amount of data, in term of bits, that is

transferred from one party to another over a communication channel.

We assume that the pdf of the initial state xo has finite support, is uniform, and is
zero mean. Under this assumption, we first state a basic fact (after introducing some
notions from information theory, which will be used throughout the chapter), and
then obtain a result on the minimum rate required among all quantization schemes
that lead to satisfaction of the given criterion.

Mutual information is a quantity that captures the amount of information one
random variable, the output of the channel, carries about a second random variable,
the input to the channel, and is expressed as the entropy of the input conditioned on

the output subtracted from the entropy of the input:
I(X,)Y)=H(X)- HX|Y). (2.5)

The minimum achievable rate of data as a function of the average distortion D is
called the source-distortion function or the rate-distortion function, and is denoted by
B(D) or R(D) [22]. We will use the latter notation throughout the chapter. The rate
distortion function is the minimum mutual information satisfying a given distortion
constraint between the input and the output.

Quantization and channel estimation problems are intrinsically different problems
and generally entail different optimality conditions. However, in the case of a digital
error-free, or noiseless, channel, the quantization output is identical to the value
that the receiver would estimate at the receiver. Therefore & will be used as both
the quantization output and the receiver estimation output, and we hope that this

common use of notation wil not lead to any confusion.

13



2.3.1 Criterion 1

Fact 2.1 For any random variable X, and scalar a,
H(aX) =logy(|a]) + H(X). (2.6)

Theorem 2.1 For the scalar LTI system (2.4) with a uniform distribution for the
initial state, for any recursive strictly-time-invariant quantizer to satisfy criterion 1,

the required rate is max (0,log,(|al)) per stage.

Proof. Necessity. Regarding the past information as the side information, since
the actual past outcomes are not available at the receiver, the only useful information
to enhance the system performance is the past quantized states since they are available
at both the encoder and the decoder.

For any stage 7, the rate is lower bounded by the minimum mutual information
between the state and its quantized value:

R > gneigl(iﬂié‘l;xﬂié_l)

= H(z;|25") — H(x|2:, 2571, (2.7)

where £ ' denotes the past information of the quantizer outputs, which are available
both at the transmitter and the receiver. Since the system under consideration is
Markov, the entire information that can be inferred from the past is captured by the

last outcome. Thus, the above becomes

R > glelg T(Z|25-15 74| 25-1)

Hence,

H(.’EZ — iz|£ﬁz) Z H(.’L’Z|£%1,1) — R,

and since z; = ax; 1,
H(.TZ - £2|i‘z) Z 10g2(|a|) -+ H(xi—l — .f?i_1|£i'i_1) - R.
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Therefore, we need to have at least an additional log,(|a|) bits to make the entropy
nonincreasing. Since the entropy changes monotonically with the variance for a given
distribution (uniform in this case) the variance is nonincreasing.

Sufficiency and construction. The error in the estimation of the state will
be quantized and fed into the channel, as illustrated in Figure 2.2. This is done to

minimize the range of the quantizer around the origin. The scalar system equation is

X(tt1) gttl) |Quantizer| t+l) 3(t+1)
' Q) Channgl u
() 0uff A1) 0uf]

Figure 2.2 Coding and quantization scheme.

Tyl = ATy + b’U,t. (29)
Define the error e as
€141 = Tyl — ATy — buy, (2.10)
and at the receiver we have
lA‘H_l = a:i"t + but + ét+1- (211)
From (2.9) and (2.10), we get
Ct+1 = CL(J?t - it) (212)

From (2.10) and (2.11), with ¢ shifted,
Tty — ZIA?t =€t — ét. (213)

By virtue of the last equation, we reduce the error on the state to the error in the

estimation. The difference between the actual state and the quantized state is equal

15



to the difference between the actual error and the quantizer error. From (2.12) and

(2.13) the following recursion follows:
Ct1 — a(et — ét) (214)

Thus, the error introduced by the quantization becomes the signal to be quantized
at the next stage. Hence it is the quantizer that will determine the power of the
uncertainty in the system, which will propagate recursively. To ensure that the esti-
mation error is a nonincreasing sequence, it suffices to enforce E[e?] < Ele? ], which
corresponds to

Ele]] 2

Bllec— 7] = )

The proof of the theorem is now completed in view of the following result.

Lemma 2.1 In an LTI system with a uniformly distributed initial state, for uniform
quantization to ensure that the estimation error variance is a NONINCreasing sequence

with respect to time, the rate should be at least max(0,log,(|a|)) bits per sample.

Proof. Assume that the current support of the uniform pdf is [-A, A]. If we use
a K-level quantizer, the variance in the quantization error will be (1/3)(A/K)?, and
the variance of the error at the next stage will be (a?/3)(A/K)?, and from (2.14) we
want this to be smaller than A?/3, which means that we should have a < K. We
therefore need a quantizer with the number of levels at least as large as |a|, and to
achieve a given K number of levels, we know that we need R = log,(K) (since the
symbols will be uniformly distributed, the bit rate is identical to the entropy of the

random variable). Hence, R > max(0, log,(|al)). o

Corollary 2.1 Given a uniformly distributed input, for any recursive time-invariant
quantizer to achieve exponential stability of the state estimation error variance, the
rate has to be strictly greater than log, |a|. This is achievable by any K level uniform

quantizer with K > |al.
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Proof. The uncertainty and hence the support of the error decreases over time. At
each stage, the support of the quantizer will be decreased by

la|

At—I—l = EAt, (216)

which will converge to zero exponentially, with |a|/K, in case K > |a|. In this scheme,

the quantizer values will also be scaled by the ratio |a|/K. o

2.3.1.1 Simulation results
Consider the system
Ti41 = 3.’Et, (217)

where the initial state is a uniformly distributed random variable with support [—2, 2].
In case the data rate is 2 bits per symbol, from Figure 2.3 it can be seen that the

estimation error remains finite. However, the case where R = 1 bit per stage causes

Stable Error Dynamics, Rate=2bits/stage
T T

Estimation Error

time

Estimation Error Power

L L L L L
0 10 20 30 40 50 60
time

Figure 2.3 Stable error dynamics.

unstable error dynamics as shown in Figure 2.4.

2.3.2 Distortion constrained entropy minimization

In this section we present a time-invariant quantization scheme for a uniformly

distributed source input that will satisfy a given constraint on the quantization error
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Figure 2.4 Unstable error dynamics.

while minimizing the output entropy. Although the analysis is coupled with the
analysis in the previous subsection, here we consider specifically the case where the
parameter a is not an integer, and the intention is to satisfy a minimal bit rate with
a constraint on the quantization error.

It is well known that the data rate required, or the average code length needed
to send a random output over a channel is lower-bounded by the entropy rate of the
input random variable [22]. In fact there are effective coding schemes, like Huffman
and arithmetic coding, which generate codewords whose average code length gets
very close to the entropy rate. Shannon has shown that the bit rate required is lower-
bounded by the entropy of the quantized signal and can be upper-bounded by the
entropy plus one. Huffman coding [22] is an efficient algorithm where the average code
length is very close to the entropy rate. Therefore entropy is indeed a very efficient
measure for the average code length, and for optimization one can use the entropy
instead of the bit rate. Generally one is interested in minimizing both the entropy and
the distortion; however, since entropy and distortion are inversely proportional, one
could minimize one under a constraint on the other. Since we assume the quantization
error to be uniform, one meaningful problem here is to find the minimum achievable

entropy of the quantization output under the distortion constraint E[(z — £)?] < D.
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This constraint is a convex function of the quantization outputs, and the entropy
H(2;|#57") is concave; hence, the constraint inequality should end up with an equality

for the optimal case. To solve this optimization problem, we introduce the Lagrangian:

J = —Zi:/;H f(z)dz log( 5 f(x)d:r)

+ Z/J; i1 ()\1($ — %’)2 + )\2) f(z)dz, (2.18)

i

Jit1

%

where \; and A\ are the Lagrange multipliers associated with the distortion constraint
and the fact that f is a legitimate pdf. The entropy is just a function of the quantizer
threshold values, and not a function of the quantizer, and hence, given the threshold
values, the partial derivative of J with respect to the quantization reconstruction
values will characterize the optimality of the centroid property. Given the quantizer
values, the threshold values will be different from the ones found by the Lloyd-Max
analysis. If we restrict ourselves to a uniform input, with support set A, and using

the centroid property for the quantization reconstruction values, J reduces to

(0541 — 05) diy1 — 0;
J = —Z +1A log( +1A )

1

i1 —6)° . O —6
+/\12%+A2 KA ¢ (2.19)

i
The distortion constraint D will be the distortion that will guarantee stability in the
sense of boundedness of the estimation error variance. Referring to the analysis in

the previous subsection, the target distortion will be A?/12a%. Taking the derivative

of J with respect to d;, except at + = K and 7 = 0, we get

1 log| (0; — 0i—1 (6 — 0i—1)* — (Gip1 — 51')2’
N 1

which we set equal to zero. We know that d = 0 and dx = A. Hence, we can propose

1+ M

a scheme for encoding, assuming all the random variables to be quantized at each

stage are uniform.

1. Find the optimal distortion constrained quantizer Q* satisfying the distortion

constraint.
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2. For the next stages, just scale the quantizer with the support of the correspond-

ing quantizer bin, based on the data sent or the data received.
3. The quantizer is time-invariant.

This will ensure stability with minimum bit rate, provided Huffman coding or some
other type of entropy coding is employed.

As the number of quantization levels increases, one might expect to obtain more
improved results, since the class of quantizers with fewer number of levels might be
regarded as a subset of the class of quantizers with a higher number of levels. This,
however, turns out not to be the case, since the entropy is a concave function, having
significant contributions from low probability components. By setting ;.1 —0d; = p;A,
and redefining the Lagrangian multipliers as A} and A}, to absorb scaling factors, J

becomes
J = —sz' log(p;) +)‘,12p?+)‘,22pi- (2.20)

The constraints associated with this Lagrangian are

p; > 0, Vi. (2.21)

The first constraint is the cost in distortion (expressed in terms of probabilities)
and the remaining two are the requirements for being a legitimate probability mass
function. The constraints in (2.21) are independent of the support, which is why the
quantizer is time-invariant. Taking the derivative of J above with respect to p;, we
obtain

—logy(p;) — log,(e) + 3\ (p? + Ay = 0, (2.22)

which is a quadratic equation and hence admits at most two solutions for each A} and

AL,
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Proposition 2.1 For the linear system x;11 = axy, the minimum rate required of
a quantizer satisfying a time-invariant distortion level is greater than or equal to
max(0,log2(|al)). This rate is achievable if a is an integer and a K = |a| level

uniform quantizer is used.

Proof. The entropy, —E,[log,(p)] = —>_pilogy(pi), is a concave function, and

hence, using Jensen’s inequality,

—Ep[logy(p)] > —log,(Ep[p]) = —log, (ZP?), (2.23)

where equality is achieved by a uniform distribution. Using Jensen’s inequality again,

this time for E,(p), we have

-Q_n)>-> n, (2.24)

which is equivalent to

—logQ((Zp?)Q) > —IOgQ(ZPS’),

where again equality is achieved by the uniform distribution. Using the previous two

results,
H(p) = —Ep[log2(p)]2%10gz(zp?)
= 5 log(5) = logy(Jal). (2.25)

o

Remarks. The inequality in (2.25) becomes an equality only when the probability
distribution is uniform, and is equal to (1/|a|). Hence, if K = |a|, the uniform
quantizer will minimize the entropy. Surprisingly, an increase in K will not decrease

the entropy, since the inequality will not turn into an equality.

Proposition 2.2 If a is not an integer, then the optimal quantizer consists of K =
[la]] bins where K — 1 of them occur with equal probability of pi each, and the re-

maining one occurs with probability po < py, such that

1
(K—l)p?{+p§=§-
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Proof. Since the distortion constraint is convex, and the entropy is concave, the
solution satisfies the constraint with equality. We also know from (2.22) that the
number of different probabilities cannot exceed two. In [23] an entropy-constrained
quantizer was designed, and an analysis was performed for a similar set of functions,
where the optimal numbers of allocations for the two different probabilities were
obtained through a rigorous analysis of the convexity properties of the functions
and their derivatives with respect to the numbers of allocations. As a result, the
allocations were found to be K — 1 times the larger bin, and a single usage of the
smaller bin. Since the entropy-constrained distortion minimizing quantization and
distortion-constrained entropy minimizing quantization are duals of each other, a

similar result holds in this case. o

Proposition 2.3 The quantizer designed above achieves boundedness of the mean-

square error variance.

