Abelian Subvarieties and the Shimura

Construction

Ernst Kani

Queen’s University, Kingston, Ontario, Canada, K7L 3N6
Kani@mast.queensu.ca

Abstract. In 1971 Shimura showed that each weight 2 Hecke eigenfunction f gives rise to
both an abelian subvariety and an abelian quotient of the Jacobian variety of the modular
curve X1(N)/Q. The purpose of this paper is to show that both these constructions follow
from a general “dictionary” that translates statements about subvarieties and quotients of an
abelian variety into statements about ideals of the associated endomorphism algebra. This
dictionary is, in fact, a special case of more general dictionary which applies to subobjects
and quotients in a general semi-simple abelian category.

Keywords: Abelian variety, abelian category, endomorphism algebra, modular forms,
subobject.

1 Introduction

In his fundamental book, Shimura [Sh1] showed that each (Hecke) T-eigenfunction
f € S3(N) on T'y(N) gives rise to an abelian subvariety A’ C Ji(N) of the Jacobian
variety of the modular curve X;(N)/Q, and in a subsequent paper [Sh2] he explained
that such Hecke eigenfunctions give more naturally rise to quotient varieties Ay of
Ji(N). The purpose of this paper is to show that both these constructions (and
more) follow from a general “dictionary” that translates statements about subvarieties
of abelian varieties into statements about ideals of the associated endomorphism
algebras.

To explain this more precisely, let A be an abelian variety over an arbitrary field
K, and let Sub(A/K) = {B < A} denote the set of abelian subvarieties B of A
(which are defined over K). Then the aforementioned dictionary translates this set
into the set Idg of right ideals of the endomorphism algebra E = Endg(A) @ Q of
A/K as follows:

Theorem 1.1 The map B — I(B) := {f € E : Imf C B} defines an inclusion-
preserving bijection

IA/K . Sllb(A/K) = IdE

between the set of abelian subvarieties of A/K and the set of right ideals of E =
End%(A). Furthermore, if By, B, € Sub(A/K) are any two abelian subvarieties,
then there is a canonical (functorial) isomorphism

Hom’(By, By) := Homg (B, By) @ Q = Homg(I(By), I(By)).



This theorem is deduced in §3 from a general fact (Theorem 2.7) about semi-
simple abelian categories which is presented in §2. It is interesting to note that both
Theorem A of [KR] (cf. Remark 3.2(a)) and a result of Lange[Lan| (Corollary 3.5)
are easily deduced from this theorem.

Another consequence of Theorem 1.1 is the following. If V' is any faithful (left)
E-module, then there is a natural bijection between Sub(A/K) and certain algebraic
subspaces of V'; cf. Theorem 4.1. In the case that V' is finitely generated, this yields
(via the Morita theorems) the following result.

Corollary 1.2 Let V' be a faithful, finitely generated left E-module. Then the map
B — I(B)V defines an inclusion-preserving bijection

SA/K,V . Sub(A/K) :> Sube(V)

between the set of abelian subvarieties of A/K and the set of left E-submodules of V,
where E = Endg(V'). Thus, for each left E-submodule W C V there is a unique abelian
subvariety By C A such that Sa/kv(Bw) = W, and we have a ring isomorphism
Ow : Endz (W) = End’(Bw).

Two natural examples for which this result can be applied are V' = H; (A", Q), the
first homology group of the underlying analytic space A% (if K = C) and V' = Ty(A),
the tangent space of A at 0 (if K = Q). Now it is the second example which gives
rise to Shimura’s (first) construction because the latter may be deduced from the
following general statement.

Corollary 1.3 Let A/Q be an abelian variety, and suppose that there exists a commu-
tative subring T C E = End®(A) such that both To(A) and Ty(A)* are free T-modules
of rank 1. Fiz a T-module isomorphism o : To(A)* = To(A), and let W C Ty(A)* be
a T-submodule. Then (W) C To(A) does not depend on the choice of ¢ and there is
a unique abelian subvariety By € Sub(A/Q) such that To(Bw) = @(W). Moreover,
dim By = dimg W.

Indeed, as will be explained in section 5, this can be applied directly to the case
A = J;(N), the Jacobian of the modular curve X;(N); cf. Theorem 5.1.

As Shimura explained in [Sh2], it is, however, more natural to work with abelian
quotients of A in place of abelian subvarieties because then we can work with the
dual module Q(A) = H°(A,Q} ;) =~ To(A)* directly. More precisely, we have the
following result (which is a special case of Corollary 4.4):

Theorem 1.4 If A is an abelian variety over a number field K andp: A — C is a
quotient of A, then the assignment (C,p) — p*Q(C) C Q(A) := H(A, Qi‘/K) induces
a bijection

Qa/k,0 : Quot(A/K) = Subg(Q(A))
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between, the set of abelian quotients of A/K and the set of left E-submodules of Q(A),
where B = Endg(Q(A)). In particular, if there exists a commutative subring T C E
such that Q(A) is a free T-module of rank 1, then for every T-submodule W C Q(A)
there ezists a unique abelian quotient pyw : A — Cyw such that pi,Q(Cw) = W. In
addition, dim Cyy = dimg W.

As will be explained in section 5, the above theorem applies in particular to the
case that A = Jy(NN) is the Jacobian of the modular curve X;(N)/Q and T = Ty is
the Hecke algebra of Jy(/N). We thus obtain a different characterization (and proof)
of the (second) Shimura construction [Sh2].

Moreover, we can use the above dictionary to construct other interesting sub-
varieties and/or abelian quotients of J;(N). These will be used to show how the
Atkin-Lehner decomposition of Sy(I', Q) gives rise to an isogeny decomposition of
J1(N) of the form
(1) Ji(N) ~ I 47

FEN(T1(N))/Gg
Here N (I'y(N)) denotes the set of all weight 2 newforms (of all levels) on I'1(N), Ay
is the abelian variety attached to (the Galois orbit of) f € N (I';(IV)) by the Shimura
construction, and ny = o¢(/N/N¢) denotes the number of divisors of N/Ny, where
N¢|N denotes the level of the newform f.

This paper is organized as follows. In section 1 we shall explain the general
categorical setting for the above results and prove them in that generality. Thus, all
the above results also hold for motives; cf. [Ja]. In sections 3 and 4 we shall specialize
them to the case of abelian varieties, and in section 5 we shall apply them to generalize
the results of Shimura [Sh1], [Sh2] for Jacobians of modular curves.

2 The categorical background

Let X € ob(C) be an object of a category C, and let Sub¢(X) = Sube(X)/~ de-
note the classes of subobjects of X. Here Sube(X) denotes the class of pairs (Y f)
where Y € ob(C) and f : Y — X is a monic (=monomorphism) in C, and ~ is
the equivalence relation induced by the pre-order on Sube(X). By definition, the
latter is given by (Y7, f1) < (Ya, f2) < f1 = fag, for some g € Hom(Yy,Y3). Thus,
(Vi 1) ~ (Yo f2) € (Vi f1) < (Va, fo) < (Yo 1) € fo = fog, for some isomorphism
g: Y] = Y, (cf. [Mac], p. 122), and the pre-order on Sube(X) induces a partial order
on Sub¢(X).

Similarly, let Quot.(X) = Quot.(X)/~ denote the class of quotients of X, which
is defined by duality: Quot,(X) = Subcer(X).

In the sequel we shall be particularly interested in the subclass Subg(X) =
Suby(X)/~ of Sub¢(X) consisting of the split subobjects of X, i.e. Subp(X) consists



of pairs (Y, f) where f : Y — X is a split monic in the sense of [Mac|, p. 19: there ex-
ists g : X — Y such that gf = 1y. Analogously, the class Quot,(X) = Quoty(X)/~
of split quotients (or retracts) of X is defined. We observe:

Remark 2.1 If F': C; — C, is a functor, then F' maps split monics and split epis in
C; to split monics and split epis in Cy, respectively. Thus, for each X € ob(C;), we
have induced maps

Fx : Subg, (X) — Subg, (F(X)), xF : Quote, (X) — Quote, (F(X)),

given by the rules Fx((Y, f)) = (F(Y), F(f)) and xF((Y, f)) = (F(Y), F(f)). It is

clear that Fx is pre-order preserving in the sense that

(2) (Y1, f1) < (Yo, f2) = Fx((Y1, f1)) < Fx((Ya, f2)),

for all (Y, fi) € Subg (X)), ¢ = 1,2, because fi = fog = F(f1) = F(f2)F(g).
Similarly, x I is pre-order preserving, and hence F'xy and x F' induces order-preserving
maps

Fx : Subg, (X) — Subg, (F(X)) and xF : Quot (X) — Quotg, (F(X))

on the equivalence classes. Note that if F" is fully faithful, then the converse of (2)
holds and hence F'y and x I are injective in this case. Moreover, if I is an equivalence
of categories, then it is easy to see that F'x and x [’ are bijections.

