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ABSTRACT

We useHamilton’s inclusive fithessmethodto calculatethe evolutionarily stabledispersarate
in 1- and2-dimensionaktepping-ston@opulations.This extendsprevious resultsby introducing
a positive probability for adultsto survive into the next generatiorandbreedagain. Relatedness
betweemearbyindividualsgenerallydecreasewith increasingsurvival, decreasinggompetition

with kin andfavouringgreaterdispersatates.

Key words: altruism, dispersaljnclusive fithess,stepping-ston@opulation,overlappinggen-

erations.

Dispersalis animportantform of socialbehaiour which encapsulatethe trade-of between
cooperatiorand competition. Competitionfor resourceamongkin favoursthe evolution of dis-
persal.Theevolutionarily stable(ES)level of dispersatanbedeterminedrom aninclusivefitness
analysisof the reductionin competitionwith relativesandthe costof dispersal. The population
structuredetermineghe relatednesbetweenndividualsandthe level of competitionamongkin.
Populationsarefrequentlydescribedvith a patch(Wright'sinfinite island)or lattice structure(e.g.
stepping-stone&Kimura 1953). Carefully constructednodelsarenecessaryo discover which fea-
turesof structuredpopulationsaffect the evolutionarily stablelevel of dispersal.

The evolution of dispersalhasbeenanalysedundera variety of conditions. Hamilton and
May (1977) first shoved that costly dispersalin a homogeneougatch-structureanvironment
canbe favouredbecausét reduceghe competitionamongrelatives. Their basicmodelhasbeen
generalizedo describegpatchesvith morethanoneindividual per patch,offspring control, sexual
reproductionandothergeneticsystemswith similar results(Cominsetal. 1980,Motro 1982a,b,
1983, Frank 1986, Taylor 1988). At the heartof eachmodelis a descriptionof the population-
geneticstructurewhich determinesherelatednesbetweeranactorandotherindividuals.

Many dispersaimodelsassumall adultsdie at the endof every generation.Althoughthis is
a realisticreflectionof mary plantandanimal populations,mary specieshave overlappinggen-
erations.The degreeof overlapbetweengenerationss determinedby the survival probability of

adults.Increasingsurvival of reproductvely active adultsaffectsrelatednesdn a patch-structured



population,increasingsurvival increaseghe relatednessetweenindividuals on the samepatch
(Pen,2000)andpromotedncreasedlispersalTaylor & Irwin, 2000).

Ourobjectiveis to determinghe ES dispersatatein one-andtwo-dimensionastepping-stone
populationswith overlappinggenerationsWe useHamilton’s (1964)inclusive fithnessmethodto
analysethe selectionon a mutantgenefor a deviant rate of dispersal. The methodaddsup the
effect of the behaiour on the fitnessof all individualsweightedby their relatednesso the actor;
if thesumis positive,thebehaiour is favoured.This approachighlightsthetradeof betweerthe
benefitof dispersato closerelatvesandthe costto thedisperserWe find thatthe ESdispersatate
in a stepping-ston@opulationincreasesvith increasingsurvival probability. In onedimension,
we obtaina simpleformulafor the ES dispersarate.In two dimensionghedispersatatecant be
foundexplicitly andwe presennumericalresults.Olivieri etal. (1995)foundananalogousesult
with a computersimulationof a metapopulatiormodeland Venable& Levin (1983)found that

annualplantstendto have shorterdispersafangeshanperenniakpecies.

THE MODEL

We studya populationstructuredoy placingsitesin a one-or two-dimensionakquardattice.
The populationis infinite, with oneaseually reproducinghaploidadultper site. Eachindividual
produceslargenumberof offspring. Thesedisperseequallyamongadjacensiteswith total prob-
ability d. In onedimension therearetwo neighboursanda fractiond/2 of the juvenilesdisperse
to eachandin two dimensionstherearefour neighboursvhich eachreceve a proportiond/4 of
theindividuals.Dispersais costly; thefitnessof adispersinguvenileis reducedoy increasegre-
dationor otherfactors.Mathematicallywe describethis by assuminghatonly a proportion1 — &
of dispersinguvenilesarrive at a new site. We createoverlap betweengenerationgy allowing
adultsto survive andbreedagainwith probability s. If anadultsurvives,it is guaranteedo retain
thebreedingresource®n its site. If it dies,the offspring, both natve andimmigrant,competeon
anequalbasisfor thevacantsite. Offspringwhich do notwin a sitedie andthecycle beginsagain.
We determinghe ESdispersatateby finding theinclusivefitnesseffect of amutantwith aslightly
altereddispersaprobability.