Proof. Referring to (2.15), the constraint guarantees that the mean-square error
variance is nonincreasing at each stage, which readily leads to boundedness. o

Remarks. For some relevant results, we refer the reader to [24], which conducts
a joint analysis of entropy and distortion for some non-Gaussian sources, including
uniform sources. o

The quantizer of the two propositions above will not generally be unique, since
the bin probabilities cannot characterize the quantizer values uniquely. However, up
to a permutation term of K = [|a|| there will be a unique probability distribution.
The rate required will be less than log,([|al]).

Another approach depending on our flexibility in the design would be the following:
For the case where a is not an integer, at time n, the uncertainty in the state will be
a™xq. If we sample the system such that the system coefficient becomes closer to an
integer, then uniform quantization could be applied without much loss of optimality.

For instance if ¢ = 3.17, instead of taking samples with duration 7', taking them with
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a period of 3T, since (3.17)® = 31.86, a uniform log,(32) = 5-level quantizer might

be used as a more practical one.

2.3.3 On the uniformness of the initial state

In the above analysis, the sole element of randomness was the initial state xy, and
the distribution was assumed to be uniform. Now we will justify this assumption.

We state the following lemma.

Lemma 2.2 Let xq be the realization of a random wvariable X, with a continuous
pdf fo(.) and with finite support [—|a|A,|a|A], and suppose that at each time step,
Typ1 = axy is quantized successively using an |a| level uniform quantizer, where |al
15 a nonzero integer. Then, the Kullback-Leibler distance between the uniform error
density and conditional quantization error density (the quantization error for a specific

bin) converges to zero ast — 00.

Proof. The Kullback-Leibler distance between two pdf’s g(x) and h(z) is defined

as

D(g,h) = /g(ac) log (%)dz

Since X;11 = aXy, the pdf fi11(y) of X;11, in terms of f;(z) of X is

Assume that a uniform quantizer with a spacing A is used at each stage. After n

steps, the conditional quantization error probability density in the kth bin becomes

o)
Jal0)n) = s

Thus, the Kullback-Leibler distance between the uniform pdf and the quantization

(k+DA |an|f0(y/a ) )
D=— —1 dy,
/kA A og< k+1A 1 Fol€/am)de

Jan]

error pdf is
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and by a change of variables, this becomes

_/(k+1)|;‘n| la”| log< wfo() )dy

k+1) o '
kpan| A fk(A)'” ' fo(2)dz

a7
By the continuity of fj, and using the mean-value theorem, this expression is equiv-
alent to (1)
k+1 Tam] n
kﬁ A fO(Zn)

for some z, € (%, (kﬁ;ﬂA)

Now, again by the continuity of fy, given any € > 0, 3 N such that Vn > N,

fo(y)
fo(zn)

Therefore, for n > N, D is bounded from above by

l—€e< <1l+e.

(R Jar|
- ——log(l —¢) = —log(1l —¢),
k A

and bounded from below by —log(l + €). Hence, the Kullback-Leibler distance
asymptotically converges to —log(1) = 0. o

It thus follows from the proof above that the probability density can be regarded
as effectively being uniform after a sufficient number of time steps (and this number

could in fact be only moderately large in practice).

2.3.4 Forward-looking quantization for stability

Asymptotic stability of state estimation error variance has been investigated ear-
lier in [8]. Here, however, we investigate stability in the Lyapunov sense, using a
rate-distortion theoretic argument. This leads to minimum requirements, which are

different from those for asymptotic stability.

Fact 2.2 For a given finite variance random variable, the differential entropy is maz-

imized by the Gaussian distribution, and is consequently finite.
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Theorem 2.2 For a scalar linear system x;11 = ax;, where the initial state uncer-
tainty has a uniform distribution and the type of quantization is uniform, the bit
rate required for boundedness of the mean-square state estimation error variance is

max(0, logy(|al)). This rate is achievable.

Proof. Necessity. If |a| is less than 1, since the system is stable, it is not necessary
to send any data. Assume therefore, for the remainder of the proof, that |a| > 1.
Consider now the following information theoretic analysis: The entropy at time step
n is

H(a"zo) = H(zo) + nlogy(|al) (2.26)
which can be evaluated using the definition of the differential entropy. Rate distortion

function is the minimum mutual information under a given level of distortion, that is

R(D) = min I(X, X), (2.27)

p(2):E[(X—X)?]<D

where I denotes the mutual information [22]. Now,

Hxn,2n) = H(zp)— H(x,|Ty)

and since H (z, — I,|%) < H(zp, — Zn),

I(xn, %) > H(zp) — H(w, — @)

= H(zo) + nlogy(la]) — f(D), (2.29)

where f(D) is a finite number from Fact (2.2), since the distortion is intended to be
finite. If we divide the expression by n, and let n approach oo, this yields the rate
required, which is log,(|al).

Sufficiency. The quantization gain for a quantizer is defined to be the ratio
between the variances of the input and the noise. To achieve finiteness as n approaches

00, a quantization gain of a?" is sufficient, which means that the minimum number
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of levels should be a". Therefore nlog,(|a|) bits are needed for the stability of the
state estimation error, which corresponds to a bit rate requirement of log,(|a|) for
each time stage. Thus, a uniform quantizer with a™ levels can be used, and coded
successively. o

Remarks. Note that the quantizer in the scheme above is forward-looking. The

codes sent at any stage ¢, ¢+ < n, depend on the source value at stage n. o

2.4 Summary

This chapter has considered the state estimation problem in a control system
with random initial state, where the plant and the controller are connected via a dig-
ital noiseless channel. It has been shown that quantization theoretic results achieve
the ultimate lower bound requirements dictated by information theory, and that the
system parameters determine the required rate for stability in state estimation. A
time-invariant, minimum entropy quantizer has been introduced, which further im-

proves the performance for the cases where the system parameter a is not an integer.
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CHAPTER 3

QUANTIZATION AND CODING FOR
STOCHASTIC LTI
SYSTEMS WITH NOISELESS CHANNELS

3.1 Introduction
In this chapter we consider a stochastic system described by
Ti4+1 — Alit —+ But + Dwt, (31)

where w; is a noise process. Since we consider the scalar case, we take D = B =1
without loss of generality and let A = a. As in the last chapter, we assume that the
control function is available at both the transmitter and the receiver. The discussion
here parallels that of the deterministic case, and begins with recursive quantization.

For stochastic systems, entropy power is a more appropriate measure of the uncer-
tainty. Entropy power of a random variable is the mean-square power of the Gaussian

random variable which has the same entropy as the random variable itself [22].

3.2 Recursive Quantization and a Quantizer-Filter

Lemma 3.1 For two independent random variables X and Y, H(X +Y) > H(X).
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Proof. Conditioning cannot increase entropy:
HX+Y)>HX+Y|Y).

The inequality above is strict since the random variables X + Y and Y are not
independent. Now, since X and Y are independent, H(X+Y|Y) = H(X|Y) = H(X),
and hence the result follows. o

Thus the entropy of the source at time ¢ + 1 conditioned on the past quantized
values increases by more than log,(|a|) when compared to the conditional entropy at

time ¢. Since H(z441|2h) = H(ax, + wy|2}) and
H (az|25) = logy(lal) + H (z:|dp),

we have

H (2441]5) > logy(|al) + H (z]2p)-

In view of this, we now have the following result.

Theorem 3.1 In an unstable linear system, x,.1 = axy + wy, |a| > 1, for any recur-
stwe scheme, where there is access only to the past information, to achieve a nonin-
creasing sequence for the entropy power of the state estimation, the minimal bit rate

should be strictly larger than logy(|al).

Proof. Since the source is Markov, first-order memory for the coded outputs is the
only tool needed for optimal quantization and the actual state outputs are useless
for performance improvement, since they are not available at the receiver. Using the
first-order memory, the conditional entropy of the source given the last coded outcome
is

H(ziq|2y). (3.2)
Conditioning makes the term effectively memoryless, and thus, we can apply the

memoryless quantization scheme without any loss of optimality.
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Minimum rate is equal to the mutual information between the process and its

quantized version, and thus any rate will be greater than or equal to this mutual

information:
R > H(z4|Zy 1) — H(x4| Ty, B4 1). (3.3)
Since
H(zg|#; 1) = H(a(ze 1|24 1) + we 1),
we have
H(z¢|2) > H(x4|Z—1) — R > logy(|a]) + H(x4—1|%:—1) — R, (3.4)

which uses (3.1). Thus, the rate has to be greater than log,(|a|) to have a nonin-
creasing state estimation entropy sequence, which leads to the desired conclusion.

o

3.2.1 A recursive quantizer-filter

Here we present a recursive filter that combines the quantizer constructed for the
deterministic case with the classical Kalman filter. In the system under consideration,
the system state z is the variable to be observed (denoted also by y, the observation
variable). The quantized observations are received at the receiver, thus by regarding
the quantization error as the noise, quantized observations are interpreted as the noisy
observations in a standard Kalman filtering setup. Since a Kalman filter is the best
linear filter, even for non-Gaussian and nonstationary processes for minimizing the
signal to noise error ratio, it is used here as a practical filter, although it is evident
that it is optimal only for the cases where the noise is Gaussian, which is not the case
for quantization error noise. Thus, in the system, y; is identical to z;, and ¥, is the

quantized outcome of y; (see Figure 3.1). The state equation is
Tpy1 = axy + wy, (3.5)
and the Kalman estimator equation is

.fi'H_l = ait + l(gjt+1 — a:ﬁt), (36)
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for some constant gain [. Defining & as z; — 2,
Ee1 = a&e + wp — UGr1 — ady). (3.7)
And the term ;1 — aZ; can be expressed as
Jev1 — afy = Yoy1 — aty + a2 — T¢) + Jeg1 — Yer1- (3.8)

Defining the quantizer error as ¢;11 = Yir1 — Yea1,

at) . yitr) iz (D) Kalman )

f Channe Filter
()

Figure 3.1 Coding and quantization with a Kalman filter.

&1 = a&y + wy — H(we + a& — quyr)
= a(l — l)é-t + (1 — l)wt + th+1- (39)

We now consider the recursion for the quantization. As in the case of the deterministic
system, a dithering function which is az; in this case, is subtracted from the actual

state, and the resulting signal is quantized and sent through the channel. Thus,
Yre1 — G = a&g + wp — [a&y + wi] = g1, (3.10)
where [a&; + wy] is the quantization output of a&; + w;. The recursion for £ becomes

S =a(l =D& +w(1 = 1) + g1 = (1 = 1) (a&s +wy)

Hl(a, + wy, — [a&s + wi]). (3.11)
We further have
E[&] = E[(1 = D)*(a& 4+ we)* + P(q7,1) + 2(1 — DI((a&e + we)geer)].  (3.12)
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We know that, for a given input statistics, the distortion minimizing quantizer is the
Lloyd-Max type quantizer, and this minimizes the correlation between the input and

the quantization error
El&}] = (1 = 1)’E[(a& +w,)’] + (20 — P)E[(q;,1)]- (3.13)

The Kalman filter is related to the quantization error only through the variance of
the error:

a’B[£2] + 03,
%CE, (3.14)

where C} is the quantizer gain coefficient, given by

E[q152—|—1] =

Cuoi= [(1a(w)a.

Equation (3.13) shows that Lloyd-Max is optimal for the one-stage estimation prob-
lem. However, most of the reasonably spaced quantizers, including the uniform quan-
tizer, achieve a distortion that is inversely proportional to the square of the number
of levels and can be used. To find the optimal Kalman gain coefficient, taking the
derivative of (3.13) with respect to [ and setting it equal to zero gives the minimizing

[, since the function is convex. The unique value is
=1, (3.15)
and using this value in (3.13) yields

’E[&] + o2,
Coi oty -

If the number of levels is moderate, then the Panter-Dite formula will not hold

E[‘Zt2+1] =

with high precision, and since the conditioning of the past data will possibly cause
fluctuations in the C} values, the sequence of C}; values will not be time-invariant.
However a fixed value on the C} can be used to guarantee monotonic boundedness.
Note that if the noise is not bounded, conditioning on the past values might lead to

schemes that are very time dependent, since there will be quantization bins that have
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relatively large support sets. However if the noise is assumed to be bounded, then

this scheme might lead to more feasible implementations.