We now suppose that C is a preadditive category, so Ex = End¢(X) is naturally
a ring; cf. [Mac], p. 28. In that case we can identify Sub(X) with a certain subset
of the set Idg, of right ideals of Ex, and similarly Quot,(X) can be identified with
subset of the set g, Id of left ideals of E'x, as we shall now see.

Proposition 2.2 Let X € ob(C) be an object of a preadditive category C and put
Ex = Ende(X). Then the rules (Y, f) — Ix(Y, f) == fHome(X,Y) and (Y, f) —
xI(Y, f) :== Home(Y, X) f induce order-preserving bijections

Ix : Suby(X) 5 Spldy,  and xI: Quoty(X) = g, Spld©,

where SpId%X (respectively, p,SpId®) denotes the set of right (respectively, left)
ideals of Ex which are generated by split idempotents.

Proof. It is enough to verify these assertions for [y because those for xI follow from

this by duality. Now if (Y, f) € Subp(X) is a split subobject with splitting g, i.e. if
gf =1y, then ;4 := fg is a split idempotent of Ex ([Mac], p. 20) and we have

(3) Ix(Y, f) = 5f,gEX'
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Indeed, Ix(Y, f) C er4yEx because h € Ix(Y,f) = h = f¢', ¢ € Hom(Y, X) =
gh = gfd = ¢ = e;,h = fg' = h, so h € €;,Ex. On the other hand, since
gEx C Hom(X,Y'), we have ¢;,Ex C fHom(X,Y) = Ix(Y, f), and so (3) follows.
From this we deduce further that

(4) Ix(Subgp(X)) = SpIdy,, .

Indeed, one inclusion follows from (3). Conversely, if eEx € SpIdgEX, then ¢ = fg
with gf = 1y. Thus (Y, f) € Suby(X) and Ix (Y, f) = eEx by (3), and so (4) follows.
We next observe that

(5) (Y1, /1) < (Yo, fo) & Ix(Y1, f1) C Ix(Ya, f2), Y(Y;, f;) € Subg(X).

Indeed, if f1 = fog, then Ix (Y7, fi) = fogHom(X,Y)) C foHom(X,Y3) = Ix(Ys, f2).
Conversely, if Iy (Y1, f1) = e1Ex C eoEx = I (Ya, f2), where g; = ¢y, ,, then g1 = eoh
for some h € Ex and then f; = €191 = exhg1 = fa(g2hg1), so (Y1, f1) < (Ya, fo).

From (5) it follows immediately that Ix induces an order-preserving injection
Ix : Suby(X) — Spld{;, which is bijection because of (4).

Remark 2.3 (a) Since the above proof did not make use of the hypothesis that C
is a preadditive category, we see that Proposition 2.2 is valid for any category C if
we define SpId%X .= {eFx : ¢ € E is a split idempotent}. Thus, Sub;(X) and
Quot;(X) are always sets.

(b) Note that the above proof gives the following description of the inverse maps:
I (eEx) ~ (Y, f) and xI"'(Exe) ~ (Y,g) if ¢ = fg with gf = 1y. In particular,
the equivalence classes of (Y, f) and (Y, g) do not depend on the choice of £ nor on
the choice of f, g such that e = fg.

The above maps Ix and x[ are closely related to the basic representation functors
h*X : C — Sets and hy : C°? — Sets defined by X. To explain this in more detail, let
us first introduce the following notation.

Notation. Let A be an additive category and X € ob(A). For n > 1, let X" =
X @ ... ® X denote the n-fold direct sum with injections e; = e : X — X" and
projections p; = p;' : X" — X, 1 <4 < n. Furthermore, let Suby = Suby 4 denote
the full subcategory of A whose objects are subobjects of X™ for some n > 1, i.e.
ob(Suby) consists of all Y € ob(A) which admit a monic f : Y — X", for sone
n. Similarly, let Quot  and Rety denote the full subcategories of A whose objects
are quotients and retractions of X" for some n > 1, respectively. Thus, Rety is a
subcategory of both Suby and of Quot, .

Proposition 2.4 (a) X is a generator of Quot . and a cogenerator of Suby-.



(b) The restriction of the functors hx and h’* to Rety define fully faithful, additive
functors
hX : Rety — Modp, —and hx :Ret¥ — g Mod

where Mod g and g,Mod denote the categories of right and left Ex-modules, respec-
tively.

Proof. (a) Let fi, fo : Y1 — Ya, where f; # fo and Y1, Y, € ob(Suby ). By definition,
there is a monic g : Yo — X" for some n > 1. Then gf; # ¢fs, and hence pl'gfi #
plgfs for some i, 1 < i < n. Since pl'g € Hom(Y5, X), this proves that X is a
cogenerator of Suby in the sense of [Mac|, p. 123. The proof that X is a generator
of Quot . is analogous.

(b) Since A is additive, it is immediate that h* : A — Sets factors over the cate-
gory Modp,  of right Ex-modules to yield an additive functor A — Modpg, ; cf.
[Sch], p. 143. (Note that h*(Y) = Hom4(X,Y) is naturally a right Fx-module,
and for any f € Homy(Y7,Ys), the map h¥(f) : h¥(Y)) — h¥(Y3) defined by
h*(f)(g) = fg is clearly Ex-linear.) Similarly, the functor hy : A% — Sets fac-
tors additively over g, Mod.

By (a) we know that X is both a generator and a cogenerator of Rety, and
hence the restriction of hy and h* to Rety is faithful. To prove that ¥ is full, let
¢ € Hompg, (h* (Y1), h*(Y3)) be Ex-linear, where Y;,Y5 € ob(Rety). We claim that
Jf € Hom(Y7,Ys) such that h™*(f) = ¢.

For this, we first consider the case that ¥; = X™ and Y, = X". Since e]" €
(Y1) = Hom(X,X™), p(ef*) € h*(X"), and so p(e]*) = ;€] fi, for some
fij € Ex. Then 3!f € Hom(Y1,Ys) such that pj fef® = fi;, Vi, j. Since ¢ is Ex-
linear, we have V(x1,...,2,) € B¢ that ¢ (3_ex;) = > > e} fywi = f (D el'w;) =
RX(F) (O ema;). Thus hX(f) = ¢, because every g € h*(Y;) has the form g =
el

Now assume that Y7,Ys € ob(Rety) are arbitrary, and let f; € Hom(Y;, X™) be
such that g;f; = 1y, for some g;. For ¢ as above, define ¢ : b (X™) — hX(X™) by
?(g) = fa0(g1g), where g € hX(X™). It is immediate that ¢ is Ex-linear, and so by
the above ¢ = h¥X(f), for some f € Hom(X™, X"2). Put f = gof fi € Hom(Y3,Y3).
Then h¥(f) = ¢ because if g € h*(Y1), then fig € h*(X™) and hence h¥(f)(g) =
gphfig = ¢0(f19) = 92(f20(g1f19)) = ©(g). This proves that h¥ is fully faithful.
The proof for hx is similar.

Corollary 2.5 If (Y, f) € Sub/,(X) and (Z, g) € Quot'y(X), then
(6) Ix(Y, f) =~ hX(Y) and xI(Z,g) ~hx(Z),

as right and left Ex-modules, respectively. Moreover, for any (Y1, f1), (Ya, f2) €
Sub 4(X) we have a (functorial) isomorphism

h y, : Homa(Y1,Ys) = Homp, (Ix (Y1, f1), Ix (Y, f2))
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such that ﬁ})fl’n(f)(flg) = fofg, for all f € Hom(Y},Y3),g9 € Hom(X,Y}).

Proof. Since f is monic, the map g — fg induces a bijection ¢ : BX(Y) = fAX(Y) =
Ix(Y, f). Since ¢y is Ex-linear, this is the desired isomorphism of right Ex-modules.
Similarly, the map f — fg defines an isomorphism hx(Z) = xI(Z,g) of left Ex-
modules.