We male two differentapproximationsn our calculations We introduceanadditionaldisper



salrate  which bringsin unrelatedndividualsfrom infinity andcanbethoughtof asa mutation
rate(Crow & Kimura, 1970,p. 267). This additionaldispersals necessarpecausén theabsence
of long-rangedispersalor mutationthe equilibrium relatednesseare all 1 on the one-andtwo-
dimensionalattice. Our first approximationis to includetermsof order,/z andignore i terms
in therelatednessThis simplifiesthe calculationof relatednesbetweenhe actorandnearbyin-
dividuals, with the effect that evenin a neutralpopulation,our relatednessoeficients are only
calculatedapproximately Secondwe assumehe mutantallele codesfor a small deviation ¢ in
thedispersarate. Theinclusive fithessresultshouldbe valid for smallé; to be preciseit is exact
to first order(Taylor, 1996).

CALCULATION OF RELATEDNESS
Relatedness in one dimension.
We calculaterelatedneswith a one-generatiorecursionassumingll offspringdispersetthe
samerate. Let r; bethe averagerelatednessf anindividual to one; sitesto theright in the one-
dimensionalattice. Therelatedness thenext generation’; is aweightedaverageof relatednesses

in the currentgeneration,

A(rj—Z + T'j+2) + B(T‘j_l + 7“]'+1) + CT‘j + D?”oo, j 75 0

r; = 1, i=0 1)
0, j =00
where
A = pipa
B = pop1 + pop-1
C = py+pi+12,
D = 2po(l—po) + 15

andp; istheprobabilityapatchis wonby anindividualfrom asite: stepgo theright. For example,
the weight A is obtainedby noticing that the distancebetweenparentsand their offspring can
changeby 2 in ageneratioronly if offspringfrom eachsite dispersel stepin oppositedirections.

The weight D is the probability individuals j sitesapartare unrelatedwhich canhappenin two
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ways:if onecomedrom infinity andtheotherdoesnt (with total probability2p.. (1 — p«,)) Or both
comefrom infinity (p? ). With no externalpressuresn dispersalwe expectsymmetricdispersal
andsetp ; = p;. Valuesfor p; arein Tablel. Thereis a usefulrelationshipbetweenvaluesof p;

for the generalcaseandthe cases = k = 0. Substitutingd and x for d and x in the p; for non-
overlappinggenerationsand zero-costdispersalobtainsthe generalp; if the modified dispersal

ratesaredefinedby

A standardmethodto analyseEq. (1) transformsthe recursioninto a linear systemof four
first-orderdifferenceequationgKimura & Weiss1964, Taylor 1994). Solving the recursionfor

therelatednesbetweemeighboursandnext-nearesheighboursields

r = 1—-® (3)
o= 14 \/l—dA—1—|—d ®
d
2
where® = | | —— + O(p).
d(1—d)

Thereductionto a systemof first-orderdifferenceequationscant be adaptedo computere-
latednessn two or threedimensions.Anotherapproachjntroducedby Weiss& Kimura (1965)
canbe usedwith aregularlattice of any dimension(seealsoMalécot1975). We usethis method
to find the relatednes®etweenindividuals on nearbysitesin a two-dimensionaktepping-stone

population.

Relatedness in two dimensions.

We definer;; to bethe relatednessf a focal individual to anindividual j sitesaway in the
horizontaldirectionandk sitesaway in theverticaldirectionin thelattice. It’s corvenientto write
theserelatednessds aninfinite matrixr = {r;;} for all j, k¥ € Z. Following therecursionabove

(Eq. 1), we write arecursionfor relatednesé the next generationin termsof relatednes# the



presengeneration

L? , K 0,0
o r, (j,k)# @
1, (4, k) = (0,0)
where
L = po+p(Si+8S7 +8,+57h
. d
= 1—d—ﬂ+Z(Sl+S;1+SQ+S;1). (5)