3.2.2 Forward-looking quantization
Now, rewriting the system equation as

n—1

Tp = a"To+a" Twy + ...+ wy_1, (3.17)

since all the terms are independent, the variance of the expression will be the sum of
the individual variances. Our objective is to make the quantization error of this term

finite.

Proposition 3.1 In an unstable linear system, x4 = axy + wy, |a| > 1, with any
distribution for wy, to achieve a finite estimation error variance (distortion), the bit

rate required is at least logy(|al) per sample.

Proof. Rate required is bounded by the minimum value of the mutual information:

I(X,X) = H(X) — H(X|X) (3.18)

where

~ —1 —
To=xg+a wo+...+a "w,_1.

Let g(D) = H(X,X) = H(X — X|X). This is finite and bounded by the entropy of

a Gaussian distribution, where D is the finite expected distortion. Thus,
R > nlogy(|al) + H(Zo) — g(D). (3.19)
Dividing by n, and taking n to oo, the average rate required becomes log,(|a|). ¢

Proposition 3.2 For any noise statistics, under fived code length requirements, the

rate logy(|a|) is achievable.
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Proof. The above rate is actually achievable, and Lloyd-Max quantizer can be
employed as the optimal quantizer given the fixed-length constraint for minimizing
the distortion. Since the distortion in the quantizer is inversely proportional to the
square of the number of levels, to achieve stability, the number of levels will be a™.
This will correspond to a rate of nlog,(|a|), which yields log,(|a|) per unit time. o

Not only Lloyd-Max, but most of the other quantization schemes also achieve
the distortion. Asymptotic quantization theory [25], [26] shows that the distortion is
inversely related to the square of the number of levels, and the constant depends on
the type of the quantizer, the minimizing one being the Lloyd-Max quantizer. Such
a quantizer is forward-looking. The codes sent at a stage 7, i < n, depend on the
source value at stage n. The higher information set ends up with a lower data rate
requirement, when compared with the recursive scheme considered in the previous

subsection.

3.3 Summary

In this chapter we have considered a stochastic scalar LTI system where the plant
and the controller are connected through a digital noiseless channel. Unlike the results
of the Chapter 2, the recursive scheme and the forward-looking scheme are shown to

have different rate requirements for stability.
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CHAPTER 4

STATE ESTIMATION AND CONTROL FOR LTI
SYSTEMS OVER COMMUNICATION
NETWORKS

4.1 Introduction and Problem Definition

As regards communication constraints, there are various models that capture the
effects of communication in the problem of state estimation and control for systems
with channels. In the previous chapters, we studied the optimal coding for state
estimation in linear systems when the digital channel is noiseless. In this chapter,
we consider the effects of a digital erasure channel, such as the Internet, on remote
control performance, and present a new approach to this class of problems under some

specific objectives.

Consider a standard LTI control system described by

Ti+1 — Aﬂ?t + But. (41)

In the case of a noise-free digital channel, where also the propagation delay is not
a factor, the degradation in performance of a controller is solely due to quantiza-
tion effects, with the controller being a function of the quantized state, u; = uy ().

However, if the controller and the plant are connected over a communication network,
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Figure 4.1 Control over networks.

as in Figure 4.1, then because of the uncertainties due to propagation delay and the

packet losses, there will be stochastic factors impacting the system.

4.1.1 System model

In a typical system the random delays and occasional packet losses might be from
the controller to the plant as well as from the plant to the controller, and in case of
a packet loss, it is critical that the sender of the packet be informed of this event. To
achieve this, an acknowledgment bit, which will be 1 in case of a successful arrival
and 0 otherwise, will be embedded in the packet. In Figure 4.2 we depict all four
possibilities of packet losses. In all cases the sender becomes informed of what has
happened with regard to his last message, and if there are no acknowledgments, as in
the second case, the controller assumes that its last message was lost and by letting
this be known to the receiver, the receiver will update its state accordingly.

In all the cases above, the state of the control is made available to both the con-
troller and the plant. Thus, the system estimation error is not affected by the control
signals, and it is only the state uncertainty that causes the discrepancy between the

state estimated at the controller and the actual state at the plant.
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Figure 4.2 Different possibilities for packet losses.

Letting p' denote the probability of a packet being lost in the network, and assum-
ing that the probability of packet losses in a pair of transmissions from the controller
to the plant and from the plant to the controller are independent and identical, the

effective probability of a packet loss p in the above scheme is
p=1—(1-p)1-p)=2p —p~ (4.2)

However, we will argue that in a typical network, packet losses occur in bursts, and
the joint probability of successive packets to be lost is not very different from the
probability of a single packet to be lost, due to the high level of correlation. This point
will be further elaborated upon later. We will assume throughout that the initial state
is the outcome of a zero-mean random variable with a known distribution. In Chapter
2, it was shown that, regardless of the input distribution, the error in quantization
may be assumed to be uniformly distributed without much loss of optimality.
Time-stamping is another important issue to avoid ambiguity in the received pack-
ets, which might arise in case a packet belonging to a previous stage arrives. To enable

the receiver to distinguish between the ones that are expected to arrive at the current
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stage, time labels will be carried by the header information in the packets, as will be
discussed in later sections.

We consider scalar systems, for ease in presentation, but without much loss of
conceptual generality since scalar systems in this context capture all the essential
characteristics of higher dimensional systems. For future reference, we rewrite the

state equation for scalar LTI systems as

Tpp1 = axy +bug, t=0,1,... (4.3)

4.2 Stability in Differential Entropy

Definition 4.1 The communication rate is the amount of data, measured in bits,
that is transferred from one party to another (from a sender to a receiver) over a

communication channel.

The problem of state estimation for LTI systems of the type above was investigated
in the Chapter 2, and the required communication rates under various criteria have
been obtained. Let ¢; := Q¢(x;) be a quantized value of state z; under a quantization
scheme @Q(-), and let 2 denote the least-squares estimate for x; using the noise-free
measurements of the present and past values of ¢, that is 2y = fr(gx, ..., o). Then,
it was shown that for the variance E[(zy — #x)?] to be finite as k approaches oo,
the quantization rate for @; should be at least log,(|a|). The following theorem now
generalizes this result to the case where the channel is a communication network (and

hence is noiseless). First two more definitions.

Definition 4.2 Information bits in a packet are all the bits except the header and
stamping bits. Average information rate is the average number of information bits,

per time stage, sent over the network.

Definition 4.3 A system is stable in the differential entropy of the estimation error

if the expected value of the differential entropy, E(H (e:)), is less than a positive finite
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value M. The system is asymptotically stable in the differential entropy if the steady

state expected value of the differential entropy is —oo.

Theorem 4.1 For stability in the differential entropy of the state estimation error in
an LTI system connected through a communication network with a rational, effective
packet loss probability of p under the model above, the average information rate re-

quired is at least max(0, W). Furthermore, this rate is sufficient for the stability

in estimation error differential entropy. If the differential entropy of the error is to

. .. . 1 .
be asymptotically stabilized, the rate should be strictly greater than Ogl%(w, if la] > 1.

Proof. If the system is stable (that is |a| < 1), then there is no need for communi-
cation.

If the system is unstable, the uncertainty in the state, which can be measured
by the differential entropy [22], increases by log,(|a|) at each stage. Thus, after n
stages the total amount of information bits the receiver should receive to keep the
uncertainty the same as the original uncertainty is nlog,(|a|), and this should be
achieved even in the case of packet loss. Thus a Markov process approach can be
used for this system, the states of which represent the uncertainty in the system in
terms of the entropy. There will be an increase in the uncertainty at each stage by an
amount log,(|a|) with probability p, and there will be a decrement in the uncertainty
by the difference between the length of the successfully transmitted packet, which we
will call R, and log,(|a|)with probability 1 — p. Therefore we can interpret this as a
Markov system which jumps to a higher state with probability p, where the increment
is proportional to log,(|a|), and which jumps to a lower state with probability 1 — p,
where the decrement is R — log,(|al).

Since the probability of packet loss is assumed to be a rational number, the pro-
cess can be discretized such that the successful arrivals occur with probability p where
entropy increases by k units, and a decrement occurs with probability 1 — p, where
[ units of information are provided to decrease the entropy. This will form an irre-

ducible ergodic Markov chain, with a stationary distribution. Since the process can
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be discretized, let 7 denote the index of the state which ranges from —oco to +oo,
and 7 be the steady state probability distribution. This Markov process has its mean

> im; equal to zero if pk = (1 — p)l or

_ Pk
I= - — (4.4)

The probability of the uncertainty being unbounded is zero, since under the equality
in (4.4) above, the probability of each state will be identical and the probability of
being infinite is zero. The above Markov process has its mean as —oo if pk < (1 —p)l,
and in that case the uncertainty of the state has the potential to become zero and
thus, asymptotic stability can be achieved with an appropriate coding. In this case,
the probability of the state of the uncertainty being positive is zero. Thus, if £ is some
multiple of logy (|al), then I should be log,(|a|) 1. Adding log,(|a[) to this term, we

get the net information rate as

1
R = logy(lal) (4.5)
lL—p
For asymptotic stability, the equality above should be a strict inequality. o

Figure 4.3 depicts the state evolution that could be viewed as an interpretation
of Little’s theorem [27]. The steps show successful transmissions. At times 2, 9, and
11 there are packet losses.

Note that the arrivals do not have to be uniform; they are displayed here to be
uniform, but the controller can be designed to be event-driven, where the control
signal is generated as soon as the state information arrives and is sent back to the
plant. Our assumption throughout is that the controller waits until the end of the
sampling time and then sends the control signal.

In case of packet loss, it might not be possible to find out which packets were lost;
therefore, the redundancy that we will have in channel coding should be introduced
carefully to prevent data loss and to enable perfect recovery of the data. We pro-
pose to use finer quantization and send a higher amount of information per packet,

and therefore each of the packets that will be received at the receiver will provide

39



Differential
entropy

Step size=log2(a)/(1-p)
123 456 7 89 101112 Timeindex
-—— Total RateNeeded =~ Rate supplied

Steps represent successful transmissions. Differenceis bounded in the long run.

Figure 4.3 Arrival of packets.

useful information. Other coding schemes are also possible, such as embedding the
information in the adjacent packets in a neighboring packet. However, in the case
of multiple packet losses, this approach becomes inferior. Therefore the number of
quantization levels will be o = |al =7. One other restriction for packet networks

is that the codewords should be of fixed length, because variable lengths would make

the analysis for the packet protocols more difficult.

4.3 Delay and Quantization

4.3.1 Data packets in networks

In the Internet, the data are sent through packets which are prepared based on
various protocols [28], such as the User Datagram Protocol (UDP) or the Transmission
Control Protocol (TCP), among many others. In all these protocols there exist header
bits and information data, where header bits are used for addressing, error correction,

and data characterization.
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In control applications, the number of packets for a state or a control signal may
vary depending on the system. For example, the quantized state information for
the control of a high-precision image might take a large number of packets to be
transmitted. In this case, the randomness in the network might change the order of
packet transmission. However in this chapter our running assumption is that only one
packet is sent per stage, since as was argued in the last section the bit rate required
is related to the logarithm of the eigenvalues, which is usually small. In general the
length of the header data required for the protocols is much bigger than that of the
information bits for a control system.

Thus, in a packet carrying the state and control information, the information
bits will be related to the packet length in an affine way. Using a K-level uniform

quantization, the packet length will be
I =dy+ log,(K), (4.6)

where dy consists of the time-stamp and the acknowledgment bits, and the fixed
header lengths of the protocols. For instance, the fixed header is 8 bytes long for
UDP and 32 bytes long for TCP.

4.3.2 Delay in communication networks

The total delay ¢; in a communication network can be considered as the sum of

processing, queuing, transmission, and propagation delays:
tg = dproc + dque + dirans + dp'rop- (4.7)

The transmission delay is related to the network capacity and the length of the packet.
The propagation delay is the time it takes for the packet to reach the next router on
its path, and is generally negligible if the physical distance between the transmitter
and the receiver is not very long. Processing delay is related to the quantization,

encoding, and decoding complexity, and is generally negligible. Queuing delay is the
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most difficult one to analyze and is related to the rate of congestion at the routers.
In case the network becomes congested the finite buffer queues will drop packets,

causing losses.