By Proposition 2.4(b), the map h{%,Yl : Hom 4 (Y7, Ys) — Homp, (X (Y1), R (Y3))
induced by h* is an isomorphism (of abelian groups), and hence the same is true for
hi¥ y, which is defined by the rule A5 1. (f) = @ph3 v, ()¢, Thus by definition we

have 5’ v, (/) (f19) = 2115 v, () (9) = 25 (f9) = fofg.
Remark 2.6 If (Y1, f1),..., (Y1, f;) € Sub/4(X), then for any s < r we have

V)@ .. @IY)) ~ [(Yor)®...®(Y,),

where I1(Y;) = Ix(Y, f;). (Similarly, if (Y, f;) € Quot’(X), then (7) holds with
I(Y)) = xI(Y, f;).) Indeed, put Y :=YV1®.. . ®Y,and Y =Y, 1®...®Y, € ob(Rety).
Since h¥ is fully faithful, we have Y ~ Y’ < h¥(Y) ~ hX(Y’). But since h*¥ is
additive, we have hX(Y) = hX (Y1) @ ... & hX(Y,) =~ I(Y1) @ ... ® I(Y,), and similarly
hX(Y') =~ [(Yey1) @ ... ® I1(Y,). Thus (7) follows.

In the sequel we shall be interested the following special case of the above results.

Theorem 2.7 Let A be an additive category. If X € ob(A) satisfies the conditions
that

(1) every idempotent € € Ex = End (X)) splits,
(ii) Ex is a semi-simple ring,

then we have order-preserving bijections
IX : Sllb;\(X) = IdEX and X[ : QUOtZA(X) = EXId,

and the functor h™ induces an equivalence of categories hX : Rety — Modgx between

the category Rety and the category Modjl;x of finitely generated right Ex-modules. In
particular, Rety s an abelian category.

Proof. Let a € Idg,. Since Ex is semi-simple, a = eEx is generated by an idem-
potent € € Ex ([BA], p. 47). By (i), € is split in 4, and so a € SpIdéx. Thus
Idg, = SpIdéX, and similarly 5, Id = 5, SpId*, so the first assertion follows from
Proposition 2.2.

To prove that b is an equivalence, we first note that if ¥ € ob(Rety ), then h* (V")
is a right Ex-submodule of E% for some n > 1, and hence is finitely generated. Thus,

7



h* maps Rety into the full subcategory Modgx of Mody, . Since h* is fully faithful

by Proposition 2.4(b), it is enough to show that if M € ob(mgx) is a finitely
generated Ex-module, then M ~ h*(Y'), for some Y € ob(Rety). Since Ex is semi-
simple, M ~ a; @ ... ® a,, for some ideals a;,...,a, € Idg, (cf. [BA], p. 47). By the
above (and Corollary 2.5) we know that there exist Y3, ..., Y, € Sub’y(X) such that
hX(Y;) =~ a;, for 1 <i <7 and so h* (Y1 ®...®Y,) =~ M. Thus, h* is an equivalence
and hence Rety is an abelian category because ng is abelian.

Remark 2.8 (a) We thus have (in the situation of Theorem 2.7) that for every
right Ex-ideal a € Idg, there is a unique subobject (Y, fa) € Sub4(X) such that
Ix(Yy, fo) = a. Moreover, by Corollary 2.5 we have a ring isomorphism

0, = (EQ,YQ)A : Endg, (a) = End4(Y,)

which can be characterized by the formula fi0.((A\g)ja) = 9fa; Vg € Ex with ga C a,
where A\, (f) = gf, Vf € Ex. [To see this, note first that for any ¢ € Endg, (a) we
have h(0a(p)) = ¢, where h = h{f v, and so (fug') = h(0a(¥))(fag') = fabla()d',
V¢ € Hom(X,Y;). Thus, if ¢ = g, satisfies gofs = ly,, then ¢(g) = foba(©)ga
where ¢ = fygq, and hence ¢(e)fs = faba(p). Thus, taking ¢ = (Ag)ja, We get
fala(@) = Ag(€) fa = gefa = gfa, as claimed.]

(b) The condition (i) of Theorem 2.7 is equivalent to the condition that every
idempotent ¢ € Ex has a factorization ¢ = fg into a monic f and epi g, for the
condition €2 = ¢ implies that fgfg = fg and so gf = 1 as f is monic and g is
epi. Thus, (i) holds in any abelian category; cf. [Mac], p. 195. It also holds in any
pseudo-abelian category (as defined in [Man)), for if ¢ € Ey is an idempotent, then
X = Ker(e) @ Ker(1 — €) and we have € = ispy, where 75 : Ker(l —¢) — X and
pa © X — Ker(l — ¢) denote the canonical injection and projection, respectively.
Thus, the following corollary may be viewed as a sharpening of Lemma 2 of [Ja].

Corollary 2.9 If A is an additive category, then the above conditions (i) and (ii) hold
for all X € ob(A) if and only if A is a semi-simple abelian category. In particular,
every monic and epi splits in such a category.

Proof. If A is abelian and semi-simple, then condition (i) holds by Remark 2.8(b) and
(ii) holds by definition.

To prove the converse, we first observe that if X,Y € ob(A), then X = X; & Xy,
where X; € ob(Rety ) and Hom 4(X5,Y) = 0, Homy4(Y, X2) = 0. Indeed, since X,Y €
ob(Ret,) with Z = X @& Y and since Ret, is equivalent to MEZ by Theorem 2.7,
this observation follows from the corresponding one in M_od];Z.

Now suppose f € Homyu(X,Y), where X,Y € ob(A). Them f has a kernel
Ker(f) € ob(Ret,), where Z = X @Y, because Ret, is abelian. By the above
observation, Ker(f) is also kernel of f in A. Similarly, f has a cokernel. In same
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way it follows that every monic (resp. epi) f : X — Y is a kernel (resp. cokernel)
because this is true in Ret,. Thus, A is an abelian category. Moreover, since Ey is
semi-simple, every monic and epi in M_odéz splits (cf. [BA], p. 46 and 32), and so the
same is true for any monic and epi in Ret, and hence also in A.

Remark 2.10 (a) Since every map of an abelian category A has a canonical decom-
position f = im(f)coim(f) (cf. [Mac], p. 195), we have the following formula for the
inverse of Iy (and that of xTI):

(8) I (fEx) = (Im(f),im(f)), xI7'(Exf) = (Coim(f),coim(f)),

for all f € Ex. To see this, recall that m := im(f) : Y := Im(f) — X is monic
and p := coim(f) : X — Coim(f) =Y is epi, and so there exist splittings g, h such
that gm = 1y = ph. Then f = m(gm)p = (mg)mp = f, where € = mg, and ¢ =
m(ph)g = f(hg). Thus, fEx = eEx and so I'(fEx) = I5'(eEx) = (Im(f),im(f)),
the latter by Remark 2.3(b). The proof for the second formula is analogous.

For later usage, let us also observe that since ker(coim(f)) = ker(f), we have

9) Coim(f) = X/Ker(f) with Ker(f) = Iy (re,(Exf)),

where rg, (a) = {g € Ex : ag = 0} € Idg, denotes the right annihilator of a left

Ex-ideal a € g, Id. Here, the second formula holds because by the universal property
of kernels ([Mac], p. 188) we have Ix(Ker(f)) = ker(f)Hom(X, Ker(f)) = {g € Ex :

fg =0} = e (Exf).
(b) Note that (8) implies that

(10) hix(Y, [) = Ix(h(Y),im(hf)), Vh € Ex,

where h(Y) = Im(hf) denotes the image of (Y, f) under h (cf. [Sch], p. 134), because
hix(Y,f) = hesyEx and im(her,) = im(hf). More generally, we see that each
h € Hom 4(X, X') induces maps

h,: Suby(X) — Suby(X’) and h*: Quot,(X') — Quot 4(X)

by the rules h,(Y, f) = (h(Y),Im(hf)) and h*(Y’, f') = (Coim(f'h), coim(f'h)). We
then have Ix/(h.(Y, f)) = hix(Y, f)Hom(X', X) and xI(h*(Y’, f')) = Hom(X’, X)-
x I(Y', f))h, as is easy to verify.

(¢) From (10) it follows that Ix(Y,f) is a two-sided Ex-ideal if and only if
(Y, f) is Ex-stable in the sense that im(hf) factors over f, for all h € Ex. In-
deed, hIx(Y, f) 2 Ic(Im(hf),im(hf)) C Ix(Y, ) & (Im(hf),im(hf)) < (Y, f) &
im(hf) = fg, for some g : Im(hf) — Y.