The S; areshift operatorson the relatednessnatrix which move all the entriesleft or down one

step,

S{riey = Arjsir}
So{rik}t = Arjps1}-

Theoperatorl ‘dispersesboffspringwith eachterm; thefirst termkeepsafractionp, = 1 —d— v at
thenatalsite,andthenext four termssendp, = cZ/4 to eachof thenearest-neighbours.? appears
in Eq. (4) becauseave needa weightedsumof relatednessder juvenilescomingfrom ary of the
five sitesfor eachjuvenile (ignoringunrelatedndividualsdispersingrom sitesinfinitely far away,
seeFigurel). TherecursionEq.4) holdsfor stepping-stondispersaln alatticeof any dimension
with anappropriatechoiceof L. For example,arecursiorfor onedimensioncanbe obtainedrom
(Eq.4) by definingL =1—d— i+ ‘g(S + S1) whereS is theshift operatoron aninfinite vector
of relatednes$r; }.

We find therelatednessoeficientsat equilibriumby solvingEq. (4) with r’ = r. It is straight-

forwardto verify that
L{cos(jb1) cos(kbz)} = H (01, 65){cos(j61) cos(kbs)}, (6)

where

N | o,

H(64,05) :1—62—ﬂ+ (cos 01 + cos by). @)

This saysthat for eachf; and 6,, L hasan eigervector {cos(j6;) cos(kf2)} with eigervalue

H(6,,6,). We introducea function F'(,, 62) which is alinear combinationof theseeigervectors
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with ther; , asweights,

F(6,,0) = Z 7k cos(j61) cos(kbs). (8)

gk
Ther; ;, aretheFouriercoeficientsof thefunction F' andcanberecoveredwith the Fouriertrans-

form of I,
1 2 2w
Tik = W/(; /(; F(gl, 92) COS(jgl) COS(ICOQ) d01d92 (9)
Now, apply (1 — L?) to Eq. (9)
2w 2
(- =5 / / F61,05)(1 — L2){cos(j6) cos(kf)} dfydbs (10)
7T

andusethe eigervectorsof L Eq. (6) to obtain

[(1 — L2 j,k 271' / / 91, (92 2(01, 02)){008(]01) COS(k‘HQ)} d91d92 (11)

Theleft-handsideof Eq.(11)is thevectorof Fouriercoeficientsof F'(1 — H?) andit followsfrom

Eq. (4) thatthey aregivenby

[(1- LQ)r]j,k = {

wherec is a constanto be determinedater. Sinceall the Fouriercoeficientsof F(1 — H?) are(

0, (4,k)#(0,0)
¢, (]a k) = (070)

(12)

exceptat; =k =0,

Cc

F(0,0) = —————. 13
( 1 2) 1 — H2(01,92) ( )
Now combineEgs.(9) and(13) to obtainaformal solutionto therecursion
2 cos ]01 cos(kbs)
Tj,k 271' / / 91’ 02) d91d02 (14)

with the constant determinedy o, = 1. The problemnow is to evaluatethesentegrals.
In onedimensiomanalogousrgumentsshawv

27 1 1
r; = < cos(j0) ( — + — ) do
am Jo pi+d—dcosf 2—j—d-+dcosb

Theseintegralscanbe evaluatedo obtaintheresultsin Eq. (3).



In two dimensionsthe integrals mustbe simplified using variousingenioustransformations
(seeappendix). Exactformulaefor the first two relatednessoeficients neededn the dispersal

analysisare

K(a1) — K(as)
a1 K (a1) + as K (az)
(Zl - a1)K(a1) — zlE(al) + (ZQ — GQ)K(GQ) — ZQE(G/Q)

L= alK(al) + CLQK(GQ) (16)

(15)

70,1

whereq; andz; arein (Eqs.27, 32) and K and E arecompleteelliptic integralsof the first and
secondkindsrespectiely (Abramawitz & Stegun1964).Otherrelatednessoeficientshave more

complicatedormulaebut canbe computedasindicatedin theappendix.