4.3.3 Optimal sampling rate for a simple network delay model

In this subsection we present a simple network model as a prelude to a more re-
alistic one introduced in the next subsection. In the model, the delay in the network
is assumed to be inversely proportional to the bandwidth of the network and pro-
portional to the packet length, unless there is no congestion. The congestion takes
place with probability p, in which case the packets will be lost. In case there is no
congestion, the delay is equal to the delay in the link, where the bandwidth is C' bits
per second.

Assuming fixed length coding for quantization, the bit rate information will be

logy(K), where K is the number of levels. Thus, the delay will be

do + (1052(1())

d = dirans = Cl—p . (48)

The term above provides a bound on the sampling period. The network provides a

lower bound on the sampling period, which should be twice the delay. Hence

d + IOgQ(K)
T, > 2%. (4.9)

We should note that the multiplying factor of 2 may not be the optimal selection.
The quantization in state information and the quantization in control data might
require different lengths for the packets. They are assumed to be equal in this case.

However, note that the rate required is also a function of the sampling period.
There is a linear relationship between the rate required and the sampling interval, for
there will be a linear increase in uncertainty. Thus, expanding the term K (7}) = k2°,

where kg is the rate required for a unit sampling period, the effect of the sampling
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period on delay becomes more transparent,

_ do + (logy () T./(1 ~ p))

a C

(4.10)

To satisfy Ts > 2d, we need to have:

T = 2do(1 — p)/(C(1 — p) — 2log(ko))-

4.3.4 Random delays and optimal design

In this subsection the queuing delay will be modeled by a random variable. A
commonly accepted density function for network queuing delay is the Pareto distri-
bution:

Fp(d)=1-[8/d]* ford>p (4.11)
where Fp is the cumulative distribution. This has been argued to be a good approx-
imation [29] regardless of the time of the day, where the statistics change depending
on time-varying conditions and times.

In case the packets are of zero length, as a degenerate case, the probability of
packet loss will be 1 — F(%), where T is the sampling period. Thus, the delay we

have is

do +log,(K)/(1 — p)
- :

where C is the effective channel capacity, and D is the random delay whose distribu-

d = dgye + dirans = D + (4.12)

tion is given by (4.11). Here K = k(T is the number of levels we would need in case

of perfect transmission, i.e., without packet loss, and can be assumed to be [aT5].
The choice of the sampling time will affect the probability of packet loss. Thus,

there is a trade-off between the precision in quantization and delay, and between the

sampling rate and packet loss.

Theorem 4.2 The following relation holds between the sampling rate, probability of

packet loss and the information bit rate:

o= ([ - EE)) @13
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Proof. Using (4.12) to find d, and then computing the cumulative density function
in (4.11), one can find the probability of packet loss as a function of the sampling

rate and the number of levels as in (4.13). o

4.3.5 Markov model for packet loss statistics

The network delay and packet losses are correlated random processes, and once a
packet is lost, it is likely that the adjacent packets will also be lost. The main reason
for this is the slow change in the state of networks, i.e., once the network is congested,
this will continue for some time and packets will continue to be lost.

Here we introduce a Markov model for the channel’s (e.g., Internet’s) packet loss
characteristics, as can be seen in Figure 4.4. The number of states in the Markov
chain could be increased to have finer levels, but having two states, one of which
corresponds to the reliable mode (of the channel) and the other one to the unreliable

mode, captures the underlying philosophy in a simple model.

p(r|r) p(ulu)

Reliable Mode Unreliable Mode

Figure 4.4 Markov model for packet loss statistics.

For the coding of a Markov modeled channel, the quantizers and the decoders
can be designed so as to track the mode of the channel. Since we know that in the

unreliable mode, the data sent is likely to be lost, we might choose not to send any
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data, and in the case of the reliable mode, we might send as much data as we can to
compensate for the idle information transmission during the unreliable mode.

In this case, the effective probability of packet loss will be p(u|r), and the proba-
bility of an excursion from the reliable mode to the unreliable mode. This approach
could decrease the data rate required significantly.

The extra bit can be used to inform the controller and the plant regarding the
state of the channel. The channel is assumed to be in the reliable mode if during a
sampling period, the message from the controller to the plant and from the plant to
the controller are transmitted with no loss. In case of a packet loss from the controller
to the plant, or from the plant to the controller, the system will be in the unreliable

mode.

Theorem 4.3 Using the Markov model introduced above, let p, and p, be the steady
state probabilities of the reliable mode and the unreliable mode, respectively. Likewise,
let R, and R, denote the rates corresponding to each of these modes. Then, the rate

required for stability in differential entropy of the state estimation error is

log,(K)
(1 —p(ulr))

where dg 1s the length of the time-stamp.

R = + (do + 1+ dy), (4.14)

Proof. Since we will send no information during the unreliable mode, except the

few bits to track the channel mode, the rate required per symbol will be
R = R.p, + Rypy. (4.15)

Thus, the amount of information that has to be sent by the plant during the period
when packets are transmitted will be (logy(K)/(1 — py)). To compensate for the
packet losses in the reliable mode, we need an extra factor of #(W) for the data to
be sent. During the unreliable mode, the only data that will be sent will be the ones

required to track the mode of the channel, which is the sum of the header bits and a
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single information bit. Thus, the rate will be

R = [logy(K)/(1 = (pu[r))(1 = pu) + (do + 1 + do)|(1 = pu) + (do + 1 + ds)pu;

which leads to (4.14). o
Assuming that the noninformation bits are negligible, the data rate will be ap-
proximately ll(ig;((rﬁ), which is much smaller than the rate (4.5), since typically the

probability of excursion from the reliable state to the unreliable mode is much lower

than the steady state probability of the unreliable mode.

4.4 Mean-Square Stability in State Estimation

In this section, we investigate the conditions on the communication rate to ensure

stability in mean square state estimation error.

Proposition 4.1 Consider a scalar LTI system x;y1 = axy + bu;. Assume time
stamping and packet headers are all available and that a uniform quantizer is used
to discretize the state. Then the following has to be satisfied to achieve mean-square

stability in state estimation:

K>\ n/s )

a2
Proof. Let e; denote the state estimation error at time ¢.
In case there is packet loss, the expected mean square state estimation error will
be scaled by a?:
Ele},,] = a”E[ef].

On the other hand, if there is a successful transmission, the expected mean square
state estimation error will be scaled by Ele}, ] = (a/K)?E[e}], where K is the number
of levels in the quantizer which is assumed to be uniform.

Thus the expected value of the second moment at time n, E[e2] will be:
Eley) = pa’Ele, \] + (1 - p)(a/K)*Ele; ] = a*(p+ (1 - p)/K?*)Ele; ] (4.16)
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To achieve stability, a?(p+ (1 —p)/K?) has to be less than unity in magnitude. Thus,
K has to satisfy

K>\ [0/ )

a?

4.5 Stability of an LTI System State in the Mean

In this section control theoretic arguments will be combined with the preceding
discussion to investigate the effects of the network as a channel on the stability of the
original system.

For control applications, the decision on what the controller should do in case of
a packet loss is important. In this section we have two approaches to realize in case
of a packet loss. One is to use zero control and the other one is to have the control
function of the previous sampling instant to be effective. In the latter case as we
could regard the system as event-driven, as soon as the control signal arrives, the new
control is used, otherwise the last control will continue to be effective.

In the case of a networked system, let us assume that the packets are timed out,
i.e., they are lost with probability p. Given the system (4.3), with probability p the
control function u; will not be available. In that case, if we are to use the last control
available, u; can be regarded as a random variable that is u; 1(#; 1) with probability p
and u(Z) with probability 1 —p; thus it is the outcome of a binomial random process.
If the plant is to use zero control, in case of a packet loss from the controller, the
control function can be modeled as u;(%;) with probability 1—p, and 0 with probability
1 —p. The only assumption here is that E[#;] = E[z;], which holds provided that the
quantization error has zero-mean, which is the case for Lloyd-Max quantizer [12],[13]

or any type of quantizer with centroid property for the reconstruction values.
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In case of packet loss, if the last available control is continued to be used in the

next stage,
Tyl = axy+ buy
uw = f(&) wop. (1-p)
= U1 w.p. p, (4.17)

where f is the controller function, which does not have to be linear in its argument.
Now, the following theorem provides a condition for stability, where we take the

controller to be linear in its argument.

Theorem 4.4 For a control system connected by a network, if the plant uses the
most recent control value, which is a linear feedback control, u; = ki;, in case of a
packet loss from the controller, to ensure stability in the mean, the following condition
has to be satisfied:

(p+a+bk(l —p)+n)

= >

<1, (4.18)

where

n:=+/(p+a+bk(l —p))2 — dap.

If zero control is used, the requirement becomes:
la+bk(1—p)| <1,

Proof. If the last control value is used in case of a packet loss, since E[&;] = E[z],

the recursion takes the form:

Elziy1] = Elazy + buy
= E[(a+bk(l —p))z: + bpus_1]

Eluy] = (1 —p)kE[x]+ pEus_1]
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This two-dimensional system is stable if and only if the eigenvalues of the following
matrix are in the unit circle:

@+ sk —p) o]

| a-pk pJ '
The condition for this stability is precisely that of (4.18). On the other hand, if zero

control is used in case of a packet loss, the underlying system will be (in the mean)
Elz,] = [a+ bk(1 — p)| E[z,1],
from which the requirement for stability (in the mean) is as follows:
la + bk(1 —p)| < 1. (4.19)

o

Note that, without any packet loss, the stability condition is |a + bk| < 1. Clearly
this does not imply (4.18). Hence, in a network with delay and packet loss, an
otherwise stable system could lose stability. Note that the only assumption made in

deriving the result above is that the quantization error should have zero mean.

4.5.1 Simulations

Figures 4.5 and 4.6 depict two scenarios, in both cases with latest control in case
of packet loss. With p = 0.15, a = 1.5, bk = —1.7, and rate = 1 bit per stage, we
have stability in mean as shown in Figure 4.5. The computed largest (in magnitude)
eigenvalue has the absolute value of 0.474, which satisfies (4.18).

However, if p = 0.75, with everything else as before, the resulting dynamics are
unstable, as (4.18) fails, which is also corroborated by Figure 4.6. The maximum (in
magnitude) eigenvalue has a magnitude of 1.067. Thus, the outcomes are corroborated
by Theorem 4.4.

If zero control is used in case of a packet loss, for the same system as above,
we obtain the following: With probability of packet loss as 0.15, Figure 4.7 depicts
stability. In this case |a + bk(1 — p)| is 0.05.
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Figure 4.5 Evolution of state and state estimation error, if latest available control
is used in case of a packet loss.

x 10

150 200 250 300 350 400
time

Packet loss probability is 0.15.

450

500

-2+

state

-6

100

25

150 200 250 300 350 400
time

450

500

151

estimation error
=
T

051

50 100

Figure 4.6 Evolution of state and state estimation error, if latest available control
is used in case of a packet loss.
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Figure 4.7 Evolution of state and state estimation error, if zero control is used in
case of a packet loss. Packet loss probability is 0.15.

However, when the probability of packet loss is increased to 0.75, the system
becomes unstable as is illustrated in Figure 4.8. In this case |a + bk(1 — p)| is 1.075,

and in both cases the outcomes confirm Theorem 4.4.

4.6 Mean-Square Stability of State

In the previous section, we analyzed the stability in the mean for an LTI system.
Although stability in the mean is a useful analytical tool, it might not say much about
a behavior of a random system. In this section, we analyze the conditions on the rate
and packet loss probability for a system to remain stable in the mean square sense.
Two different scenarios are covered: the case where zero control is used in case of a

packet loss and the case where the latest available control is used.
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Figure 4.8 Evolution of state and state estimation error, if zero control is used in
case of a packet loss. Packet loss probability is 0.75.

4.6.1 Case where zero control is used in case of a packet loss

In this subsection we consider the case where zero control is used in case of a
packet loss, which occurs with probability p. Thus, with probability p the system will
have a different evolution, than it would have in case of a successful transmission.