(d) Note that Idg, and g, Id are lattices, i.e. that each collection ai,...,a, of
ideals has a least upper bound ) a; and a greatest lower bound Na;. Thus, by
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Theorem 2.7 and Corollary 2.9, the same is true for Suby(X) = Sub’y(X) and
Quot 4(X) = Quot’,(X). We now describe these upper and lower bounds explicitly.

As is explained in [Mac], p. 122, the greatest lower bound of (Y3, f1),..., (Y, f») €
Sub4(X) is (NY;,Nf;), where NY; =Y; Xx ... Xx Y, (which exists in A by [Sch], p.
110) with canonical monic Nf; = (fi,..., fr) : NY; — X. Moreover, the least upper
bound is obtained by factoring the canonical map f: Y : =Y ®...®Y, — X (defined
by fe; = f;) into f = im(f)coim(f); the image (Im(f),im(f)) € Sub4(X) is denoted
by Y (Yi, fi) = O_Y;, >0 fi). In particular, we have unique maps g¢; : ¥; — >_Y; and
h; : NY; — Y; such that f; = (3 fj)¢; and f;h; = Nfi, for 1 <i <r. Thus:

1) I (0 ) = 0 £ I (06 1)) = Ix(Vi £):

From this we can deduce easily that

(12) Ix(Yo, fo) = Ix(Y1, f1) © ... ® Ix(Y7, )
& Jg:V1®...@Y, 5 Y, such that foge; = fi,1 <i <,

where e; : Y; = Y1 @ ... @Y, denotes the ith inclusion map.

By duality, similar statements hold for Quot 4(X) = Sub4»(X) in place of
Sub 4(X). For example, if (Y;,g;) € Quot4(X), 1 < i < r, then their least upper
bound is Y (Y}, g;) = (Coim(g), coim(g)), where g = (g1,...,9,) : X = Y1 ® ... dY,
is the unique map such that p;g = g;.

(e) By using the notation in (d), we can give an alternate definition for the inverse
maps Sy = I and Qx = xI 1 if a is a right (respectively, left) Ex-ideal, then

(13) Iy (a) = Z(Im(f),lm(f)) and xI '(a) = Z(Coim(f),coim(f)).

f€a f€a

Indeed, since each a € Idg, has the form a = e Ex (cf. proof of Theorem 2.7), we have
by (8) that I (a) = (Im(¢g),im(e)) = > reaIm(f),im(f)), and the second formula is
proved similarly.

Example 2.11 Let k be a semi-simple ring, and let A = ;Mod’ be the (abelian)
category of finitely generated left k-modules. Then Corollary 2.9 shows that A is a
semi-simple abelian category because for every M € ob(A) the ring Ey; = Endg (M)
is semi-simple by [BA], p. 47.

In addition, from Theorem 2.7 and Remark 2.10(e), (a) we see that the maps
SuaraM =% . Im(f) and Qu : @ — M/rg, (a)M induce order-preserving
bijections

Sy Idg,, = Subg(M) = Sub, (M) and Q : g, Id = Quot, (M) = Quot) (M),
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where Subg (M) = Suby(M) and Suby(M) = Quot 4(M) denote the sets of k-
submodules and k-quotients of M, respectively.

Furthermore, if M is a faithful k-module, then &k C M" for some n > 0 (by [BA],
p. 26) and so Ret,, = zMod/ (because every M’ € ;Mod’ is isomorphic to a (finite)
direct sum of ideals of k). Thus, by Theorem 2.7 we see that the functor h* induces
an equivalence of categories hM : Mod/ — MJ;M = Eﬁmf . Note that since each
M’ € ob(A) is projective, we have h™ ~ M* @y, *, i.e. hM is equivalent to the Morita
functor of [CR], p. 60.

In order to be able to apply the above results to the Shimura construction, it is
useful to extend Theorem 2.7 as follows.

Theorem 2.12 In the situation of Theorem 2.7, suppose that M is a faithful left
Ex-module, and put Ex = Endg, (M). Then the rule (Y, f) — Ix(Y, f)M defines
an order-preserving bijection

SX,M . Sub;l(X) :> A]gEX(M)

where Algp, (M) = {aM : a € Ex} C Subg (M). Moreover, if M is a finitely
generated Ex-module, then Algg (M) = Subg (M), and we have an equivalence of
categories

poM . — pX ®py M :Rety — EXM_odf

with the property that hXM(Y') ~ Sx v (Y, f), for all (Y, f) € Sub4(X). In partic-
ular, for every N € Subg (M) there is a unique (Yn, fn) € Suba(X) such that
Sxm(Yn, fn) = N and we have a ring isomorphism

(9N . EHdEX (N) 5 EHd_A(YN)
such that fnOn((Ag)n) = 9fn,Yg € Ex with gN C N, where A\g(x) = gz, Vo € M.

Proof. Since Ex is semi-simple and M is faithful, it follows that M is a faithfully
flat Ex-module. (Use Exercise 1 of [BCA], p. 49). Thus, the map a +— aM defines
an (order-preserving) injection iy, : Idg, — Subg, (M). (Here we use the obvious
fact that each aM is a left Ex-submodule of M.) It thus follows from Theorem
2.7 that the map Sx y = pam o Ix is an order-preserving bijection onto its image
Alg(M) = Im(Sxn) C Subg (M). Note that Alg(M) = Algg, (M) because
Ix(Y, f) = eEx for some (idempotent) ¢ € Ex and then Sx (Y, f) =M.

Now suppose that M is finitely generated. Then Ey is again semi-simple ([BA],
p. 47) and Ep =~ Ex ([BA], p. 50). Thus, by Example 2.11 it follows that the map
Sy = pr : Idg, — Subg (M) is a bijection, and so Algy (M) = Subg (M). Fur-
thermore, since M is faithful and projective, it follows from Morita’s Theorem ([CR],
p. 60) that the functor * @g, M : Méx — mg;}p = ~me is an equivalence
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of categories, and so it follows from Theorem 2.7 that h*M := (x @p, M) o hX is
also an equivalence. Moreover, since M is Ex-flat, we have by Corollary 2.5 that
Sxm(Y, f)=Ix(Y, /)M ~ Ix(Y, f) @5, M ~h*(Y)@p, M = h5M(Y).

Finally, if N € Subg (M), then the existence and uniqueness of (Yy, fy) is
clear since Sx s is a bijection. Moreover, since N = aM ~ ag, M, for some (unique)
a € Idg, , we see from Remark 2.8(a) that Oy = 0,®g, M is the desired isomorphism.

As we shall see in section 5, the following corollary can be viewed as an abstract
version of the Shimura construction.

Corollary 2.13 In the situation of Theorem 2.12, suppose that M is finitely gen-
erated and that there is a commutative subring T C Ex such that M is a free T-
module of rank 1. Then for every T-submodule N C M there is a unique subobject
(Yn, fv) € Subu(X) such that Sx m(Yn, fn) = N and we have a natural ring em-
bedding

0y : Endp(N) — End4(Yy)

such that fxnOn((\)n) =tfn, forallt €T,

Proof. Since M is a free T-module of rank 1, we have Endy(M) = Ty, where Ty
denotes the image of T'in End(M). Thus Ex = Endg, (M) C Endy(M) = Ty, and
so every T-submodule N of M is a fortiori an Ex-submodule. Thus, the assertions
follow directly from Theorem 2.12, if we let 6 be the restriction of Oy to Endy(N) C
Endg (N).

In practice, most examples of Ex-modules arise via additive functors in the fol-
lowing way.

Corollary 2.14 Let A be a semi-simple abelian category and let k be any ring. If
F: A — Mod is a faithful additive functor, then for every X € ob(A) the map Fy
induces an order-preserving bijection

Fx = Sx,r(x) : Suba(X) = Algp(F(X)),

where Algp(F(X)) = {Im(F(a)) : a € Ex} C Subg (F(X)). Moreover, the inverse
of Fx is given by Fx (Im(F(a))) = (Im(a), im(a)).

Proof. By functoriality, the rule a — F(a) defines a ring homomorphism px p : Ex —
Endy(F (X)) which is injective since F is faithful. Thus, M = F(X) is a faithful left
Ex-module via px,p, and so Sy, p(x) : Subu(X) = Algy (F(X)) is a bijection by
Theorem 2.12. Since Ix(Y, f) = fgEx, where ¢ € Hom(X,Y') satisfies gf = 1y, we
see that

(14) Sx.rx) (Y, f) = F(f9)F(X) = Im(F(f)F(g)) = Tm(F(f)).