ANALYSIS OF DISPERSAL.
We now find the ES dispersalratein a one-andtwo-dimensionaktepping-stongopulation
with overlappinggenerations A mutantadoptsa deviant dispersalprobabilityd’ = d + §. The
inclusive fitnesseffect of themutantis the sumoverthewholepopulationof thefithesschangedue

to the mutantfor eachindividual weightedby its relatednes$o the mutant:
Aw]F = Z Awm
%

The fitnessof a breederon site i is the expectednumberof its breedingdescendentsn all sites
in the next generation.This is the sumof the probability of survival s andthe expectednumber
of offspringwhich obtaina breedingspot. If anadulton site: sendsn;; offspringto competeon
sitej, therewill ben; = )", ny; juvenilecompetitorson site j. The probabilityanoffspringfrom
site wins site j is the productof the probability the currentoccupantdiesandn;;/n;. Thus,the

fitnessof theadulton sites is

wi=s+(1—s) > 4. (17)
— Ty
J
Thechangan fithessdueto mutantbehaiour on sitei is
Ay = == (1= ) Y (2 (18)
w; =W, — W; = S j n; ", .



In aone-dimensionatepping-ston@opulationthenon-zeron;; are

ng = l—d—p

d
ni,iﬂ = 5(1—145)

Themutantonly affectsdispersabway from theorigin, sotheonly n;; whichdiffer from n;; in the

previousgeneratiorare

d'
Ny = 5(1 — k).

The mutantaffectsthe fitnessof individualsoneandtwo stepsaway becausét changeshe num-
ber of competitorson its own site andsitesone stepaway. The fithesschangesare obtainedby

substitutingthesen;; into Eq. (18),

Awo = (2—3d— k)l 2(1’“)_(1]“;)8)5
_ (1-Fk)(1—=s)d
Awy = —(1-20) 5 (19)
—d(1— k)2(1 - s)6

A, A(1 — kd)?

Selectionis weaksowe includeonly termslinearin 6 andwe ignoretermsO( ) sincewe only

retainedermsO(,/1z) in therelatednessed.he mutantgeneis favouredif
Awrp = A’LUO + 2Awir + 2Awery > 0 (20)

usingtherelatednestrom Eq. (3). The ESdispersalateis

d*:i 1—\/1— k)(1—s)) — k(l—s). (21)
2k 1—/1—k(1—k)(1—s)—k(1—s)
If dispersahasno cost(consideringhelimit £ — 0) then
i=2 Z 5. 22)

In a patch-structureghopulationwith no costof dispersalthe ES dispersakateis 1 because

dispersingoffspring don’t competewith relatves (Hamilton & May, 1977). In a stepping-stone
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population,disperseralwayscompetewith relatives,so evenwith no dispersakost,only partial

dispersals favoured(Eg. 22).

In two dimensionsthe methodof calculationis the same but moresitesare affectedby the
mutant. A changein its dispersalrate affects the numberof competitorson its site and on the
nearest-neighbousites. Thefitnessof individualswhich disperseoffspringto ary of theseb sites
mustbe includedin theinclusive fithess.In total, individualson thirteensitesareaffected,repre-
sentingfour distinctrelatednesgroupsasshownn in Figurel. Thechangen fitnessof individuals

onthesefour groupsof sitesto first orderin § is

_ (1—-Ek)(1—-s5)

Awps = —(1—2d) (14_(1’“)_(1]“;)28)5 23)
_ (1—k)%(1—3s)6

Awn = e e
A -kPA-s)

Awor =~ e fap

Theinclusivefitnesseffectis obtainedby addingthesetogetherweightedby their relatednesand

thenumberof eachdifferentsitetype,
A’LU[F = Awo,o + 4Aw0’1r0,1 + 4A’LU1717"1’1 + 4Aw0,2r072. (24)

The ESdispersarated* is a solutionof

(1—3s)(1—k)d*
d*(1—s+k+sk)—2

2(2d*sk — s — 1)K ( > +71(2—d"(1—s+k+sk))=0. (25)

Figure2 shavstheESdispersatateasafunctionof s for one-andtwo-dimensionastepping-stone

populationsaswell asa patchstructurewith £ = 0 andwith £ = 1/10 (seeTaylor & Irwin 2000).

DISCUSSION
We analyseheevolution of dispersaln one-andtwo-dimensionastepping-stonpopulations.
Our mainresultis thatincreasinghe survival rateof reproductvely active adultspromotegyreater

dispersalrates. This is a resultof the effect of survival probability on the relatednesgetween
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neighbours.As survival increasesthe relatednes®etweenneighboursdecreasesAnotherway
to think aboutthis is that survival tendsto increasehe between-sitgeneticvariancebecausehe
“mixing” effectsof dispersahrereducedevenwith the sameoffspringdispersarate. A variety of
factorsaffectthe balancebetweerncompetitionanddispersaktosts.