In case of a successful transmission, the evolution of the state will be as
Tty1 = (a + bk)ll?t - bk(ll?t — i‘t),

but since

€ = Ty — Ty,
we have,
Bla?,,] = (a -+ bk)*E[a?] + (bh)? E[e] — 2(a + bk) (bk) Elzed].
Since, by the orthogonality of the quantization error and the quantizer outputs,

Elzie;] = E[(%; + e;)es] = E[e?],

52



we have

Elz},] = (a + bk)*E[z}] — (bk)(2a + bk)E[e}]. (4.20)

And since in case of successful transmission Ele},,] = (a/K)*El[e}], defining a two-

E[z?
dimensional state Y; = [ ;] , with probability 1 — p the mean square evolution
Elef]

will be Y;,1 = BY;, where B is

(a+bk)® —bk(bk + 2a)
0 a’/K?

In case of a packet loss,

Blar1] = a*Ela?]
Elé,,] = a*Elel),

and hence the system evolution will be Y;,; = AY;, where A is

a 0
A=
0 a?

These together lead to a Bernoulli random evolution of the state:

E[Yyi] = pAY, + (1 - p) BY,,

which leads to
EY;41] = (pPA+ (1 —p)B)E[Y;).

Defining M := (pA+ (1 — p)B),

(a+bk)2(1=p)+pa® —(1—p)(2a + bk)bk
0 (1 —p)(a®/K?) + pa’

we have

E[Yt+1] = ME[Kt]
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Thus, the system will be stable if the eigenvalues, A;, of M are in the unit circle:
Since A\; = (a + bk)?(1 — p) + pa® and Xy = (1 — p)(a®/K?) + pa?, the condition for

stability is:

ap® + (1 — p) max((a + bk)?,a®/K?) < 1. (4.21)

Note that, to achieve stability ap? should always be less than 1, as a necessary

condition.

4.6.2 Case where latest available control is used

In case there is no loss, we have
Tpr1 = (a + bk)xy — bk(zy — 2¢) = (a + bk)xy — bkey,

and

Ele(,] = (a/K)*Elef].

For the state,
Elz} ] = (a + bk)*E[z]] + (bk)*E[e;] — 2bk(a + bk) E[xe4],

which, using the orthogonality of the quantization error and the quantization out-

comes, becomes
Elz} ] = (a + bk)*E[z]] — bk(2a + bk) E[e]).
We now add two other equations involving the control term. Since
uy = kiy = kxy — k(zy — 3y),
again using the orthogonality principle,
E[u?] = K*E[z}] — K*E[€?].
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Finally
E[xt+1ut] = E[(CL.Tt + but)ut] = E[((a + bk)ﬁt - bket) (k.Tt — ket)],

which becomes

Elzi11us) = (a + bk)kE[z}] — (a + bk)kE[e}].

Thus, defining a four-dimensional state

Elz}]
Elu?
v | Bl |
E[:rtut,l]

| Bl

with probability 1 — p the system evolution will be Y;,; = BY;, where B is

(a+0bk)?> 0 0 —bk(2a + bk)
k? 0 0 —k?
(a+bk)k 0 0 —(a+0bk)k
0 00 /K>

On the other hand, in case of a packet loss, the system equation will be

T = axy + buy,

and

Ut = Up—1.

Thus, we have

Elz} ] = ’E[z]] + b’ E[u; ] + 2abE[zu; ).

For the cross-term, using the orthogonality principle
E[.’Et_HUt] = E[(axt + but—l)(ut—l)] = aE[.’EtU,t_l] + bE[U?_l]

For the control, we have:

Elujy] = Elu],
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and for the state estimation error the following holds
Ele}. ;] = a®Eley).

Thus, in case of a packet loss the system evolution will be Y;,; = AY;, where A is

a? b 2ab 0

0 1 0 0
A=

0 b a O

0 0 0 a?

Again, there will be a Bernoulli random evolution of the state:

EY;41] = pAY; + (1 — p)BY;,
ElYi] = (pA+ (1 -p)B)Y;.

This implies
E[Yi1] = (pA+ (1 —p)B)E[Y}].

Defining N := pA + (1 — p)B,

-(a +bk)?(1 — p) + pa® pb* p2ab —(1 —p)bk(2a + bk)-
N (1—p)k® p 0 (1-p)k® |
(a + bk)(1 — p) bp  ap —(1—p)(a+bk)k
I 0 0 0 (1-p)a*/K?+pa® ]
we have
B[Y,] = NE[Y], (122

which is stable if all the eigenvalues of N, \;, are within the unit circle:

N <1,i=1,2,3,4. (4.23)
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Figure 4.9 Latest available control in case of a packet loss, when packet loss proba-
bility is 0.1.

4.6.3 Simulations

Consider the same system considered in Section 4.5.1 connected through a com-
munication network:

Tip1 = axy + buy.

System parameters are: a = 1.5, bk = —1.7, and rate = 1 bit per stage.

In case latest available control is used in case of a packet loss, with packet loss
probability p as 0.1, the system remains stable as is seen in Figure 4.9. In this case
the computed matrix N has its largest eigenvalue as 0.86, satisfying (4.23).

However, if p = 0.5, with everything else as before, the resulting dynamics are
unstable in mean square (Figure 4.10). In this case the largest (in magnitude) com-
puted eigenvalue is 1.41. Thus, both simulations confirm the condition for stability
in (4.21).

If zero control is used in case of a packet loss, using the same system as above, we

obtain the following:
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Figure 4.10 Latest available control in case of a packet loss; unstable error dynamics
when packet loss probability is 0.5.

With probability of packet loss as 0.1, Figure 4.11 depicts stability, with a largest
computed eigenvalue for M as 0.73, which satisfies 4.21. However, when the proba-
bility of packet loss is increased to 0.7, the system becomes unstable, as is illustrated
in Figure (4.12). The maximum magnitude of the eigenvalues is 1.40. Thus, both
simulations confirm the conditions for stability in (4.21).

Finally, in Figure 4.13, the maximum tolerable probability of packet loss for a
given data rate is plotted for both latest control usage and zero control usage in case
of a packet loss for the same scalar LTI system. In the figure, one can see that the
system which uses zero control in case of a packet loss has a wider range of tolerance
for packet loss probability to achieve stability in the mean-square sense. Thus, using
zero control in case of a pakcet loss is more robust than using the latest available

control.

o8



045

04

0.35

03

squared error
o
5
3

o
~

0.15

0.1

0.05

0 I I I I I I I I I
0 50 100 150 200 250 300 350 400 450 500

time

Figure 4.11 Zero control applied in case of packet loss. Loss probability is 0.1.
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Figure 4.12 Zero control applied in case of packet loss. Loss probability is 0.5.
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Figure 4.13 Packlet loss tolerance of the system for zero control ‘x’ and latest control
‘-’. Zero control has a wider range.

4.7 Summary

In this chapter, the state estimation problem in a communication network has
been studied. The effects and the interaction of packet loss probabilities, quantiza-
tion rate, sampling period, system stability and random delays have been introduced
and various network models have been considered in the analysis. A Markov model
has been introduced for network reliability and packet losses. Stability in the mean
and stability in the mean square have been analyzed, and sufficient conditions (for sta-
bility) have been obtained. Extensive simulations included illustrate and corroborate

these results.
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CHAPTER 5

HIGHER DIMENSIONS AND CENTRALIZED
LTI SYSTEMS

5.1 Introduction

In this chapter we analyze the effects of communication constraints on a multi-
variable centralized system. We will assume, unless otherwise stated, that the initial
state vector xq is the realization of a random vector X, with a finite support set. We

consider systems of the form
Tip1 = Axy + Buy, t >0,

where A is an n X n matrix, B is an n X k matrix, and v is an k—dimensional
control vector. For ease of presentation, we assume throughout that the matrix A
has only real eigenvalues. Our objective is to design optimal dynamic quantizers,
Q = {Q:X), t =0,1,2,...} under the two separate criteria, where in all cases Z
denotes the least-squares estimate for x at the receiver (controller) based on all the
quantization outcomes available at the receiver. The class of admissible quantizers Q

to be used in each case will be specified later in individual subsections.

We first state the following definition:
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Definition 5.1 For a scalar (one-dimensional) random variable, the support width,

W, is the width of the domain over which the probability density function is nonzero:

W(X) = / L(s(@yz0)de.

For a multidimensional random variable, the support width is the sum of the support

widths corresponding to each of the marginal densities.

Based on the definition above, the two criteria are now given as follows:

Criterion 1: Monotonic boundedness in uncertainty.

Find a recursive time-invariant quantizer () such that the worst-case estimation
error is a monotonic bounded sequence, which means that the width of the support
set is nonincreasing for each state dimension. Then the goal is to find a quantizer @)

that will lead to, V¢t =0,1,...,
Wipi(e) < Wile),

where W, denotes the width W of the estimation error e at the tth step of the iteration.
Criterion 2: Ezponential stability in uncertainty.
Find a recursive time-invariant quantizer () such that the width of the support

set, of the estimation error converges exponentially to zero, i.e., Vi =0,1,...,
Wisi(e) < aWi(e),

for some a < 1.

If the error happens to be uniform—an issue that will be addressed in detail—the
above will imply monotonic boundedness and stability, respectively, in the entropy of
the state estimation error.

In Chapter 2, an analysis for forward-looking schemes was also performed, and an
improvement in system performance in terms of data rate requirements was shown
to be possible for noisy systems. In this chapter we do not consider forward-looking

schemes.
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5.2 Centralized Scheme

In a classical centralized scheme, there is a single multidimensional plant with a
single multidimensional controller, and each subcomponent acts in full cooperation
with the others. Thus, in essence, the system is a single multidimensional system, as

depicted in Figure 5.1.

X Quantizer Coder > Deoder | X
Plant N Che Controller

| Reverse chann

Figure 5.1 Centralized control with communication channel.

We start with the sequential quantization and coding of one-dimensional compo-

nents.

5.2.1 Sequential scalar quantization of vector components

Vector quantization is a slight generalization of scalar quantization, where the
quantization bins and reconstruction values belong to higher dimensions (see [25]).
Vector quantization has a higher degree of freedom over scalar quantization of vector
components; since for the quantization, the components of the vector can have a
joint density that does not have to be of product form, whereas scalar components
can only generate joint density functions that are all in product form. However, vector
quantization is rather difficult to construct in practice. Implementation of optimal

vector quantization under mean square distortion measure as a generalization of the

63



Lloyd-Max algorithm has been addressed by several authors in the data compression
community [13]. In these results, since the analytic formulas and formal derivations
for the optimal quantizer are difficult to obtain, the optimization has been performed
over a training sequence that is constituted of a set of samples generated according to
the underlying stochastic distribution. In such an analysis, the ergodic nature of the
processes is essential, and the law of large numbers, consistency and learning theory
form the basis of the approach [30].

For the two-dimensional space, for instance, again assuming a uniform distribution
for the input vector, if we use squares as the quantizer bins, what we obtain would be
identical to sequential scalar quantization of vector elements. However, we might as
well use hexagons, or structures with higher numbers of vertices, which will further
decrease the expected distortion with the same number of quantization bins in the
quantizer. Since scalar quantizers are better understood and are easily implementable,
we consider sequential quantization of vector components in this subsection.

In general, the advantage of vector quantization over scalar quantization of vector
components diminishes as the statistical dependence between the vector components
decreases. One way to increase the efficiency is to apply a linear transformation to the
input vector and diagonalize the covariance matrix, and thus decorrelate the vector
components:

er1 = (ACH)(Cer — Céy) (5.1)

where C' is the whitening matrix. Since decorrelation does not imply independence,
we found this approach to be less appropriate. A scheme to achieve independence
would be to apply a mapping by conditioning, so as to have statistically independent
components. This method is appropriate for control systems, which can be converted
to a diagonal or a lower triangular form where there is a causality in the evolution
of the vector state components, and the conditioning on the previous components

will yield a scalar independent distribution for each component. For instance for a
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two-dimensional system we can use

f@,y) = f(@)f(ylz), (5.2)

which will not only decorrelate the inputs, but will also make them independent,
and there will be independent evolution for each component if the system matrix is

diagonalized:

Terr = (SAS™V)(e; — &) (5.3)

We now consider the general n-dimensional system, the first result of which is the

following.