12



Here the last equality holds because F(g) is a retract (and hence is surjective).
We thus see that Fx (Y, f) := (F(Y),F(f)) ~ Im(F(f)) = Sx.rox)(Y. f) and that
Algp(F(X)) = Algy (F(X)) C Subg, (F(X)). Finally, it is clear from (14) that

S n (Im(F(a)) = (Im(a), im(a)).

On the other hand, contravariant functors can also be used in the following
mannner.

Corollary 2.15 If A is a semi-simple abelian category and G : A? — Mod is
a faithful (contravariant) additive functor, then for every X € ob(A) the map Gx
defines an order-preserving bijection

Qx.c = Gx : Quot 4(X) = Sub 4 (X) = Alg,(G(X)) = {Im(G(a)) : a € End(A)},

and Qxc(Y.p) = G(X)xI(Y,p) = Im(G(p)), for any (Y,p) € Quot 4(X). Moreover,
if G(X) is a finitely generated Ex-module, then Alg(G(X)) = Endg (G(X)), where
Ex = Endg, (G(X)) = {f € End(G(X)) : fG(a) = G(a)f,Ya € Ex}. Thus, for
each (left) Ex-module W C G(A), there is a unique (Zw,pw) € Quot 4(X) such
that Tm(G(pw)) = W, and we have Ker(pw) = I (rg, (W)).

Proof. Since A is again a semi-simple abelian category, the first assertion is clear
from Corollary 2.14, and the second follows from equation (14) together with the
fact that Qx (Y, p) = Sx.cx) (Y, p?). Moreover, since G(X) is naturally a left E-
module or, equivalently, a right E'x-module, the third assertion follows from Theorem
2.12. To prove the last assertion, put € = fpw, where py f = 1,,. Then W = G(X)e
and rg, (W) = rg,(Exe) = (1 —¢)Ex, and hence (Zw, pw) = (Coim(e), coim(e)).
Thus, by (9) we have I3 (rz, (W)) = Ker(e) = Ker(pw), as claimed.

3 Subvarieties and Quotients of an Abelian Vari-
ety

As in the introduction, fix an arbitrary ground field K and let A/K be an abelian
variety defined over K. Throughout, we shall freely use the basic facts about abelian
varieties as presented in Milne[Mi] and Mumford[Mul].

Notation. Let Sub(A/K) denote the set of abelian subvarieties B of A/K in the
usual sense, i.e. B is an abelian variety over K together with a closed immersion jp :
B — A which is a K-homomorphism of abelian varieties. Since closed immersions are
monics in the category Var, of K-varieties, they are also monics in the subcategory
Ab, of abelian varieties over K with K-homomorphisms, and so we have an inclusion
Sub(A/K) C Subyy, (A). However, these sets are rarely equal, as we shall see; cf.
Remark 3.2(a).
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Similarly, let Quot(A/K) C Quoty, (A) denote the set of equivalence classes
of abelian quotients (C,p) of A; the latter means that p : A — C is a surjective
K-homomorphism such that its (schematic) kernel Ker(p) is an abelian variety.

Furthermore, let AbY. denote the category of abelian K -varieties up to isogeny (cf.
[Mu], p. 172): we have ob(Ab%) = ob(Ab,) and Hom,yo (A4, B) = Hom’(A, B) :=
Hom(A, B) ® Q. Thus, since Hom(A, B) is torsionfree (cf. [Mi], p. 122), Ab is
naturally a subcategory of Ab%. We observe:

Proposition 3.1 Ab% is a semi-simple abelian category, and the embedding ix :
Ab, — &?( induces bijections

ix.a:Sub(A/K) = Suby (A) = Subjib?{(A),
ikt Quot(A/K) = Quotyy (A) = Quot),o (A).

Proof. The first assertion is well-known, but we shall give a quick proof below using
Corollary 2.9. For this, we first observe that

(15) f € Hom(A, B) is a monic < ix(f) is a monic in Ab%

(and similarly for “monic” replaced by “epi”). Indeed, since ix is an embedding
(hence faithful), ix(f) monic (epi) = f monic (epi). Conversely, if f is monic and
ix(f)g = ix(f)h with h,g € Hom’(C, A), then 3In > 0 such that g[n]c = ix(¢’) and
hinlc = ix(h') with ¢’, ' € Hom(C, A), where [n]c denotes the mulipication by n
map on C. Then fg' = fh', so ¢ = h' and hence g[n]c = h[n]c. Thus g = h because
[n]c is an isomorphism in Ab%, and so f is monic. The proof for epis is similar.

Now since every map in Ab, factors as f = gh where h is a surjection (hence epi)
and ¢ is a closed immersion (hence monic), it follows from (15) that every map in
AbY factors as f = gh with g monic, k epi. Thus condition (i) of Theorem 2.7 holds;
cf. Remark 2.8(b). Moreover, Ab% is clearly an additive category, and condition
(ii) holds for every A € ob(Ab%) by [Mi], p. 122. Thus, by Corollary 2.9 we see
that Ab% is a semi-simple abelian category and that Sub Ao (A) = Sub;i% (A) and
Quot s, (A) = Quotg_b%(A), for every A. By (15) we see that the rule (B, jg) —
(ix(B),irx(jp)) defines a map ix 4 : Sub(A/K) — Subyye (A) and similarly we have
amap aix : Quot(A/K) — Quot g (A).

To see that ik 4 is injective, suppose that ix 4(B,jp) = ix.a(B’,jp), i.e. that
ix(jg) = ix(jp)h, for some isomorphism h : ix(B) = ixg(B’). Then In > 0 such
that hin|g = ix(h'), for some isogeny ' : B — B’, and so jg[n|p = jph'[n|p, or
JjB = jp'h since [n]p is epi. But since Ker(jg) = 0, it follows that Ker(h') = 0, and
so W' : B = B'is an isomorphism. Thus (B, jg) ~ (B',j%), i.e. ix 4 is injective.

It remains to show that ix 4 is surjective. Let (B, f) € Sub;b%(A), and let g
be such that gf = 1. Then In > 0 such that fn = ix(f’), gn = ix(g’) with
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f' € Hom(B, A), ¢ € Hom(A, B), and so ¢'f’ = [n*]p. Thus, f’ has finite kernel and
and so there exists an isogeny 7 : B — B’ = B/Ker(f) such that f' = f"x, where
f": B — Ais a closed immersion (use [Mu|, p. 118). Thus (B’, f") € Sub(A/K)
and i a(B', f") ~ (B, f) because ix(f")ix(r) = f[n]p (and ix(7) and [n]p are
isomorphisms in &%. Thus ig 4 is surjective.

The proof for 4ix is entirely analogous. Alternately, we can deduce it directly
from what was proved above by observing that the duality functor Dg : AbY — Ab

defined by D(A) = A, D(f) = f induces for every A /K an order-reversing bijection
(16) Di.a : Quoty, (A) = Subper(A) = Subyy, (A).

Indeed, the latter assertion is equivalent to the well-known fact (cf. [La], p. 216) that
if p: A — C is any homomorphism of abelian varieties, then p is an abelian quotient
& p:C — Ais a closed immersion.

Remark 3.2 (a) From the above proof we see that f : A — B is a monic in Abj if
and only if f = fog, where (4A', fy) € Sub(B/K) and g : A — A’ is an isogeny. Thus
f is monic if and only if Ker(f) is finite. Similarly, f is epi in Ab, if and only if
f = gfo, where (C, fy) € Quot(A/K) and g : C'— B is an isogeny; for later reference
let us write (B, f)° := (C, fo). Thus, f is epi if and only if f is surjective.

(b) Since Ab). is an abelian category, every f € Hom"(A, B) has a canonical
factorization f = jhp where j : Im(f) — B is a monic, p : A — Coim(f) is epi and
h : Coim(f) = Im(f) is an isomorphism. Thus, by (a), every f € Hom(A, B) has
a canonical factorization f = jhp where j is a closed immersion (and Im(f) is an
abelian subvariety of B), p : A — Coim(f) = A/Ker(p) is an abelian quotient and
h : Coim(f) — Im(f) is an isogeny.