Increasinghe costof dispersakesultsin a smallerES dispersarate. A greaterdispersakost
decreasetheinclusive fithessdueto dispersingoffspringfor a givendispersatate. This provides
a maginal benefitto increasingthe proportionof non-dispersingffspring despitethe increased
competitionwith relatives. Thisis consistentvith previousstudiesof patch-structure@opulations
with non-overlappinggenerationgHamilton andMay 1977, Motro 1982a,b Frank 1986, Taylor
1988).

In our model,competitionamongrelatvescanbereducedy increasinghedispersarate. An
interestingextensionallows variabledispersafratesover arangeof dispersaldistancesCompeti-
tion amongrelativesis reducedby dispersingartherandby spreadinglispersedffspringover a
rangeof sites. Preliminaryresultsindicatethatasgreaterdispersaldistancesare permitted,more
offspringdispersdrom the natalsiteto moredistantsites.If dispersatostsincreaseavith distance,
mostof the offspringdispersedo a bandof sitesneitheradjacento, nor very distantfrom the natal
site.

We comparethe stepping-stongopulationsto a patch-structureghopulationwith oneindi-
vidual per patch(Fig. 2, Taylor & Irwin 2000). In a patch-structureghopulationindividualscan
dispersdrom onepatchto ary other but in a stepping-stonpopulationdisperserganonly arrive
from neighbouringsites(ignoring the small dispersalrate from infinity). In this sensea patch
populationis thelimit of a stepping-stonpopulationasthe numberof neighbourgoesto infinity
andtherelatednesbetweemeighbourgjoesto zero. The ESdispersatatein stepping-stoneop-
ulationsincreaseasthe numberof neighboursncreasesandthe ES dispersaratefor the N = 1
patchpopulationis greaterthanin eitherstepping-ston@opulation.An extra differences thatthe
ES dispersarateis independenof survival probability s for the N = 1 patchpopulation. This
is understandablbecausehe effect of s on relatednessanisheswhenthe relatednesdetween
differentindividualsis 0.

In onedimension,we obtainan analyticexpressionfor ES dispersaljncluding a remarkably

simple resultwhenthereis no costof dispersal(Eq. 22). The two-dimensionaproblemis in-
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herentlymore complicated but we work with standardspecialfunctionsandcancomputeexact
numericaldispersatateswithoutrequiringsimulations.Thetwo-dimensionastepping-stoneop-
ulation hasobvious applicationto communitieswhich live on a surface,but the one-dimensional
lattice may be superiorfor examininga populationin anedgehabitat(e.g.alpineor coastal).

An importantdifferencebetweerone-andtwo-dimensionaktepping-ston@opulationss that
thereare more interactingneighboursin two dimensions. Similar to increasingthe patchsize,
this is expectedto decreaseelatednesdetweenneighboursand favour increaseddispersaland
indeedour resultsshaw thatthe ES dispersakateis greaterin a two-dimensionaktepping-stone
populationthanin onedimension(Fig. 2).

Gandon& Rousset(1999) recently studieddispersalin the samepopulationstructuresbut
with non-overlappinggenerationsandfinite populations,reportingresultsconsistentwith ours.
Inclusive fitnesscalculationsn finite populationgpresentspecialchallenges.Gandon& Rousset
(1999)andRousset Billiard (2000)formulaterelatednesg termsof the probability genesare
identicalin state.An alternatve identity by descenformulationfor a modelof altruismin patch
andstepping-stonstructuregopulationss foundin Taylor& Day (2000)andTayloretal. (2000).

At the centreof theanalysisof dispersals atensionbetweerocal competitionandthe costof
dispersal Offspringwhich remainon their natalpatcharelik ely to competewith sibs,while those
which pay the costof dispersalremorelikely to competewith moredistantrelatives. Dispersal
canbeviewedasakind of altruismbecauselisperserfiave areducecchanceof surviving to com-
peteandnon-disperserbenefitfrom reducedcompetition. Recentlyit wasshown thatincreased
survival promotesaltruismin apatch-structuredrvironment(Taylor & Irwin 2000)andourresults

show thata similar effect holdsin lattice populationsat leastfor dispersabehaiour.