Proposition 5.1 Consider the n-dimensional system xy1 = Ax¢+ Buy, with A being
diagonalizable, with real eigenvalues \;, i = 1,...,n. If one applies sequential time-
wnwvartant scalar quantization, the rate required for the boundedness of the worst-case
estimation error is at least Y. max(0,log,(|A;|)). For exponential stability, the rate

required 1s strictly larger than this amount.

Proof. First we will use an information theoretic approach to obtain the ultimate
lower bound and then use a quantization viewpoint to show that this bound is achiev-
able. A can be written in the form A = ITATI™!, where A = diag()\y,...,\,). If the
components are made statistically independent by conditioning along with the coor-
dinate transformation the rate required will be the sum of the requirements for each
scalar subsystem. Using Lemma 2.2, the distribution for the error will be uniform
after a sufficiently large number of steps. In this analysis, since the control functions
are transferred with no loss, they do not contribute to the evolution of the uncer-
tainty. However, their existence should always be considered since the reason for
quantization to be used instead of, for instance, long block codes is the recursion in

the evolution of the system and control functions.
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For any scalar subsystem, for any stage 7, the rate is lower bounded by the mini-
mum mutual information between the state and its quantized value:

R > minl(ale5seld)

= H(xg|2i"Y) — H(zi|ds, 2570, (5.4)

where aﬁ“f)_l denotes the past information of the quantizer outputs, which are available
both at the transmitter and the receiver. Since the system is Markov, the entire
information that can be inferred from the past is captured by the latest quantization
outcome [20], and is useful in the construction of the encoder and decoder since it is
available at both sites. Thus (5.4) becomes

R > gleigf(i"imi—u Ti|Tio1)

We now have

H(.TZ - i‘z|.’fiz) 2 H(.’L‘Z|JA31_1) - R,

and since z; = \;x;_1,
H(:CZ — iz‘.fl) Z 10g2(|)\z|) + H(:Ci_l - iz’—l‘ii—l) —R.

Therefore, we need to have at least an additional log,(|)\;|) bits per stage to make
the entropy nonincreasing. Since the quantizer is intended to be a time-invariant
quantizer, to achieve stability the rate has to be strictly larger than log,(|A;]).
Using a quantization theoretic argument, let the ith eigenvalue be )\;, and let the
associated estimation error have a support width of A;, which can be interpreted as
the worst-case state estimation error. After one time step, the support width will be

|Ai]A;. If a time-invariant K-level uniform quantizer is used at each stage, the support

width in the next stage becomes |I’\{ii| A, which will be stable only when K; > |\;|. If one
uses fixed code length for each of the quantization bins, with a length of log, (K;), the

minimum rate required for boundedness is log,(|\;|). Thus, the information theoretic
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bound is indeed achievable by a single step quantization approach, if the eigenvalue
is an integer. If the eigenvalue is not an integer, a rate better than log,([|);|]) can be
achieved using distortion constrained entropy minimizing quantizer introduced earlier
in Chapter 2.

Sufficiency and construction. The error in the estimation of the state will
be quantized and fed into the channel, as depicted in Figure 5.2. This is done to
minimize the range of the quantizer around the origin. Let )\; be the eigenvalue of

the ith subsystem after diagonalization, whose state is denoted by z'.

X(tt1) gttl) |Quantizer| t+l) 3(t+1)
' Q) Channgl u
() 0uff A1) 0uf]

Figure 5.2 The quantization scheme; a represents \;.

Then, the scalar system equation for the 7th subsystem is
Ty = Nty + by, (5.6)
where b° is a vector. Let ¢ denote the estimate for z? using quantized information.
Define the error e as
eh = — NE} — buy. (5.7)
Let é' be the quantization outcome of the error, e’. Then, at the receiver we have
B = NG+ bug + €l . (5.8)
From (5.6) and (5.7), we get
€i+1 = /\z(xz - ifs) (5.9)

From (5.7) and (5.8), with ¢ shifted,



By virtue of the last equation, we reduce the error on the state to the error in the
estimation. The difference between the actual state and the quantized state is equal
to the difference between the actual error and the quantizer error. From (5.9) and

(5.10) the following recursion follows:
el = Nilel —é)). (5.11)

Thus, the error introduced by the quantization becomes the signal to be quantized
at the next stage. Hence, it is the quantizer which will determine the power of the
uncertainty in the system, which will propagate recursively. To ensure the estimation
error to be a nonincreasing sequence, it suffices to enforce E[(e?)?] < E[(€!_,)?], which

corresponds to

B
Bl - a7 = 12

The proof of the proposition is now completed in view of the following result:

Lemma 5.1 In an LTI system with a uniformly distributed initial state, for uniform
quantization to ensure that the estimation error variance is ¢ NONINCreasing sequence

with respect to time, the rate should be at least ), max(0,logy(|Ai|)) bits per sample.

Proof. Assume that the current support of the uniform pdf is [-A, A]. If we use
a K-level quantizer, the variance in the quantization error will be (1/3)(A/K)?, and
the variance of the error at the next stage will be (A\?/3)(A/K)? and from (5.11) we
want this to be smaller than A?/3, which means that we should have |\;| < K. We
therefore need a quantizer with the number of levels at least as large as |\;|, and to
achieve a given K number of levels, we know that we need R = log,(K) (since the
symbols will be uniformly distributed the bit rate is identical to the entropy of the

random variable). Hence,

R> ZmaX(O, log, (| \])). (5.13)
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Corollary 5.1 Given a uniformly distributed input, for any recursive time-invariant
quantizer to achieve exponential stability of the state estimation error variance, the
rate has to be strictly greater than ), max(0,log, |A;|). This is achievable by any K;

level uniform quantizer with K; > |\;|.

Proof. By an information-theoretic argument, the uncertainty and hence the sup-
port width of the error decreases over time. At each stage, the support width of the
quantizer will be decreased by

Al

A1 = K,

A, (5.14)

which will converge to zero exponentially, with |\;|/K;, in case K; > |);|. In this

scheme, the quantizer values will also be scaled by the ratio |\;|/K;. o

5.2.2 Rate-distortion theoretic approach

Rate-distortion theory provides the ultimate bound for the rate required to achieve
a given level of distortion [22]. In most cases, the rate distortion bound is not achiev-
able by a single step quantization and requires long block codes, which is not appro-
priate for a control system because of the delay needed for block coding. Nonetheless,
we find it useful to consider the bound obtained by such an analysis.

We state the following proposition.

Proposition 5.2 For a linear system x,.1 = Axy, where the initial state xy is uni-
formly distributed and the type of quantization is uniform, the bit rate required for
boundedness of the state estimation error variance is max(0, Y . logy(|Ai])), where A;’s
are the eigenvalues of A.

Proof.

A

R(D)=  min  I(X,X), (5.15)

p(2):E[| X—-X[2<D
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where I denotes the mutual information [22]. Now,

I(&n, &) = H(zn)— H(wn|dn)
= H(wn) — H(zn — @n|2), (5.16)
and since H (z, — T, |2) < H(zp — ),
(@, &n) > H(zn) — H(zn — &)
Also,
H(A"xy) = log,(|det(A)[") + H(xo) (5.17)
where |det(A)| is the absolute value of the determinant of A. Since det(A) =[] A,
I(tn, &) = H(zn) = H(zp — n)
= nlogy(| [ [ Mil) + H(zo) — £(D), (5.18)

where f(D) is a finite number. If we divide this expression by n, and let n approach

00, this leads to the rate required: max(0,),;log,(|A]))- o

5.3 Simulations

In this section, a numerical example is presented to confirm and illustrate the
theoretical results obtained in the previous sections.

We consider a centralized system with a random initial state vector, where each
component is independently distributed according to a uniform distribution on the

interval [—1, 1]. The state evolution is

Tip1 = Axy + Buy,

where
-4 1 2
A=1|1 3 2
2 25
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The control terms are arbitrary, and in the framework of this chapter, since con-
trols have no effect on the evolution of uncertainty, they are assumed to be zero in
the simulations without loss of generality.

In Figure 5.3, the stability analysis of the state estimation error is illustrated. The
rate used is ) . log,([|Ai]]) = 6.49 bits/sample, \; being the eigenvalues, and stability
in estimation error is achieved. The results confirm the analytical results, since the

rate used is greater than the minimum required rate in (5.13).
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Figure 5.3 Centralized scheme.

5.4 Summary

In this chapter we have generalized the results of Chapter 2 to higher dimensions
and showed that the eigenvalues of the system matrix determine the rate requirements
in the system. After a discussion on vector quantization, we introduced sequential
quantization for each component of the state vector, which are made independent

by conditioning on the other components in a causal way. Finally rate distortion
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theoretic analysis is performed to establish an ultimate lower bound for the required

data rate.
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CHAPTER 6

DECENTRALIZED LTI SYSTEMS WITH
DIGITAL NOISELESS CHANNELS

6.1 Introduction

In this chapter, we investigate the communication problem in decentralized sys-
tems and consider coding and decoding schemes for LTI systems with different struc-
tures and information sharing topologies involving the plants and the controllers,
which are connected via a band-limited channel. Simulations and case studies are

presented in Section 6.3, and the chapter ends with the concluding remarks.

6.2 Decentralized Scheme

We consider an LTI system of the following form:

Tiy1 = A.xt + B’U,t, (61)
where B = diag(by,...,b,) is a diagonal n x n matrix, A is an n x n diagonalizable
matrix with eigenvalues A{, A9, ..., \, , 7; is an n-dimensional state vector, and u is an

n-dimensional control vector. Since the control matrix B is diagonal, all the control
terms have direct impact on the associated state with the same index ¢, : < n. Thus,

the system is decentralized in the sense that each controller state pair, a subsystem,
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Figure 6.1 Decentralized structure.

is decoupled from the other ones as is depicted in Figure 6.1. Thus, for instance, for

the ith component (z°) of the state, the evolution in time will be:
.’L‘L_l = ailx% + CLZ'Q.’L'? + (J/ig.’L'? + ...+ amfv? + blug (62)

In case there are no communication and quantization effects, u! will be a function
of the perfect state information available to it. If the controller has access to all the
observations corresponding to other state components and the control functions, then
the system will effectively be a centralized one. In contrast, we consider in this section
the situation where each controller does not have access to the control functions used
by the remaining controllers, and we investigate different cases where various different
types of information is available to the controllers, which is related to the amount
of communication among the controllers. Here, due to channel effects, the controller
will not be able to follow the state evolution perfectly, and the error in state tracking
will depend on the communication scheme and the rate used for the transmission of
information. The primary interest is to introduce a rate analysis for reliable state

estimation.
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Various schemes are possible for information structures at the controllers. In
spite of being impractical, the case where state information is made available to
each subsystem is worth analyzing since it provides a lower bound on the system

requirements.

6.2.1 Case where encoders and decoders share the estimates

In this scheme, the estimated states and not the control signals are shared between
the controllers. As a further assumption, the encoder is assumed to have access to the
corresponding receiver’s information. In this case if we condition on the immediate
past, due to the Markov property of the state, the further past data will be of no use

[20]. Let us consider the first component: If we subtract the predicted value
-1 -2 ~n 1
a1 + apZ” + ...+ a1, 2" + bu,

from the actual state x;,1, the innovation to be sent will be the sum of the individual
quantization errors, which are independent given the past state estimates.

Here an asymptotic analysis is possible, as well as a causality-based one. Even if
the initial distributions are uniform for each component, the quantization error at a
later time will not be uniform due to the additive nature in the noise terms, whose
probability density computation requires a series of convolution operations. Note
that the main difference between the centralized scheme and this scheme lies in the
unavailability of the control signals. If those were also known, then the system could
be transformed into a diagonal form, which would lead to the analysis done in the

Chapter 5.

Proposition 6.1 Assume that the initial state of each subsystem has a finite support
pdf. If fized length coding is used, the rate required for exponential stability of the

worst-case error is strictly larger than

Zmax(0,10g2(|)\i\)).
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To achieve boundedness, the rate required is lower bounded by
Z max(0, log, (| Ai]))-

Proof. Since the information structure above is inferior to the sequential scalar
quantization case discussed in Chapter 5 (where the control functions are shared as
well), the rate required for that case can be regarded as a lower bound for the scheme
under consideration for this case. Note that in the decentralized scheme, sequential
analysis is inevitable, since a joint analysis would require information sharing between
the subsystems. o

The above analysis is based on an information theoretic argument. In the following
proposition, we restrict the analysis to time-invariant quantizers with fixed length
encoders. In this case, the signal to be coded will be the state conditioned on the

information set.