We are now ready to prove Theorem 1.1 of the introduction, as well as a dual
version. More precisely, we shall prove the following result.

Theorem 3.3 Let A/K be an abelian variety and put E = End°(A). Then the
maps B — I(B) := jgHom"(A,B) = {f € E : Imf C B} and (C,p) — I'(C) =
Hom"(C, A)p define lattice-preserving bijections

Lyk :Sub(A/K) = Idg and Ik : Quot(A/K) = gld

whose inverses are given by IX}K(a) =aA =3, Im(f) and by I’E}K(a) = (Cq, pa),
respectively. Here Cy = A/rg(a)A, where rg(a) = {f € E : af = 0} is the right
annihilator of a, and p : A — Cy is the quotient map. Furthermore, the functor h*
imduces an equivalence of categories

Wt s Subfy e = Quot’, - Mod]
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A/K
those abelian varieties which are isogenous to a subvariety (respectively, to a quotient)
of A", for some n > 1. In particular, for any By, By € Sub(A/K) and C,Cy €

Quot(A/K) we have functorial isomorphisms

where SLb%/K (respectively, Quot’ ) is the full subcategory of AbY consisting of

Hom(By, By) = Homg(I(B1),1(B,)), Hom"(Cy,Cs) = Homg(I'(Cy), I'(Cy)).

Proof. Put Ia/x = Iao0iaxk and Iix/K = 4l o 4ig, so by definition I/ (B) =
jpHom(A, B) and Iy (Cp) = Hom’(A,C)p, for B € Sub(A/K) and (C,p) €
Quot(A/K). Note that I4/x(B) = {f € E: Imf C B = Im(jp)} by the universal
property of an image (viewed as a kernel). From Proposition 3.1 and Theorem 2.7
(with A = Ab)) we see that [y and I, s are order-preserving bijections and

that h* is an equivalence of categories. (Note that since AbY) is semi-simple, we
have Su_b%/K = QuotOA/K = @%/K by Corollary 2.9.) Moreover, by Remark 2.10(e)
together with formula (9) we see that the inverses are given by the indicated formulae.

The last assertion is an immediate consequence of Corollary 2.5.

Remark 3.4 (a) The above results give a new proof of Theorem A of [KR], which
may stated as follows: if By,..., B, € Sub(A/K) and s < r, then

(17) By X ... X By~ Byy1 X ... X By & I(B))® ... 1(B,) ~ I(Bss1) ® ... ® I(B,).

Indeed, via Proposition 3.1, this is just a restatement of (7). [To see that (17) is
equivalent to Theorem A, note that B; = Im(g;) = £;(A), for some idempotents
gi € E (cf. (3)), and then I(B;) =¢,E. Sinceg;E® ... B~ Ed ... ¢, E e
€1+ ...+ s~ Esy1 + ...+ &, the equivalence of (17) and Theorem A is clear.|

(b) Recall from Remark 3.2(b) that each f € End(A) has a factorization f = jhp,
where h : C' — B is an isogeny, (B,j) € Sub(A/K), and (C,p) € Quot(A/K). It
then follows from (8) that [4/x(B) = fE and I, ;- (C,p) = Ef.

(c) Note that it follows from Proposition 3.1 that each closed immersion jg : B —
A is split in &?{, i.e. that 3h : A — B such that hjp is an isogeny. Such a map
can be chosen canonically if we fix a polarization A = A\ : A — A. Indeed, let
Ap = jB)\h = )\jgﬁ : B — B denote the induced polarization on B. Then there
exists a unique Ay such that NzAp = [n]p, for some (minimal) n = ng > 0, and
NB,A = )\/B(jB)AA : A — B satisfies NB,/\jB = [nB] Thus EBX = %NB)JB is a
canonical generator of I(B) = ep \E.

Using Remark 3.4(c), we see that the above theorem implies the following result
of Lange[Lan] (cf. [LB], p. 126, for the case K = C).
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Corollary 3.5 (Lange) Fiz a polarization A : A — A. Then the map B — EBA
defines a bijection

Sub(A/K) = Symld(E) := {symmetric idempotents of E}

between the set of abelian subvarieties of AJ/K and the set SymId(E) of idempotents
e € E = End’(A) which are symmetric with respect to the Rosati involution a — a* =
A loaol\ onE.

Proof. We first show that ¢p ) is symmetric. Indeed, since A and A\p = j’B)\h are
polarizationsz we have that 5\/@4 = )\ and S\B/{B = \p, where Ky : A 5 1}1 and
kp : B = B are the canonical identifications. Thus (Ng) = kpNg and pprp =
;\;BﬁB = ;\I{AjB = MAjp. From this we obtain that egég\ = NBjBA = NBpB =
pe(Ng) B = DBKBNgPE = N\jBNB = €plep, i.e. that €% = ep, as claimed.

In view of Theorem 1.1 (or Theorem 3.3) it is therefore enough to show:

Each right E-ideal a is generated by a unique symmetric idempotent.

To prove this, note first that it is enough to verify the uniqueness assertion because
by Theorem 1.1 and Remark 3.4(c) we know that a = e \E for some B € Sub(A/K).
To prove uniqueness, let €1,e5 € SymId(E) be such that e;E = &E. Then (1 —
g9)e1E = (1 — &9)e0E = 0, s0 €361 = £1, and similarly €165 = 9. Since ; and e, are
symmetric, we have from the second equation that eqe1 = ie] = (e169)" = &5 = e,
and hence €1 = 961 = 5.

Corollary 3.6 Let (C,p) be an abelian quotient of A and let a = IA/K(C’, p) be its
associated left E-ideal. Let B C A be the subvariety corresponding to the right E-ideal
a* which is the image of a with respect to the Rosati involution * of A (associated to
a polarization A : A — A) Then pip : B — C' is an isogeny.

Proof. By Corollary 3.5 we have a* = ep,E, so a = o = Eep, = Eep ) since
ep is symmetric. With the notation of Remark 3.4(c), write Ng = hp’ where
(C",p') € Quot(A/K) and h : C" — B is an isogeny. By Remark 3.4(b) we have
I'(C"p') = Eep = I'(C,p), and hence by Theorem 3.3 there exists an isomorphism
f:C = C" such that p' = fp. Thus hfpjp = hp'jp = Npajs = [np] is an isogeny,
and hence so is pjp = pJp.

4 Algebraic Subspaces of E-Modules

As before, let A/K be an abelian variety and E = End(A). If V is any faithful
left E-module, then the results of the previous sections show that we have a canon-
ical bijection between the set Sub(A) of abelian subvarieties of A/K and the set
Alg (V) ={aV :a € E} of algebraic subspaces of V. More precisely:
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Theorem 4.1 IfV is a faithful left E-module, then the map B — Ik (B)V induces
an order-preserving bijection

SA/K,V . SUb<A/K) g Alg]E<V)

Moreover, if V' is also finitely generated, then Algg(V) = Endg(V), where E =
Endg(V), and hence for each left E-submodule W C V' there is a unique abelian
subvariety By C A such that Sajxv(Bw) =W, and we have a ring isomorphism

Ow : Endg(W) = End’(By)
such that jew ((Af)w) = fiw, for all f € E with f(W) C W.

Proof. This follows immediately from Theorem 2.12 and Proposition 3.1 by putting
Sa/kv = SAv 0tk

Most of the interesting examples of faithful E-modules arise from faithful (covari-
ant) functors in the following way.

Corollary 4.2 If F : Ab,, — Vec, is a faithful functor, where Vec, is the category
of (finite dimensional) vector spaces over some field k, then for every abelian variety
A/K the map B +— F(B) induces an order preserving bijection

Su/kr : Sub(A/K) 5 Alg(F(A)) = {Im(F(a)) : a € End(A)}.

Moreover, if k is a finite extension of Q, then Alg(F(A)) = Endg(F(A)), where
E = Endg(F(A)).

Proof. Since F is faithful, it follows that char(k) = 0 and so F' extends uniquely to
a (faithful) functor F : Ab% — Vec,. Thus, the first assertion follows immediately
from Corollary 2.14. (Note that if a € E, then na € End(A) for some n > 0 and
then Im(F(a)) = Im(F(na)) and hence Alg(F(A)) = Alg,(F(A)).) Moreover, if
k is a finite extension of Q, then F'(A) is a finitely generated E-module, and hence
Alg(F(A)) = Endg(F(A)) by Theorem 2.12.

Some examples of functors satisfying the above hypotheses are the following.