We thankPeterAbramsandtwo anorymousrefereedor helpful comments.
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APPENDIX
Computingrelatednesgoeficientsin two dimensionss technicallymore complicatedthan
in onedimension. The necessargalculationsappearedn Weiss& Kimura (1965)and Comins

(1982) but we have simplified themfor our purposes.First we rewrite Eg. (14) usinga partial

fractionexpansion = = 3 (%7 + =) andwrite thetwo termswith a corvenientnotation,
Tj,k =cC (Aj,k(zl) + (—1)j+kAj’k(22)) (26)
where
cos(j0;) cos(kbs)
Ai(z) = db.do
9ok 2d/ / 2z — cos ) — cos b, e
and
o
z1 = 2+ —'iL
Py 27)
29 = 2 ( = — 1) .
d

Thefactor(—1)7*t* comesfrom the substitutiord = 0 + 7 which introducesnegative signsin the
denominatoanda factorof cos(jn) cos(km) = (—1)7**.

We evaluatethe 4; ,(z) in two ways. If j = k£ thenwe cansimplify theintegralsusingspecial
functionseventually obtainingforms involving elliptic integrals. If j # k we usetrigonometric
identitiesto expresstheintegralsin termsof A; ;(z).

Onthediagonalj = k£ we transformthedenominatousing% = f0°° e~* dt whichallowsusto
introduceBessefunctionswith imaginaryargumentandLegendrefunctionsof the secondkind to

get

1 [* —1)" P
Aji(2) = 7/ e_zqf(t) dt = ( = ) Qj-1/2 (1 — —) (28)
dJo dmi 2
(Watson1958). This canbewritten usingelliptic integralsas

Aoo(z) = 2K (3> (29)

4 z

Aii(z) = % (z — %) K (%) — %E <§> , (30)

andA; ;(z) for j > 1 canbeevaluatedrecursvely

Quiral-2) = 52 | (1= 3 ) Quosl-2) = 20@uial-2)]. 31)
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Off-diagonalelementsareevaluatedwith algebraiananipulationsandtrigonometricidentities.
For example theintegrandin A,; canberewritten

cos z —cos b,
z — cosf; — cos B, z — cos b — cos O,

S0Ap; = —% + 2 Ao,0. Similarly, Ay canberewrittenusingtheidentity cos 20 = 2 cos2f —1 and

the manipulatiorusedfor Ay ; giving
Apo = 22A01 — 2A11 — Agyp-

In thetext, the agumentsof the elliptic integralsareabbreviatedas

2 d
al:Z_ = dA+/)
1
z 32
2 d (32)
Qg = — = < .
22 2—d—
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Tablel.

Probability the winner of a site camefrom a site 7 units away p;; ¢ = 0 meansthe winner

was native, i = 1 meansthe winner was a neighbouy andi = oo meansthe winner was not

relatedto the previousoccupantSeveralsitesareoneunit avay, eachis countedseparatelyin one

dimensiontherearetwo (/N = 2) andin two dimensionsfour (N = 4). Thedispersatateis d, the

probability of survival is s, andthe costof dispersals k.

i Di
k=0,s=0 generakase
N 1—(d+p)( — s+ sk)
0| 1—d-— l—d—j=
K a 1—k(d+ p)
d d d(1—s)(1— k)
1 il — =
N N N1 —k(d+ p))
. p(l=s)(1—k)
o K p= 1—k(d+ p)

17



FigureCaptions

Figurel.

Dispersapatternin atwo-dimensionastepping-stonpopulation.Themutants (black)deviant
dispersalrate changeghe numberof competitorson its own site and the 4 nearesteighbours
(grey). This affectsthe fithessof individualsbornon all the sitesshavn. Eachdifferentclassof

siteis labeledwith its relatednest the mutant.

Figure2.
Evolutionarily stabledispersalrates. Startingfrom the top the lines correspondo the patch
model (N = 1, solid), the 2-dimensionaktepping-stonavith four neighbourgdashedyandthe

1-dimensionaktepping-stonédotted).Zero-costdispersalA) andk = 0.1 (B) areshowvn.
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