Proposition 6.2 To achieve boundedness of the quantization error with a time-
invariant quantizer, with fized length codewords, the minimum rate required is given
by the solution of the following optimization problem: Let AT be obtained by replacing
all entries of A with their absolute values, and let K denote the class of diagonal n xn

1

matrices K (with the ith diagonal element denoted by K;;), where % ore integers,

and further KA™ is stable. Then, the optimization problem is, to find the minimum

rate, R:

R =min} _log,(1/|Kal) (6.3)

Proof. Due to the Markovness of the system, for the sth component, the signal to

be quantized is the conditioned state on the quantized data of the previous state:
(i Al a2 an 1
ery1 = (Tp [T + 27 + ..+ 2" + buy),
which is identical to

ain (o — 27) + ap(@? — 22) + ... + am (2! — 7). (6.4)
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Defining the quantization error for each component

we have
€1 = g + aiG; + .. + Qing}-
In matrix form, this is equivalent to

err1 = Agy.

Assuming the initial condition for each component z{ to be bounded, not nec-
essarily being uniform, at time ¢ before quantization, the support width W of the

random variable to be quantized e’ will be
\ai1|A% + |a12\Af + ...+ |am|A?

If one uses a K; level uniform quantization, the support width of each bin will be

6.5
Ki' ? ( )

and using this approach for each dimension,
A1 = KATA,, (6.6)

where K is a diagonal matrix with the reciprocal of the number of levels forming the
nonzero diagonal terms.

Thus, the problem is reduced to a linear system problem, and the stability of the
estimation error can be investigated by finding the eigenvalues of the matrix KA*,
and requiring them all to be in the unit circle. The rate required is the sum of the
logarithms of the numbers of levels for each subcomponent in the system, and is thus

equal to
1

1 1

))-

1
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In case no information is transmitted for a particular subcomponent of the control
system, the number of levels required can be interpreted to be 1, since the rate required
will be zero. Therefore the matrix K has elements at most equal to 1 on the diagonal.

Thus, an optimization problem can be posed as follows:
min } _log, (1/|Ka), (6.7)

which is the minimum achievable rate. But since ), log2(|l{1—_¢) = log, [] ﬁ, log-
arithm is a monotonic function, and K is diagonal, the problem reduces to one of

finding the optimal K matrix solving
det(Ky) = max det(K) (6.8)

Proposition 6.3 When A is a diagonal matriz, the minimum fized code length data

rate as the solution of (6.7) is
R =2 log,(C(IA))

where C(x) is the smallest integer that is strictly larger than x (and is thus a modified

ceiling function).

Proof. When A is diagonal, the condition for stability becomes:

Thus,
1
> |
To achieve strict inequality using the constraint that 1/Kj; is an integer: If A; is not
an integer,
1
=1,
22
whereas if A is an integer,
1
=N +1.
K Al +
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Thus, the rate is:

R = Zlog2 (I]))-

o

Remarks If the probability density is assumed to be uniform, which is a rea-
sonable assumption for a diagonal system since there is no state interaction, a lower
rate can be achieved using the distortion-constrained entropy minimizing quantizer

studied in Chapter 2, which exploits the advantage of variable length coding. o

Proposition 6.4 The optimization problem (6.3) admits a solution for any diago-

nalizable matriz A.

Proof. If one uses
1

Kii

the matrix K A" can be expressed as:

= C(max [As]) =: [Aml,

KAt = KS7'AS = —S NS =S~ 1—5
Al | Am|

which has all its eigenvalues in the unit circle. The rate in this case becomes:
R = nlogy(|Am|)

There is only a finite number of choices for the matrix K which are better than the
one proposed. Thus, there should exist at least one optimal solution. o

Remarks In this problem, and in this chapter in general, the intention is to
bound the maximum error, i.e., to have a bounded error. For the rate analysis, the
information theoretic analysis is not used, and quantization theoretic approach is
used for the sake of practicality, since the probability density function at each stage
changes dynamically and having nonuniform quantization schemes, combined with the
convolution analysis would then make the problem intractable. Furthermore, having
uniform quantization will be important in the construction of different information

share structures among the controllers. The construction for asymptotic stability will

79



be time-invariant in the sense that the quantizer coefficients change by just a scaling

at each time. o

6.2.2 Case where controllers fully share their estimates

We now consider a structure where the controllers share their data regarding
estimation, and since each is able to compute the necessary control function after
receiving the estimates from the other controllers, the controllers do not have to

share the control functions. We now state the following proposition.

Proposition 6.5 To achieve boundedness of the quantization error with a time-
mwvariant quantizer, with fized-length codewords, the minimum rate required is given
by the solution of the optimization problem introduced in Proposition 6.2, and thus
there is no loss of performance when compared with the case where the subplants have

access to the estimates at the controllers.

Proof. The conceptual proof is based on the Slepian-Wolf coding theorem [31].
Slepian and Wolf showed that if some random data are not available at the encoder,
but are available at the decoder, then the data rate can still be decreased by condi-
tioning on the information available at the decoder. This is at first a surprising result
because the encoder does not have the side information and without it how it would
achieve optimal quantization is not immediately clear.

Consider a three-dimensional system. For this case, the Slepian-Wolf theorem says
that (also using the Markov property) the rate required for each channel is bounded

from below by:

R > H(al, |i},43, ). (6.9)

Thus, in theory, there is no loss in optimality, and the communication between the
controller and the plant is unnecessary. Below we show that this is indeed the case

in practice as well.
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Construction. Coming up with constructions that achieve Slepian-Wolf coding
efficiency remains a difficult and open problem. Schemes that use long block codes
and codes with memory are available, but these are mostly impractical for control
systems because of the significant delay they entail. There are approaches based on
binning and coset formation ([32], [33]) that are more practical but mostly optimal
only in the asymptotic sense. However, for the problem we consider, Slepian-Wolf gain
is indeed achievable with a single step quantization using a binning argument. The
approach we take is based on a uniform quantization interpretation of binning and
exploits the optimality based on the assumption that the quantization and estimation
errors are bounded.

The data to be sent, $§+1, can be written as

Th, 1 = aidy + aiq, (6.10)
where 7, is the vector of the state estimates available at each subcontroller, ¢; is the
vector of quantization error at time ¢, and a; is the ith row of matrix A™. In this
problem the side information available is the term ;.

The goal again is to have a nonincreasing sequence for the support width of the
estimation error density. Assume that d¢ is the support width of the uncertainty of
ai, and suppose that df, is the support width of the random variable a;q;. Since the
support width dflt is to be finite, the side information and the state differ at most by
the width of the support, and this will be the idea behind the construction scheme.

As seen from Figure 6.2, there are n cosets, where n is 4 in the figure. The quan-
tizer therefore needs only inform the receiver which coset the data belongs to. The
receiver will use the coset and decode the signal using the available side information.
The rate required will then be log,(d; /d").

Let us assume that the encoder sent C'1. In this case, the receiver will just need
to choose between the possible bins in the coset. Since it is assumed that there is

always a nearest one without ambiguity, the evolution of the vector d, will be

(dq)t—H - A+dt. (611)
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Figure 6.2 The decoder can decode the signal by just knowing the coset.

After quantization,

1
dt+1 = (E)dqta
which is equivalent to
1
dt+1 = (f)A_th

Now, define K as the diagonal matrix consisting of the reciprocals of the number of
quantization levels on its diagonals. Recognizing this expression from the previous

section, an optimization problem can be proposed as follows:

. 1
rr}cmglogz(m), (6.12)

where K is as defined in the previous section. Note that this is equivalent to the

optimization problem introduced in (6.7). o

6.2.3 Information sharing is delayed

We now consider a different scheme where information on the stage before the last
one, including the control functions, is available.

Consider the first subsytem. Before quantization,

1 1 i i
Qir1 = 011G; + Q12 E a2iG;_; + Q13 E a3iqy_; + - -
i i
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Thus, in vector form, we have:
g1 = K((AT — diag(A™))A")q,_1 + Kdiag(A™)q;. (6.13)

In (6.13), since the control functions corresponding to different controllers are not
available and cannot be estimated at time ¢, the only information to be used regarding
those subsytems is the estimation error at the stage for which the estimation is shared.

Let IC,, denote the set of diagonal positive and real matrices K satisfying stability
condition in system (6.13). The second-order system in (6.13) can be reduced to a

first-order system in the usual way: Define

Gi—1 = Tt, Gt = Pt-

Then (6.13) becomes

Ti+1 -B Tt ’
Pi+1 Dbt
where
0 I

U7 k(4" — ding(a) At K(ding(42)
The optimization problem is to find a K, such that
det(Ky) = max det(K). (6.14)
Proposition 6.6 When A is diagonal, the mazimum value in (6.14) is
R =3 logy(C(AD),
where C(x) is the smallest integer strictly larger than x (a modified ceiling function).

Proof. The analysis is identical to the full information sharing case. o

Proposition 6.7 There exists a solution to the optimization problem above.
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Proof. The cardinality of the solution set is countably infinite and unbounded from
above (in terms of the numbers of levels in the quantizers), and thus, if a conservative
solution is provided, then the set of better possible solutions will be finite since the
solution set is bounded from below. A very conservative solution is provided below.

The matrices involved in (6.13) all have positive entries. If x is a positive vector
with bounded entries (i.e., z; < D for some positive D), then there exists a scalar m
such that

(A" — diag(A™))AT)z < mx.

Likewise, there exists a scalar n such that
diag(A™)z < nz,
where the relation between m and n can be, for instance,

m = n(n — 1) max(A*(i, 1))’ D,
Z,]

and n can be

n = max A" (4, 1).
2

If the above inequalities are used and are multiplied by a diagonal K = kI matrix

from the left, we get the following scalar relation for each dimension:
(.7:4-1 < kqu + knqul'

Since the entries are all positive in the above expression and the system is scalar,
equality is a worst-case. Finding the roots of the characteristic polynomial, s? —

kms — kn = 0, suffices to show that the value of
k = (1/2) max(m, 4n)

will lead to stability. Thus, a diagonal matrix with K; = 1/k will achieve stability.
Since this conservative solution provides an upper bound, and there exists a finite
number of candidate quantizers outperforming the conservative scheme, there indeed

exists an optimal scheme. o
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There is a trade-off between the communication in the plant-controller pairs and
the communication among the controllers. There might be different schemes, such
as different delay structures for each controller, depending on the physical distance
between the controllers, or a variety of communication rates that might be used among
the controllers, such as the controllers not sharing their estimates with precision in
order to save from bandwidth usage. In such cases as well, the Slepian-Wolf argument
can be used to find the underlying structure for the optimization of this trade-off.
We will not address these extensions in this thesis, and leave them as future research

directions.

6.3 Simulations

In this section numerical examples are presented to illustrate and corroborate the
theoretical results obtained in the this chapter.

We consider a system with a random initial state vector, where each of the three
dimensions has a continuous uniform distribution in the interval [—1, 1] and with the

following evolution relation:

Tyy1 = Az + Buy,

where A is (as was the case for the simulation in Chapter 5)

-4 1 2
A=11 3 2
2 25

and B and u are arbitrary at this point. In fact, in the framework of this chapter,
since controls have no effect on the evolution of uncertainty, they will be taken to be

zero in the simulations without loss of generality.
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6.3.1 Case where side information is available

The system is used for the simulation in a decentralized setting. The rate R = 6.49
bits/sample, which was a stabilizing rate for the centralized scheme in Section 5.3, is
used, and an unstable output is obtained (Figure 6.3), showing the inferiority of the

decentralized scheme.

x 10*° error in x1
15 T
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5| 4
ol 4
-5 1 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45 50
x 10%° error in x2
15 T
101
5| A
ol 4
-5 1 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45 50
x 10%° error in x3
10 T
of j
ol 4
-5 1 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45 50

Figure 6.3 Decentralized unstable system.