Example 4.3 (a) (Homology functor) Suppose that X' C C. Then we can view
Ac := A®k C as a complex analytic space, and so homology theory yields a faithful
functor Hy : Aby — Vecy which is defined by H,(A) = Hi(Ag",Q); cf. [Mu], p. 176.
Note that dimg H;(A) = 2dim(A).

(b) (Tangent space functor) Suppose that char(K) = 0. Then the tangent
space To(A) of A at the origin is a K-vector space of dimension d = dim(A), and we
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obtain a faithful functor Ty : Ab,, — Vecy. (To see that Tj is faithful, reduce to the
case K = C and use [Mu], p. 176(top).)

(c) (Tate module functor) Let K be any field and fix a prime ¢ # char(K).
For any abelian variety A/K, its Tate module Ty(A) := Ty(A ® K) a free Z,-module
of rank 2d and so TP(A) = T, ® Qy is a Qg-vector space of dimension 2d. Moreover,
the induced functor T} : Aby — Vecg, is faithful by [Mu], p. 176ff.

Proof of Corollary 1.3. By hypothesis, Homp(75(A), To(A)) = Ty because To(A)* ~
To(A) ~ T as T-modules. Thus, if ¢’ is another isomorphism, then ¢’ = ty with
t € T* and so @' (W) = p(tW) = o(W). This proves the first assertion. Moreover, by
Example 4.3(b), the tangent space functor T satisfies the hypotheses of Corollaries
4.2 and Corollary 2.13, and so the second assertion follows. Finally, we note that
dimg W = dimg Ty (Bw) = dim By, as asserted.

For contravariant functors, we have the following dual version of Corollary 4.2.

Corollary 4.4 If G : AbYY — Vec, is a faithful, contravariant functor, then for each
abelian variety A/ K the map (C,p) — G(A)I'(C,p) = Im(G(p)) C G(A) defines an
order preserving bijection

Qc = Qa/kc : Quot(A/K) = Alg(G(A)) = {Im(G(a)) : a € End(A)}.

(
Moreover, if k is a finite extension of Q, then Alg(F(A)) = Endg(F(A)), where
E = Endg(G(A)) = {f € End(G(A)) : fG(a) = G(a)f,Ya € B}. Thus, for each
(left) E-module W C G(A), there is a unique (Cy,pw) € Quot(A/K) such that
Im(G(pw)) = W, and we have Ker(pw) = rg(W)A.

Proof. Using the same reasoning as in the proof of Corollary 4.2, we see that these
assertions follow immediately from Corollary 2.15.

The following are examples of such functors.

Example 4.5 (a) (Duals of covariant functors) Let Dy, : Vec, — Vec? denote
the (contravariant) duality functor defined by Dy(V) = V* = Hom(V, k). Clearly, if
F : Ab, — Vec, is any faithful covariant functor, then its “dual” F* = Dy o F :
Ab, — Vec” is a faithful contravariant functor. In particular, the duals of the
functors Hy, Ty and T} considered in Example 4.3 are faithful and are called the
cohomology functor H' = (H)*, the cotangent functor T; = (Tp)* and the étale
cohomology functor H:(-,Q,) = (TP(-))*, respectively.

(b) (The functor of holomorphic differentials) Let char(K) = 0 and let
Q: Ab? — Vecy denote the functor of holomorphic differentials defined by Q(A) =
HO(A, Q) ). Since the (restriction) map w + wy € Tg(A) defines an isomorphism
of functors €2 >~ T, this functor is again faithful.
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Proof of Theorem 1.4. The first assertion follows from Corollary 4.4 because the
functor € satisfies the required hypotheses by Example 4.5(b). The second asser-
tion follows from Corollary 2.14. Finally, since pj, : Q(Cw) — Q(A) is injective
(cf. Remark 4.6), we have dim Cy = dimg Q(Cw) = dimg pj Q(Cw) = dim W, as
claimed.

Remark 4.6 Let G : Ab? — Vec, be as in Corollary 4.4, and let f : A — A’ be
a homomorphism of abelian varieties. If f is surjective, then f is a split epi in Ab%
(cf. Proposition 3.1) and hence G(f) : G(A") — G(A) is injective because G' maps
split epis in Ab% to monics in Vec,. (Similarly, if f has finite kernel, then G(f) is
surjective, and if f is an isogeny, then G(f) is bijective.) Thus, G(f) induces an
injection G(f) : Subg(G(A’)) — Suby(G(A)) which maps algebraic subspaces to
algebraic subspaces because we have

(18) G()(Qa(C, 1)) = Qa((C',p'f)°), forall (C',p) € Quot(4'/K).

Indeed, if we write (C, p) := (C',p'f)° € Quot(A/K) (cf. Remark 3.2(a)), then there
is an isogeny g : C' — (' such that gp = p'f, and we have G( R (C”,p)) =
G(NIm(G(p)) = Im(G(p'f)) = Im(G(p)G(g)) = Im(G(p)) = Qa((C",p'f)") be-

cause G(g) is bijective.
The following corollary is frequently useful in applications.

Corollary 4.7 If (C,p),(C1,p1),...,(Chypn) € Quot(A/K) are abelian quotients
such that Qa(C,p) = > Qa(Ci, pi), where G is as in Corollary 4.4, then there is a
unique homomorphism v : C' — Cyx...xC, with finite kernel such that (py,...,pn) =
v o p. Furthermore, v is an isogeny if and only if the sum of the Qc(Cyi,p;)’s is a
direct sum.

Proof. Since Q)¢ is a lattice isomorphism by Corollary 4.4, it follows from the hy-
pothesis that (C, p) is the maximum of the (C;, p;)’s, and so the first assertion follows
from Remark 2.10(d). Moreover, since Qa(Cy,pi) = Qa(A)I'(Cy, p;) and since G(A)
is a faithfully flat E-module (cf. proof of Theorem 2.12), we see that the sum of the
Qc(Cy, pi)’s is a direct sum if and only if the I'(C;, p;)’s are a direct sum, and so the
assertion follows immediately from (the dual version of) (12).

5 Applications to Modular Curves
Let Xpc = I'\$* be the complex modular curve attached to a subgroup I' < SLy(Z)
of level N > 1,1ie. I'h)(N) < T < Ty (N). (We could also take I' = I'(N).) By

Shimura[Sh1], X1 ¢ has a “canonical” model X = Xp /Q over Q such that the map
f+ fdz induces a natural identification Sy(T',Q) = H(X, Q) where S3(I", Q) C
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S5(I") denotes the subspace of all cusp forms of weight 2 on I" whose Fourier expansion
(at the cusp co) have rational coefficients; cf. [Shl], p. 156 and p. 140 or [DDT], p.
35. Thus, if J = Jr/Q denotes the Jacobian variety of Xr, then we have a canonical
identification

Q(J) == H(J,Q}0) = H(X, Qx/0) = S2(, Q).

By Hecke’s theory, there is a commutative subring (called the Hecke algebra)
T = Q{T0}n>1] C E = Endgy(J) such that Sy(I',Q)* ~ Ty(J) is a free T-module of
rank 1; cf. [Sh1], Theorem 3.51 or [DDT], Lemma 1.34. Furthermore, Q(J) = S2(I", Q)
is also a free T-module of rank 1, as can be seen either from [Sh1], Theorem 3.51
or by Atkin-Lehner Theory (cf. [DDT], Lemma 1.35), and so there is a T-module
isomorphism ¢ : Q(J) = Ty(J). We then have the following generalization of the
Shimura construction:

Theorem 5.1 Let W C S»(I', Q) be any T-submodule. Then:

(a) There ezists a unique abelian quotient (Aw, pw) € Quot(Jr) such that ply, QU Aw) =
W. Furthermore, dim Ay = dimg W and we have an injective ring homomorphism
Ow : Endp(W) — End{(Aw) such that 6w (tw) o pw = pw ot, for all t € T.

(b) Fiz a T-module isomorphism ¢ : So(T, Q) = Ty(J). Then (W) does not
depend on the choice of ¢, and there exists a unique abelian subvariety Ay, € Sub(Jr)
such that or(W) = To(Ay,) C To(J). Furthermore, dim A}, = dimg W and there
exists a ring injection 0y, : Endp(W) — End’(A}y,) such that 0y (tw) = tiay,, for all
teT.

(¢) The restriction ply, = (pw )4y, + Aw — Aw of pw to Ay, is an isogeny provided
that (W @ C)|w, = W ® C, where wy = ((}v_ol)‘

Proof. (a) By the above discussion, this follows immediately from Theorem 1.4.

(b) Via the identification So(I", Q) = Ty(J)*, all assertions except the last follow
from Corollary 1.3. The last assertion follows from Corollary 2.14.

(c) Since W is an E-module, we have by Corollary 4.4 that W = Q(J)a for some
left ideal a of E. Since wy induces an automorphism of Q(J ® C), the hypothesis
implies that Q(J ® C)wy'awy = Q(J ® C)a. Thus, since wy'awy is a left ideal of E
(cf. Lemma 5.2 below), it follows that wy'awy = a. Thus, using the map ¢ of Lemma
5.2, we have by (19) that (W) = o(Q(J)wyawy') = a*Ty(J) (because wh = wy').
This shows that ¢(W) = a*T(J), and so the assertion follows from Corollary 3.6.

Lemma 5.2 The map o — wy'awy defines an automorphism of E = Endg(J).
Thus, if a — o denotes the Rosati involution on E induced by the canonical polar-
ization of J, then there exists a T-module isomorphism ¢ : Sy(T',Q) = Ty(J) such
that

(19) o(fa) = (wy'a*wy)e(f), for all f € S5(T,Q), a € E.
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Proof. We first verify that wy'aw, € E, if @ € E. For this we observe that the
automorphism wy is defined over K := Q((y) and satisfies w)¢ = wyo, ', where
7. € Gal(K/Q) is given by (¢ = (% and o, = (“;lao) (mod N). Since o, € T
is in the centre of E (cf. [Ka], Corollary 2), it follows that wy'aw, € End%(J) is
To-invariant and hence lies in [E.

It thus follows that Tj(.J) becomes a right E-module via the rule va = (wy o*wy)v
(for v € Ty(J)). Moreover, Ty(J) is a faithful right E-module under this twisted action
because Ty(J) is a faithful left E-module under the usual action. Thus, since E is
semisimple, it follows that every irreducible E-module apears at least once in the
decomposition of Ty(.J) into irreducible submodules. Now since (J) = Sy(I', Q) is
also faithful right E-module, the same is true for {2(.J). Moreover, since Endg(§2(.J)) C
Endr(Q(J)) = T is commutative, it follows that every irreducible E-module appears
only once in the E-module decomposition of {2(.J), and so we see that we have an E-
module embedding ¢ : Q(J) — Ty(J), which is an isomorphism because dim §2(J) =
dim Ty(.J). Moreover, since wy'twy = t*, for all t € T, it follows that twisted action
of T on Ty(J) is the same as the usual action of T on Ty(J). In particular, ¢ is a
T-module isomorphism satisfying (19).

1

The classical Shimura construction is the following special case of the above the-
orem.

Example 5.3 (Shimura) Let f € S3(I') be a (normalized) T-eigenfunction, and
put Wie = > Cf?, where the sum is over all Aut(C)-conjugates of f. Clearly,
Wi is Aut(C)-invariant and hence is of the form Wyc = W; ® C for a unique
subspace Wy C S3(I',Q). Moreover, dimg Wy = dim¢ Wye = [K; : Q|, where K
is the field generated by the Fourier coefficients a,(f) of f. Let Ay : T — K;
denote the canonical surjective homomorphism defined by f|t = Af(¢)f, for t € T.
(In particular, A\¢(7},) = a,(f), where T,, is the n-th Hecke operator.) It is then
immediate that Annp(W;) = Ker(A;), and thus we have a natural injection K; =
T/Annp(Wy) — Endp(W). Thus, by the above theorem there exists an abelian
subvariety A, = AQ,Vf < J = Jr and an abelian quotient p = py : J — Ay := Ay,
together with maps 0% : Ky — End?Q(A’f) and O : Ky — End?Q(Af) such that (A, 0%)
and (Ay,py,0y) satisty the following conditions (which are in fact identical to those
of Theorems 1 and 2 of [Sh2]):

(i) A} € Sub(J/Q) and (A, py) € Quot(J/Q).

(ii) 0} : Kf — End(%(A’f) and 0y : Ky — End?Q(A’f) are injective ring homomor-
phisms such that 0 (a,(f)) = (Tn)ja, and 05(an(f)) o py = py o Ty, for all n > 1.

(iii) dim A} = dim Ay = [K; : Q).

(iv) TO(A}) = or(Wy) and p}Q(Af) =W;.
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There are other natural T-submodules to which the (generalized) Shimura con-
struction can be applied, as the following example shows.

Example 5.4 Let f € S3(I') be a newform of some level N¢|N and let Sy =
> dI(N/N;) Cf|B; denote the Atkin-Lehner eigenspace of f, where §; = (g (1)) More-
over, let Sip = (3_, Sfe) N S2(I,Q), where 0 € Gg runs over all elements of the
absolute Galois group Gg = Gal(Q/Q). Then by Atkin-Lehner theory (cf. [DDT], p.
36) each S}y is a T-module of dimension oo(N/Ny)[ Ky : Q] and we have the following
T-module decomposition in which the sum extends over the set N/ (T") of all newforms

of all levels modulo the action of Gg:

feN(T)/Gq

Thus, by Theorem 5.1 there exists a unique abelian quotient (fl[f], py)) (respec-
tively, abelian subvariety fl{ﬂ) of Jr such that pf‘ﬁQ(Am) = Sip (respectively, such

that or(Syy) = T()(A,[f]> C Ty(J)), and dim Ay = Ajy = dimg Sjy. Moreover, by
Corollary 4.7 it follows from the above decomposition that we have isogenies

(20) oo~ [[An ~ T[4

Since in general T # E (because E is semi-simple whereas in general T is not),
we cannot expect that every abelian subvariety and/or quotient can be obtained by
the Shimura construction (Theorem 5.1). For example, the following varieties Apy q
cannot be obtained from the Shimura construction.

Example 5.5 As before, let f € N (I') be a newform of level Nf|N and assume
for simplicity that I' = I';(N). For a divisor d|1\% put Sgq = Cf|Bq and Sppa =
> 0(Spea) NS(I,Q); thus Sy = ©aSyq and Sy = ®qS[y),a- In general, Sjy 4 is not a
T-module because Sisa|T, C Siy,a/p, if pld. However, S q is an algebraic subspace
of So(I',Q) = Q(Jr) (as we shall see below) and hence corresponds to an abelian
quotient Pifla - JF — A[f]ad‘

To see that Sjy 4 is algebraic, we shall use the “degeneracy map” 7y, 4 : X1(N) —
X1(Ny) which is induced by the map ¢g +— g|Bs on the function fields. Thus, if
TNpd = (Tnp.a)« 0 J1(IV) — Ji(Ny) denotes the Albanese map induced by autoduality
of the Jacobian, then we have 7?}<va Wi = S[p,q- Since Wy is algebraic by Example 5.3
(because f is a T-eigenform in Sy(I'y(Ny))) with corresponding quotient (A, pys) €
Quot(J;(Ny)), we see from Remark 4.6 that Sjy 4 is also algebraic with corresponding
abelian quotient (Afs4, ps.a) = (Af,psTn,a)’. In particular, there is an isogeny
Vi * Aypa — Ay such that py o iy, g = Vipa © ppyja- Thus, since Sy = ©aS)pq; it
follows from Corollary 4.7 that

(21) A~ A, where ny = oo(N/Ny).
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Combining this with the relation (20), we thus obtain the isogeny relation
(22) Ji(N) ~ II A7
FEN(T1(N)) /Gy

Remark 5.6 (a) It follows from the work of Ribet that the above isogeny relation
(22) is the isogeny decomposition of J;(XN), for by Ribet we have that each Ay is a
Q-simple abelian variety and that Ay ~ A} < [f] = [f].

(b) In [Ka] it is shown that in fact E := Endg(Q(Jr)) = T', where T = Q[{T,, :
(n,N) = 1}] € T. Thus, by the dictionary of Corollary 4.4 we have that the map
(C,p) — p*QC) C Q(Jr) = 55(I",Q) induces a bijection

Quot(Jr) = Suby (S (T,Q))

between the set of abelian quotients of Jr/Q and the set of T"-submodules of Sy (I", Q).
Furthermore, if (C;,p;) @« = 1,2 are two such quotients, then we have a canonical
isomorphism

Hom%(c'h Cy) ~ Hom (p™Q(Cy), p*Q(Ch)).
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