6.3.2 No side information at the plant

However, if R is increased to, say R = 8.4221 bits/s, stability is achieved as can
be seen in Figure 6.4. In this case the number of levels is taken to be the ceiling
function of the eigenvalue of A with the maximum absolute value, which is 7. Thus
this rate is higher than the lower bound introduced in (6.7).

We consider a scalar system, where the plant does not have access to the side
information at the receiver (which corresponds to the case where the encoder is mem-

oryless). The system we consider is of the form

Ty = 1.5xy + buy.
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Figure 6.4 Decentralized stable system.

The rate used in the simulation is 2 bits/s which should be enough to stabilize the
estimation error by (6.12). A time-invariant quantizer is used, and Slepian-Wolf

efficiency and stability is achieved (Figure 6.5).

6.4 Summary

In this chapter, communication rate requirements for noiseless decentralized LTI
control systems have been investigated, and recursive quantizers leading to stability
have been introduced. Rates required for centralized schemes have been shown to
be lower than those for decentralized schemes. Different structures for sharing in-
formation are shown to be important factors for communication requirements and
complexity. Slepian-Wolf coding argument is used to show that the information shar-
ing by the controllers, and not by the plants, is sufficient for optimality, and schemes

confirming this efficiency are constructed.
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Figure 6.5 Stability in estimation with no estimator information at the plant.
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CHAPTER 7

LINEAR QUADRATIC REGULATOR (LQR)
MINIMIZATION
WITH COMMUNICATION CONSTRAINTS

7.1 Introduction

In this chapter we consider a linear quadratic regulator (LQR) problem with
communication constraints, and analyze the effects of the constraints on the overall
system performance. The data available to the controller will be constrained by the
rate restrictions, which is to be less than the bandwidth of the channel. Thus the
problem can be regarded as an application of control with communication constraints
to optimal control.

We consider the following scalar LTI system
Ti+1 — ATt + but, (71)

where z, u are the state and control variables. The control term here is a function of
the estimate of the state. The structure of the system is depicted in Figure 7.1.
The goal here is to solve an LQR problem in a remote LTI system connected via
a digital noiseless channel with a bandwidth B. The LQR cost is
T =B (g + ul@) )], (7.2)

k=tg
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Figure 7.1 The quantization scheme, where control is a function of the estimate.

where > 0, R > 0, and the control u is only a function of the quantized state
Z available at the receiver at the control side. Furthermore, the rate to be used is
upper bounded by the available channel bandwidth. We further assume that the
quantization error is uniform, as is motivated by Lemma 2.2.

We start off the analysis with a dynamic quantization problem.

7.2 A Dynamic Quantization Problem

Let us consider the following problem, with a dynamic aggregate quantization

cost:
> E(zy — 34)7), (7.3)

where a is the LTI system coefficient and 7 is the quantized state. Since the quan-
tization at any particular time instant affects the distortion in the next stages, the
analysis of optimal quantization leads to a dynamic analysis. From Lemma 2.2, the
quantization error is taken to be uniform. In case the initial error is not uniform one
can use a high-rate quantizer initially to force the quantization error in the subsequent

stages to be uniform.

Proposition 7.1 If one uses high-rate quantization at the first stage, to minimize
(7.8), Lloyd-Maz quantization applied at the first stage followed by uniform quantiza-

tion applied at the remaining stages, is the optimal quantization scheme, among the
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quantizers with a given number of levels K at each stage (equivalently, given the bit
rate, under fized length codeword assumption).
In case the initial input is uniform, uniform quantizer applied at every stage is the

optimal quantization scheme.

Proof. Since high-rate is assumed, the quantization error conditioned on a specific
bin will be uniform.

Given a fixed rate for quantization at each stage, let Jy,;y denote the cost of the
ith bin at time ¢, p;(¢) denote the probability of occurrence of values in bin i at time
t, and ¢f as the quantization error for bin 7. The cost will be

)= mi ([E[(g¢(1))? 2 i N
Ji.() Qg;g;_;i;mt)[ (@) +a? ) omin T

Thus, there is a dynamic evolution, and the quantization values for a particular time
will affect the quantization values at the future times.
If we expand the cost in terms of the bin edge levels z;(), and reconstruction

values ;(t),

ziy1(t)
J;, = min i(t)i/ %@ — 202 (o)

Quan(t) y D (t) i ()
o oo @i(t) =z (1) 4 (@(t) — 3 (1))
; : A4
+a”p;(t) 1272 + a"p;(t) TV + ..., (7.4)
which finally yields
2
a”
— QIJ(lzlnl% E pi(t — (1)1 + E (—KQ) ). (7.5)

Since the quantizer which minimizes the term

Tit1(t) ) (2i(t) — 21 (1))
> / P D T

is the Lloyd-Max quantizer, and since the cost is just a scalar multiple of the distortion

in the first stage, (7.5) is minimized by the Lloyd-Max quantizer applied at the first

stage, and by the uniform quantizer applied in the subsequent stages.
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If we assume the quantization error has a uniform error distribution, since the
Lloyd-Max quantizer for a uniformly distributed input is the uniform quantizer, the
long-run distortion will be minimized by a uniform quantizer. Being analogous with
(7.5), the proof follows from the fact that, for uniform distribution, the cost in the
next stages can be expressed in terms of the cost in the first stage, and the cost in
the next stage is a linear function of the cost of the first term. To see that uniform

quantization is optimal for a uniform source, let p; = %. Then the distortion will be

D—iz ~A2—A—2Z ; (7.6)
BRSSP A ‘

Using a Lagrangian multiplier for the constraint ) p; = 1, and embedding this into
the cost function, the optimality conditions for each p; are identical. Thus, uniform
quantizer is the the optimal quantizer. o

Note that, in case the error does not become uniform after the first stage (which
is the case if the initial error is not uniform and the quantization in the first stage is
not a high-rate one), the Lloyd-Max quantizer is not the optimal quantizer, since the
optimality conditions for the bin edges and the reconstruction values of the Lloyd-Max
quantizer [16] would not be the same as the quantizer minimizing (7.3).

For instance, even for the two-step cost E[(z(0) — z(0))2 + a?(z(1) — x(1))?], the
optimality condition for the /th threshold value, which can be obtained by equating

the derivative of the expression with respect to the quantizer parameters to zero, will

be

So(@) (@ — 21(0))% — (2 — £-1(0))? + @®py(zy — £,(1))* — ®proy (@1 — B1-1 (1))

+a*(=J(fi(1) + I (fi-1(1)) = 0,(7.7)

which is not the same equation as the Lloyd-Max optimality condition [16], since the
optimal z; is not the mid-point between z;_; and ;.

We now return to the original problem of the chapter.
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7.3 Solution to the LQR Problem

We state the following theorem for the solution of the LQR problem with com-

munication constraints.

Theorem 7.1 The quantizer, minimizing the cost function (7.2), under the con-

straint that it has a given fized number of levels, is the uniform quantizer.

Proof. Let us first consider the finite horizon problem:

Ny

J = Ellalzy + D (Joxld + lu(@)[3)], (7.8)

k=tg
where Sy > 0. The relation between the state estimation and the actual state is

— €
./Et—xt'i_qt,

where gf is the quantization error. In chapter 2, the recursion for the estimated state
was found to be

it—l—l = CLJA)t + but + ét,

where ¢é; is the quantized innovation term.

If the quantization error is assumed to be orthogonal to the quantizer outcome,
the problem above can be formulated as a stochastic control problem, which is very
well studied [34],[35].

The structure of the cost function will be quadratic at each time instant [34] with

an additional noise term. At the last stage, N,
Iy = PNa:?V = SN.@?V + wyy,
where w(N) = Sy E[¢4?] and Py = Sy. The recursion for P is an Riccati equation:
P, =Q+ a’RPy1/(R+ b*Pryy). (7.9)
And the optimal control is

’U,Z = —bCLP]H_l/(R-i- bZP]H_l)i‘k.
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The overall cost will have a structure as
J = Pyig + E[Y_ (Pa® + Q)g5_,]- (7.10)
k<N
In the infinite horizon case, by setting P, = Py.1 = P, we get the quadratic

equation for P

P2+ (R(1 — d®) — Qb*)/0*P — QR/b* = 0. (7.11)

Thus, the infinite horizon cost will become
J = Pi} + E[Y_(Pa®+ Q)qf_,7). (7.12)
k

We note that (7.16) has a structure similar to the problem introduced in Proposition
7.1. Thus the optimal quantizer is the uniform quantizer.

o

One can use variable length encoding for the quantizer outputs, in which case, the

data rate might be lower than log,(K) where K is the number of levels used in the

quantizer. As discussed in Chapter 2, the entropy of the variable can be used as a

measure of the data rate required. Thus, the constraint on (7.2) will be

H(é) < B. (7.13)

Now we state the following theorem.

Theorem 7.2 The time-invariant quantizer minimizing the cost problem (7.2), with
the constraint that the quantizer satisfies (7.13) has the same structure as the distortion-

constrained entropy minimizing quantizer introduced in Section 2.3.2.

Proof. Since the constraint is a concave function of the quantizer parameters and
(7.2) is a convex function, the optimal rate would be equal to the bandwidth, and a
Lagrangian multiplier A can adjoin the constraint, which is now an equality, into the

cost to be minimized. Thus, we have
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o0

J= B[ (lzely + lu(@n) %) + AH (é)]. (7.14)

k=to

Thus, the problem is to find the quantizer among the set of quantizers Quan(.)
satisfying the constraint (7.13) and minimizing the cost:

QmiI% | min E[Z(|xk|2Q + |u(@e) %) + AH (éx)]- (7.15)
uany . u k:to

The cost, paralleling Theorem 7.1, becomes
J = Pif + B[ _(Pa®+ Q)gf_,” + AH (é)]- (7.16)
k

The problem here is an entropy-constrained distortion minimization. However, as
was argued in Section 2.3.2, the distortion-constrained entropy minimization and the
entropy-constrained distortion minimization problems are duals of each other. Thus,
the cost function to be minimized has a structure similar to the distortion-constrained
entropy minimizing quantizer proposed in Section 2.3.2 .
o
Remarks. The above analysis can be generalized to multidimensional systems,
since the orthogonality property holds for higher dimensions as well. However, note
that the vector quantization implementations have a high degree of complexity, espe-

cially for the cases where the quantizer is not uniform. o

7.4 Summary

In this chapter we considered an LQR problem with communication constraints.
A dynamic quantization problem has been introduced, solved, and is used together
with the principle of separation and estimation to provide a solution to the LQR

problem.
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CHAPTER 8

CONCLUSION

In this thesis, we have considered the general problem of state estimation and con-
trol for LTT systems where the controller/decision-maker and the plant are connected
via communication channels with different characteristics.

For the case where the channel is a digital noiseless channel, the problem has been
formulated as a quantization problem. A forward-looking scheme and a monotonic
variance achieving scheme have been constructed, and their optimality have been
established using information theoretic arguments. It has been shown that the sys-
tem has a higher performance in terms of the bit rate with forward-looking criterion
for stochastic systems, whereas for noisy systems the rate requirements are identi-
cal under both criteria. A time-invariant distortion-constrained entropy minimizing
quantizer has been introduced as a stabilizing optimal quantizer.

The analysis was then extended to channels which have packet drop characteris-
tics, such as the Internet. Here the main difference is the nondeterministic nature of
the signal sent; thus, the problem is not merely a quantization problem. The rela-
tion between the sampling rate, quantization rate and the packet loss probability has
been investigated. Rates required to achieve stability in state estimation error and
the state itself under different measures have been obtained.

Subsequently, the problem of state estimation and control in centralized higher

dimensional systems and decentralized systems has been considered. Centralized
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and decentralized systems have been shown to entail different optimality conditions,
and it has been shown using information and quantization theoretic arguments that
the degree of the information sharing between decentralized controllers is crucially
important.

Finally in Chapter 7 the dynamic nature of quantization and control problems
in LTI systems have been exposed, and an LQR problem for an LTI system with
digital noiseless channels has been investigated. This might also be regarded as an
application of the results in the earlier chapters to a control problem.

Extensions of the work presented in this thesis to binary noisy channels and ad-
ditive white Gaussian channels are currently under study and are not included in
this thesis. Quantization of control signals is a problem in its own, and requires a
separate treatment. Another topic of interest and relevance is game theoretic analysis

for optimal quantization and decentralized detection and control.
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